TPYObl .
MEXXAYHAPOQHOMO KOHIMPECCA
MATEMATNKOB

(Mocxkea — 1966 )
<
- PROCEEDINGS
OF INTERNATIONAL CONGRESS
OF MATHEMATICIANS

{Moscow — 1966)
$.
TRAVAUX

DU CONGRES INTERNATIONAL
DES MATHEMATICIENS

{Moscou — 1966)
..Tl

_

BERICHTE
' DES INTERNATIONALEN MATHEMATIKER-
KONGRESSES

(Moskau — 1966)

IleJIA'TE.T[l:-ETED «M HP»
MOCKEBA 1968



OPrAHM3AUMOHHEIA KOMUTET:

M. I. TleTpoBcKHH — mpejcefaTedn

C. H. Mepreasan — 3aM. mpejicelaTens

B. I KapmMaHoB — reHepajbHblfi ceKperaps
ORGANIZING COMMITTEE:

l. G, Petrovsky — Chairman

S. N. Mergelyan  — Viece-chairman

V. G. Karmanov — Secretary General

[MTon penakuweir M. [, [leTpoBckoro

Edited by 1. G. Petrovsky

BBOQHAS YACTb
| %
INTRODUCTION

.
INTRODUCTION
%
EINLEITUNG



MexnyuapoiHuEli KOHTpeCC MaTeMaTroB B MockBe, Kak W npef-
|IeCTRYIOMAE KOHrPecctl, MoJYVRA OPTaHHIAIHOHEYK W QFRaRCOBY 0
[OMOILE €O CTOPOHB Memaydapoiroro  MaTeMaTHIecKOro cowaa.
HEKCY u IOHECKO. Br1a momoute PacnjocTpaHAmach ek Ha (HEaH-
COBYI» NOLLEPMKEY TPACAam e HHEX JORMAJUHEOR B HEKOTOPHEX Mo aBE
MaTeMaTHKOB—peneratos Komrpecca, Tak W Ha noArotomky K my6am-
wanuu Tpyaos Kourpecca.

The International Congress of Mathematicians in Moscow, as
the previous congresses, received an organizational and financial sup-
port from the International Mathematical Union and from ICSU and
UNESCO. This help consisted from thefinancial supporl to the invi-
ted speakers, Lo some young mathematicians—delegates of the Congress
and from ihe help to the preparation of the printing of the Pro-
ceedings of the Congress.

]

PE4Yb NPE3SHAEHTA AKAIEMHH HAYK CCCP
AKAJEMHKA M. B. KEJI 1 bl 11 A
HA OTKPBITHH KOHI'PECCA

Voaswcaemsre xoareau!
Hdamee u e2ocnoda! Toeapuwu!

Mue joctaeiseT Goablloe yAOBOALCTEHE OT HMMeHU AKajleMHu Hayk
Coserckoro Colosa NpHBETCTBOBaTE BCeX yuacTHHKoB Kourpecca M nepe-
1aTb noAenanue ycnelHoft patorel Komrpeccy,

MatemaTHKA, ABAAIOUIARCA CaMOH OpeBHeH H3 BCEX HayK, BMeCTe
¢ TeM ocTaeTcs BeuHo ModofoH, GypHo pasBHBaimeficA Haykoil, Bce
RpeMs pacllipsiled o61acTH CBOEro NO3HAHWA, Ree LWHPE pasBHBal-
tefi CBOM CBAZH HE TONTBKO C.BCTECTBEHHBIMH HAVKAMH, HO M C CaMBIMA
passoobpasHeiME oflacTAMH 4enoBeyeCKol jesTeabHocTH, H mymaio,
YTO lIEHHOCTE MaTEeMATHYECKHY TEOPHA TEM BhILLe, y&M TeCHeE HX KOpHH
CBA3AHHL C SBJIEHHAMH MHDA, B KOTOPOM Mbl JKHBEM, H BMcCTe C TEM,
4eM BHILIE Mbl JOCTHraeM creneld aGCTpakiHH W OOMHOCTH TOYEK
3peHHA. YChnexX TeopHH BO MHOTOM 3aBHCHT OT TOMO, HAXQAHM JIH MBI
47EKBATHYIO H3yuaeMoMy SRJIEHHID cTenéHs oblWHOCTH H  crenéls
aGcrpakuny. llenHocTs TeopHH ompenensiercA TeM, HACKOALKO OGIIHe
NONOKEHHSA TIO3BOJISIOT NMOHHMATE KOHKPETHHE ABAeHHd H pPelaTh
KonKpeTHue 3agayd. OOuwHe MaTeMaTHUYECKHE TEOPHH NO3BOMAIOT Ham
rnyGoKO NOHATh B3aHMOCBASH fABJeHuf. BHempenwe maTteMaTHUeCKHX
MeToZoB npeobpasyer ofnacTd 3HakHR M HE TONBKO CTABHT HX Ha
BEICIIYIO CTYNEHL JIOMHYECKOro MLIULIEHHH, HO OTKPHIBAET HOBHE BO3-
MOAHOCTH, HOBHE MOCTAHOBKW 3a/1a¥, NOSBOJAET NO-HOBOMY CMOTPETh
na spacHud. JlocTaTouko BCNOMHHTh, KakHe DEBOMIOUHOHHBIE, NPHH-
IHMHaabHKe CIBUIH B PA3BHTHH eCcTeCTBO3HAHHA Nann aHanua Oecko-
I1EYHO MaJBIX, TeOpHS BepoATHOCTEH, TeopHs ONepaTopoB H, HAKOHEN,
R HacTodllee BpeMms GypHO pasBHBAIONIEECH TOIHEHHE JIOTHUECKHX
HPOLECCOB.

PassutHe takux abcTpakTHRX ofnactell MaTeMATHKH, KaK TEOPHS
MIIOKECTE W Tomojiorum, aarefpa, QyHKOHOHAALHE AaHamH3 H Ip.,
11e12BHO BO3HHKILIHKE, IPHBEIO HE TONBKO K CO3TAHHIY Teopnil HeoOLIKHO-
NCHHOH KpacoTh, HO H K CO3JaHHK HOBHIX MOUHHIX METOJIOB BO BCEH
maremarake. Mue wamercs, Wro MLl [IepeHBEEM 3M0XYy, KOIJA Mate-
MATHYECKHIT MeTol ocofieHHO CTPeMHTEBHO 3aBOCBLIBAET BCE HOBHIE
ofitacTd snanua. Hapany ¢ ¢u3uKol AYX MATEMATHYECKOrO MBIIIJIEHHA
e GOMbINee sHaueHHe npHobpetaeT B XuMHHM, GHOMOTHH, FeoOrHH,
NIPOKO TPOHHKAeT B obllecTBeHHbIE HAVKH, W B [epBYH ouepelb
i IKOHOMHYecKyl Hayky. HayueHHe ocHOB JOrHueckKHX mnpoleccoB
I 1CODPHH onepaiuii, MeToAll JHCKPETHON MaTeMaTHKH, cO3jalie wiek-
10 [10-REMMHCAHTENABHEX  YCTPOACTS NOATOTOBMAM OCHOBHL I8 HOBOM
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pejIuafmeli HayYHO-TEXHHYECKOR PEBOMIOUMH BO BCEH MH3HH HeJ0-
BeyecTBa, HOBOM CTYNEHH NOHHMAHHA MHOTHX MNpOLIECCOB B NpHpoOLE
M JKH3HH W HOBOH CTYNEHM B ABTOMATH3AlHH MPOLECCOB, KOTOpLIe A0
HeflaBHero BPeMeHH CUHTANHCH 00AACTHI0 HCKJKOUHTENLHO HHTENLIeK-
TyalbHOA JeATEALHOCTH UENOBEKa, 8 TAKMe B peaH3alnR MaTeMaTH-
YeCKHX MpOLECcoB, KOTODBE Mbl CHHTAAH OCYUISCTBHMBIMH TOJEKO
B abCTPAKTHOM MEIIUTEHHH.

MMo3povibTe BHpPa3HTh Hafe#ay, 4YTo npeacroamuit Kourpece 6yner
HMert GOJBlIOE 3HaueHHe B MaTEMATHUECKOH MHIHH. O6aacte Mare-
MATHKK CTana HACTOJEKO WIHPOKOW, YTO MaTEMaTHKH FOBOPAT € TONBKO
HA A3LIKAX pasHBIX HAPOAOB, HO M HA PAIHBLIX MATEMATHYECKHX A3LIKAX
M MX $3HK NOKA HelOCTYTeH MHOTHM YYCHLIM APYTHX crneuyuanbHocred,
HO HMEHHO BCJEACTBHE IMHPOTH H CHJAB MaTeMATHYECKOro MeTona
KoErpece Gyaer uMeTh GoJIbIIOE 3HAYEHHE MR Beel HAYKH H PasBHTHA
e loBEYeCKod KyJALTYPH.

MossoabTe oTKpHTE MeXAYHApOAILIH KoHrpece MaTeéMaTHKOB.

PEYb NMPE3HAEHTA KOHIPECCA
AKAJIEMHKA M. . TETPOBCKOTIO
HA OTKPBITHH KOHIPECCA

Veaxcaemsie waenn Konepeccal

Baarofapio Bac 3a OKasahHywo MHe wecTb, [lossoabre OT HMCHH
coperckora OpranK3auroHHOro KOMHTETa MPHBETCTBOBATE BAC H noe-
nath ycmexoe B pabore.

Mpu nogroroske Kourpecca OpraHH3aUMOHHOMY KOMHTETY Gonb-
wylo nomomps okasan KoHCYAbTaTHBHHA KOMUTET MexayHapoaHoro
MaTEMATHUECKOro COl03a. Bce ero NpeiaoKeHHs O KOTHUeCTBE CeKumi,
0 YACOBHIX M [IOMY4ACOBHIX AOKA2JAX GuiH cOBETCKHM OpraHu3aiHoH-
HRIM KOMHTETOM NPHHATH NOAHOCTbIO. MEl NO3BOSH/H cefé TOALKO
K pexoMeHfarusM Komurera 106aBHTb HECKOIBLKO JOKNAiOB.

i xouy or HMeHM Oﬁ[‘&HHBﬂﬂHDHHQl’U KoMmHTETA BHIpasurk OGnaro-
napuocrs  HcnonkoMmy MexaynapoJioro MaTeMaTHYECKOro cowsa H
HabparHoMy MM KoHCYabTaTHBHOMY KOMHTETY MOJX NPEICElarTe.1LCTBOM
npopeccopa P. Hepanaunns. Mue xouercs ocofenno nobaaroJapHTh
np copa P. Hepanaunnuy, .

Teneph M03BOJIBTE [PEIOCTABHTH CORO npodeccopy je Pamy aas
coobienns o peweHusx Kovurera no npHcymaeHHio DHAICOBCKHX
npeMui. _ -

REPORT OF PROFESSOR G. DE R H A M, CHAIRMAN
OF THE FIELDS MEDALS COMMITTEE, AT THE OPENING
CEREMONY OF THE CONGRESS '

Ladies and Genilemen!

Professor J. C. Fields, President of the International
of Mathematicians held in Toronto in 1924, proposed that two gold
medals be awarded at each International CunFre.?s. for outstanding
achievements in Mathematics. He set up a fund for that purpose, from
out of the balance left over at the end of the Toronto Congress.
In 1932, after his death, the International Congress held at Ziirich
decided to accept his propesal with thanks. As is well known, two
medals have been presented at every Congress since held: Oslo 1936,
Harvard 1950, Amsterdam 1954, Edinburgh 1958 and Stockholm 1962.

Following a tradition which has become well established, the
Executive mitiee of the International Mathematical Union
appoints, in advance of the Congress, a special Committee to select
the candidates. This time. the Committee consists of Professors
H. Davenport, M. Deuring, W. Feller, M. A. Lavrentiev, J. P. Serre,
D. C. Spencer, R. Thom, and I have been asked to be the chairman.-
Every one of the members has taken an active part in the delibera-
tions, We have also consulted dther experts. | thank them all for
their valuable contribution.

The Memorandum of Fields savs: “Because of the multiplicity
of the branches of Mathematics and taking into account the fact thal
the interval between such Congresses is four years, it is felt that
at least two medals should be available.” In view of the vast develop-
ment of Mathematics during the last forty years, it appears that
this number could judiciously be increased to four. The Executive
Committee of the International Mathematical Union has therefore
viewed with sympathy the generous offer made by an anonymous
donor to give this year two more medals. The Organizing Committee
of this Congress having agreed to this and the Medals Committee
having accepted the responsibility to select four names, four medals
will be awarded today. The medals have been struck by the Royal
Mint in Ottawa. The name of the recipient is engraved on each of
them. The name of Fields does not figure on them. Fields himsell
proposed to call them: “International Medals for outstanding disco-
veries in Mathematics”. Each of them carries with it a cash prize
which, this vear, amounts to 1,500 Canadian dollars. :

The Memorandum of Fields also contains the following: “In coming
{o its decision, the hands of the International Cummiﬁee should be
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left as free as possible. It would be understood, however, that in
making the awards, while it was'in recognition of work already done,
it was at the same time intended to be an encour ent for further
achievements on the part of the recipients and a stimulus to renewed
efforts on the part of the others.” '

On the basis of this text, and following precedent, we confine our
choice to candidates under forty. We prepare a first list of about
30 names. We then looked for those whose work appeared to us the
most important and the most striking, irrespective of any other
consideration, setting aside any question of nationality. To our
regret, we have had to give up several names which would have also
deserved this distinction. Several young mathematicians of extra-
ordinary brilliance were among them. But because they are so young,
there will be many Congresses before they reach forty and if they
continue in their course, they will have every chance of receiving
a medal. The choice was thus not easy. Nevertheless, after serious
consideration and reflexion, we arrive at a conclusion without undue
difficulty. The following four names, in alphabetical order, constitute
our choice:

Michael Francis Atiyah,
Paul J. Cohen,
Alexander Grothendieck,
Stephen Smale.

Unfortunately, A. Grothendieck, was unable to come. May
1 call Messrs. Atiyah, Cohen and Smale to come forward and receive
these medals from the hands of Academician Keldysh. A brief account
of their achievements will be given by noted mathematicians.

L'OEUVRE DE MICHAEL F. ATIYAH
HENRI CARTAN

Je parlerai trés briévement des travaux d'Atiyah dans trois domai-
nes, d’ailleurs étroitement reliés entre eux : la K-théorie, la formule
de I’indice, et la « formule de Lefschetz ». Je laisserai de coté d’autres
contributions, fort intéressantes d'ailleurs, 4 la Géométrie al ébriqlue
ou & la théorie du cobordisme ; et je passerai aussi sous silence les
résultats tout récents, encore inédits, dont l'auteur parlera lui-méme
dans sa conférence pendant ce Congrés.

1. La K-théorie. La plupart des travaux d'f’-‘hﬁéah en K-théorie
ont été faits en collaboration avec F. Hirzebruch. C'est en 1956 que
paraissait 'ouvrage fondamental de Hirzebruch (¢« Neue topologische
Methoden in der algebraischen Geometrie ») dont le but ultime était
le thégréme fameux qui porte aujourd’hui le nom de « théoréme de
Riemann-Roch-Hirzebruch . Il s'agissait de géométrie algébrique
sur le corps complexe. Peu aprés, Grothendieck cherchait et obtenait
une démonstration purement algébrique (valable sur tout corps de
hase algébriquement clos, de caractéristique quelcongue) d'un théo-
réme plus général [1], puisqu’au lieu de considérer une variété algé-
brique X il étudiait un morphisme X — ¥ (le cas traité par Hirzebruch
ctant celui ol la variété algébrique ¥ est réduite & un point). Clest
i cette occasion que Grothendieck introduisit un foncteur contrava-
riant qui, & chaque variété algébrique X, associe un annean construit
it 'aide des classes d'isomorphie de fibrés vectoriels algébriques de
hase X. Atiyah et Hirzebruch [2] eurent I'idée de faire de méme
pour un espace topologique compact X et pour les classes de librés
vectoriels complexes de base X (il s'agit de fibrés topologiques, locale-
ment triviaux). On définit ainsi un anneau K (X) pour tout espace
compact X, d'oil le nom de K-théorie. Il y a aussi une KO-théorie
pour les fibrés vectoriels réels, et une KSp-théorie pour les [ibrés
vectoriels quaternioniens. 5

Bornons-nous, pour simplifier, a la K-théorie. On définit des
proupes relatifs K (X, ¥) (pour ¥ sous-espace fermé de X), puis, par
-uspension, des groupes K® (X, V) pour n entier <0, avec K" (X, V) —

K (X, ¥Y). On a alors une suite exacte

o= KX, V)= KMX) - K"(V) = K" (X, V)— ...

malogue & la suite exacte de cohomologie. D'autre part, Atiyah
alearve que le célébre théoréme de périodicité de Bott [qui concerne
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les groupes d'homotopie du groupe unitaire infini U = lim U (m))

peut s'exprimer par un isomorphisme explicite
' K™ (X) ~ K™ (X),

ce qui permet de définir le foncteur K™ aussi pour n entier 0. De cette
fagon on obtient une « théorie cohomologique » au sens d'Eilenberg-
Steenrod, a cela prés qu'un des axiomes d'Eilenberg-Steenrod
(I"axiome « de dimension ») n'est pas vérifié. Cette théorie fut d’abord
baptisée « cohomologie extraordinaire ».

Si on veut comparer la cohomologie extraordinaire a la cohomologie
ordinaire, on peut dire en gros ceci : au lieu de considérer, comme
en cohomologie ordinaire, les classes d’homotopie d'applications
d'un espaceug( dans les espaces d'Eilenber -MacEnne AP & n), on
envisage, dans la K-théorie, le groupe unitaire infini U/ {ou, ce qui
revient au méme, le groupe lineaire complexe infini), et son espace
classifiant BU ; ce sont eux qui servent d’espaces de comparaison.
Les relations existant entre les deux théories cohomologiques (ordi-
naire et extraordinaire) s'expriment par une suitfe spectrale, et le
« caractére de Chern »

ch: K*(X, Y)— H* (X, ¥; Q)

est un homomorphisme multiplicatif d'une théorie dans 1'autre.

- L'importance de la ¢ cohomologie extraordinaire » fut vite mise
en évidence par les applications qu'Atiyah et Hirzebruch en firent,
en Topologie algébrique et ailleurs [3r. Citons quelques exemples
qui illustrent ces applications de la K-théorie :

— un théoréme du type « Riemann-Roch-Grothendieck », valable

cette fois pour les variétés différentiables [4] ;

— le calcul de K (X) pour certains espaces homogénes, et le lien
de cette question avec la théorie des représentations des groupes de
Lie compacts [2] ; 3 '

- — des théorémes de non-plongement [5] : par exemple, 1'espace
projectif complexe P,(C) ne peut pas étre différentiablement plongé
dans l'espace numérique Rin—2am) ol a (n) désigne le nombre des
chifires 1 du développement dyadique de l'entier n ;

— des critéres permetftant de reconnaitre si une classe de cohomo-
logie d'une variété analytique complexe compacte peut &tre repré-
seniée par une sous-variété analytique [6].

Toutes ces applications sont dues & la collaboration d'Atiyah

avec Hirzebruch. Tl y en a d'autres ; par exemple, c'est grace a la

K-théorie et a l'introduction de certains foncteurs K — K (dont -
I'idée revient essentiellement & Grothendieck) que J. F. Adams [7] -
a pu résoudre complétement un probléme classique, resté longtemps -
sans réponse : celui de la détermination exacte, en fonction de
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'entier n, du nombre maximum de champs de vecteurs linéairement
indépendants sur la sphére S” (voir la conférence d’Adams au Congrés
de Stockholm en 1962).

2. Le théoréme de I’indice. Mais la plus belle application de la
K-théorie devait étre faite par Atiyah lui-méme : je veux parler
du théoréme de I'indice (1963), démontré en collaboration avec 1. Sin-
er [8).
. Soit D un opérateur elliptique sur une variété difiérentiable com-
pacte X (supposée sans bord), opérant de l'espace vectoriel T(E)
des sections différentiables d'un fibré vectoriel complexe E dans
I'espace T' (F) des sections différentiables d’un fibré vectoriel com-
plexe £. Onsait que le noyau et le conoyau de I'application linéaire
D:T' (E)=T (F) sont de dimension finie ; 'indice (D) est l'entier
défini par

i (D) = dim (Ker D) — dim (Coker D).

Les travaux de plusieurs mathématiciens soviétiques avaient mis
en évidence le fait que i (D) ne change pas quand D varie d'une fagon
continue, et 1. M. Gelfand, en 1960 [9], avait conjecturé que i (D)
devait donc pouvoir étre calculé au moyen d'invariants purement
topologiques liés i 1a donnée de X et de D. C'est ce probléme qu’Atiyah
et Singer ont complétement résolu. Les termes homogénes de plus
haut egré de l'opérateur D définissent un « symbole » o (D} qui
permet d'abord de définir 1'ellipticité de D, puis, par I'intervention
de la K-théorie, du caractére de Chern, et de la classe de Todd du
fihré cotangent 2 X (lequel a une structure presque complexe), de
définir finalement une classe de cohomologie, élément de H* (X ; Q).
Sa composante de degrén = dim X est unélément de H* (X ; Q) =~ Q
{on suppose X orientable, pour simplifier). D’oti un nombre rationnel
i, (D) attaché a D (et & X), et défini au signe prés ; on peut I'appeler
I'« indice topologique » de D. Le théoréme d'Atiyah-Singer dit alors
que {'indice topologique i, (DY est égal & lindice i (D) {mt::}fennlanl: des
conventions convenables d’orientation). Ce théoréme établit ainsi
un pont entre deux vastes domaines des mathématiques : I'analyse
des équations aux dérivées partielles d'une part, la topologie algé-
brique d'autre part. ] 1

Observons que, par définition, i (D) est un entier. 1l s’ensuit
que le nombre rationnel i, (D) fourni par la Tupnlu%le algébrique est,
en fait, un entier. On obtient par ce moyen, d'une fagon nalurelle el
par le choix d’opérateurs elliptiques ap?l‘ﬂpriéﬁ, tous-les « théorémes
'intégralité » relatils aux classes. carac éristiiuﬁ des variétés (inté-
vralité du L-genre, du genre de Todd, du _~gienre}. Inversement,
inute infunna%?m fournie par la Topologie "algébrique donne un
rwsultat qui intéresse I'Analyse ; par exemple, on voit facilement que
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I'indice topologique i; (D) est nul si la variété X est de dimension
impaire.

La démonstration du théoréme i (D) = i; (D) est laborieuse, mais
fort intéressante, car elle conduit & introduire des opérateurs plus
généraux que les opérateurs différentiels, & savoir les opérateurs
intégraux singuliers de Calderon-Zygmund et de Seeley. La demonstra-
tion repose également sur une théorie du cobordisme qui constitue
une généralisation (relativement facile) de celle due & Thom. En fait
il existe une nouvelle démonstration, plus récente, de la formule
de I'indice, qui évite le recours au cobordisme.

Au lieu de considérer un seul opérateur elliptique, on peut envisa-
ger une suite d'opérateurs difiérentiels

(D) F{Ey)=—>T(E)— ... —T (Ex)
formant un « complexe » (i.e : le composé de deux opérateurs con-

sécutifs est zéro). On définit '«ellipticité» d'un tel complexe.
A chaque complexe elliptique on attache encore un nombre rationnel

{y (D). D'autre part les groupes d'homologie du complexe elliptique '

(D) sont des espaces vectoriels de dimension finie ; soit ¢ (D} la somme
alternée de leurs dimensions (c’est une sorte d'invariant d’Euler-
Poincaré). Alors on a le théoréme :

% (D) =i (D).

Cette forme plus générale du théoréme de !'indice est fort utile dans
les applications. Par exemple, si on 'applique & une variété analy-
tique complexe compacte X, et au « complexe » défini par I'opéra-
teur différentiel d * (noté aussi d) des formes différentielles, on
retrouve exactement 1'énoncé du théoréme de Riemann-Roch-Hirze-
bruch. Ce dernier n'était démontré auparavant que pour les variétés
algébriques sans singularité ; il est désormais wvalable pour toute
variété analytique compacte.

Je laisse de coté le théoréme de I'indice pour les variétés & bord
[10] ; il nécessite une nouvelle définition de I'ellipticité qui tienne
comnpte des « conditions aux limites ». La question a été entiérement
résolue par Atiyah en collaboration avec Bott et Singer.

3. Formules de points fixes. Lec théoréme de l'indice n'est, en
réalité, qu'un cas extréme d’une situation dont un autre cas extréme
est, lorsque le complexe elliptique est celui défini par |'opérateur
de différentiation extérieure des formes différenticlles, la formule
de Lefschetz relative aux points fixes (supposés isolés) d'une transfor-
mation d'une variété compacte X en elle-méme. 1! y a de nombreux
cas intermédiaires, dont |'étude est en cours. Les résultats déja obtenus
sont dis & la collaboration d'Atiyah et de Bott pl1]. Expliquons sur
un exemple de quoi il s’agit : soit X une variété analytique complexe,
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compacte, et soit f: X — X une application holomorphe ; on sait
(ue les espaces vectoriels de cohomologic H? (X, ©®) a coefficients
tlans le faisceau ( des fonctions holomorphes sont de dimension finie;
soit L {f) la somme alternée des traces

(_I)QT" {f !.H'I{X. (’f-}]}'

(’est un entier ; dans le cas ol f est I'identité, cet entier n'est autre
que le premier membre de I'égalité de Riemann-Roch-Hirzebruch.
Dans le cas général, on se propose d’exprimer cet entier & I'aide des
propriétés topologiques de g‘ au voisinage de l'ensemble des points
fixes de f. Si f est I'identité, on peut considérer que la formule de
Hirzebruch (démonirée par Atiyah-Singer) résout le probléme. Suppo-
sons au contraire que f n’ait qu'un nombre fini de points fixes P,
et que la différentielle dfp n'admette pas la valeur propre 1 (c'est
notamment le cas lorsque f est une transformation d'ordre fini).
Alors le déterminant
dete (1 —dfp)

vst un nombre complexe =40 ; le théoréme prouvé par Atiyah et Bott
affirme que, sous ces hypothéses, I'entier L (f) est égal a la somme
des inverses de ces nombres complexes.

Nous bornant & cet exemple, nous ajouterons simplement que les
résultats déja obtenus fournissent une démonstration « sans calculs »
de la formule de H. Weyl donnant le caractére d'une représentation
d'un groupe semi-simple, et qu’ils permettent aussi de résoudre
des problémes de Conner-Floyd sur les variétés compactes oii opére
un groupe fini. Signalons aussi que, d’aprés Hirzebruch [12], on
peut en déduire une formule de Langlands donnant la dimension des
cspaces vectoriels de formes automorphes pour un groupe discret
a quotient compact.

En conclusion, I'on doit 4 Michael Ativah plusieurs contributions
majeures qui mettent en relation étroite la Topologie et I'Analyse.
Chacune d'elles a été réalisée en collaboration ; sans diminuer en
rien la part qui revient 4 des collaborateurs aussi éminents que
Hirzebruch, Singer ou Bott, il ne fait aucun doute que dans chaque
cas l'intervention personnelle d’Atiyah a été décisive. Il nous donne
I'exemple d'un mathématicien chez qui la clarté des conceptions
ct la vision d'ensemble des phénomeénes s'allie harmonieusement
i I'imagination créatrice, et aussi 4 la persévérance qui conduit aux
grands achévements.
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PAUL J. COHEN AND THE CONTINUUM PROBLEM -

ALONZO CHURCH
g :

On the occasion of the award of a prize to Paul Cohen, and in
spite of significant contributions by him to analysis, to topological
groups, and to the theory of differential equations, I believe that the
audience will agree that it is appropriate to devote the entire time
allowed for exposition to the continuum problem.

For here is another case, of the sort which arises from time to time
in the history of mathematics, in which a mathematician who has
done important work in other fields turns to a field not properly his
own to solve an outstanding problem that has bafiled the specialists.
As a consequence of the tremendous growth of mathematics the uni-
versal mathematician of other days is no longer a possibility —
David Hilbert was certainly the last of them. The next best thing
is that abler men should not confine themselves tod closely to one
field or be afraid to turn to an area in which they may not have all
the expert knowledge of those who have concentrated their work
i it. Certainly Paul Cohen’s results have been and will be greatly
extended, and the method of his proof greatly improved, by the
specialists in set theory. But we are concerned today with the initial
break-through. ;

Number one of the Hilbert problems, placed even before the
problem of the consistency of arithmetic which occupied so much
of Hilbert’s own attention in the latter part of his life, is “Cantor’s
problem of the cardinal number of the continuum.” So it is titled in
the contemporary English translation of Hilbert’s famous paper.
tilbert himself in German uses Cantor’s original term “Machtigkeit,”
which has no good English translation. Hilbert does not say that the
order in which the problems are numbered gauges their relative
importance, and it is not meant to suggest that he intended this,
But he does mention the arithmeticalglgc?mulation of the concept
ol the continuum and the discovery of non-Euclidean geometry as
hwing the outstanding mathematical achievements of the preceding
--vutur%f, 1;Emd gives this as a reason for putting problems in these
A5 Nrst. . ks

Already in 1878 Cantor stated the continuum hypothesis as
« vonjecture. But there is a sense in which the continuum problem
iles from Cantor’s statement at the end of a paper which appeared
ni e Mathematische Annalen in 1884. Here it is proved that a closed
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infinite subset of the (linear) continuum must have the cardinzl number
either of the natural numbers or of the whole continuum. Then it
is said that the result can be extended to subsets which are not closed,
and a proof will be provided. The paper closes with the words
*Fortsetzung f:}I?t.“ But the promised Fortsetzung never did folgen,
znd it seems clear that the proof Cantor believed he had broken
own. "

Cantor passes at once irom the proposition that there is no cardinal
number between that of the natural numbers and that of the conti-
nuum to the second form of the continuum hypothesis, that the cardi-
nal number of the continuum is W;. Of course this depends on a tacit
assumption of the axiom of choice, in particular as Sierpifiski's result
of 1947 deriving the axiom of choice from the generalized continuum
hypothesis was not then available (or the background that made this
result possible) !). Hilbert is more cautious and states as a separate
problem, subsidiary to the continuum problem, the question whether
the continuum can be well ordered. Zermelo's paper which explicitly
states the axiom ol choice for the first time (in the strong form which
Zermelo later called “Prinzip der Auswahl™), and shows as a con-
sequence of it that every set can be well ordered, followed Hilbert’s
paper on mathematical problems by only four years.

It was Cantor’s original point of view that the transfinite cardinal
and ordinal numbers are two different kinds of generalizations of the
natural numbers and are to serve the same purposes for transfinite
sets which the natural numbers do for finite sets. If this program
is to be fulfilled, one evidently must be able to answer at least the

simplest and most immediate questions that arise about the cardinal .

numbers of the mest commonly used mathematical sets, among them
the continuum. This is clearly the reason why the frustrating dificul-
ties of the continuum problem acquired the importance that they
did for the Cantor theory. Surely neither Cantor nor Hilbert could
have surmised that the ultimate solution would take the negative
form that it has. Yet Hilbert is quite explicit that in general it may
happen that the solution of a problem must be in the form of an
impossibility proof.

The antinomies of set theory, which first came to the attention
of the mathematical public through Burali-Forti's pafer of 1897,
plaved an important role in the progress towards the ultimate solu-
tion, as it was the antinomies that forced the transition from the older
naive and “genetic” use of sets in mathematics to an axiomatic basis
for set theory. And it is of course only by the axiomatic method that
a proof of the impossibility of a prmly becomes possible.

1y Sierpifski points out that this result had been announced by Linden-
baum and Tarski in 1926. Their proof was never published.
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Within axiomatic set theory there was a proof of the independence
of the axiom of choice by Fraenkel as early as 1922. But this was
unsatisfactory in that it referred to axioms of set theory so formulated
as to admit a domain of Urelemente, or non-sets, of unspecified struc-
ture, and the possibility remained open that the axiom of choice
would lose its independence upon adding axioms specifying the
structure of the domain of Urelemente (or most simply, upon adding
as an axiom that there are no Urelemente). Extensions of Fraenkel’s
result and improvements of his method, by Fraenkel himself, Linden-
baum, Mostowski, and more recently Shoenfield and Mendelson either
idid not remove this objection or only mitigated it {in the sense that
independence from quite the full usual sysiem of axioms for set
theory was not yet proved).

A much more important step—which constitutes in fact the first
half of the solution of the continuum problem, and on which subse-
quent work heaviil,’ depends—was taken by Kurt Godel in 1938-410.
Abstracts of Godel's methods and results appeared in 1938 and 1939,
and the monografh containing the full proofs, in 1940. Gidel's method
is to set up what has since been called an inner model of set theory.
l.e., set theory without axiom of choice is used to set up a model
of set theory in which both the axiom of choice and the generalized
continuum hypothesis hold. (The generalized continuum hypothesis
is the proposition that the power set of a set of cardinal number N, has
the cardinal number N+, Cantor’s original continuum hypothesis,
in iis second form, being the special case of this in which «¢ = 0.)
The result of Gédel's procedure, setting up an inner model, is a relative
consistency proof for the axiom of choice and for the generalized
continuum hypothesis: If set theory without axiom of choice is
consistent, it remains so upon introducing both the axiom of
choice and the generalized continuum hypothesis as additional
axioms.

After the (relative) consistency proof, the second half of the
negative solution of the continuum problem is of course independence.
A partial step in this direction was taken by Gédel, who In 1942 found
a proof of the independence of the axiom of constructibility in type
theory. According to his own statement (in a private communication)
he believed that this could be .extended to an independence proof
of the axiom of choice; but due to a shifting of his interests toward
philosophy, he soon afterwards ceased to work in this area, without
having settled its main problems. The partial result mentioned
waﬁ never worked out in full detail or put into form for publi-
cation.

These climactic results, the independence in set theory of the
axiom of choice (even the weak form of the axiom of choice which
concerns a countable set of pairs) and of the continuum hypothesis

t -1220



18 BBOIAHASN YACTE JANTRODUCTION

from the axiom of choice, remained for Paul Cohen in 1963-64. It-is
no part of our present purpose to describe the details of his method.
Let it only be said that, besides the now well-known notion of forcing,
it depends on an adaptation of Gidel's method of 1940 for setti

:f madels of set theory, on a modification of the earlier methu%

Fraenkel, Mostowski, and others in connection with the indepen-
dence of the axiom of choice, and on the result of Skolem that there
exists a countable mode! of set theory (a model having the cardinal
number of the natural numbers). -

The feeling that there is an absolute realm of sets, somehow deter-
mined in spite of the non-existence of a complete axiomatic characteri-
zation, receives more of a blow from the solution (better, the unsol-
ving 1)) of - the continuum problem than from the famous Godel
incompleteness theorems. It is not a question of realism (miscalled
“Platonism™) versus either conceptualism or nominalism, but if one
chooses realism, whether there can be a “genetic” realism without
axiomatic specification. The Goédel-Cohen results and subsequent
extensions of them have the consequence that there is not one set
theory but many, with the difference arising in connection with
a problem which intuition still seems to tell us must “really” have
only ane true solution.

¥ know of mathematicians who hold that the axiom of choice
has the same character of intuitive self-evidence that belongs to the
most elementary laws of logic on which mathematics depends. It has
never seemed s0 to me. But how shall one argue matlers of intuition?
The point is, I know of no one who maintains such self-evidence for
the continuum hypothesis.

The realist wi%l axpect that the reality independent of the human
mind which he maintains must have many ramifications, and will
take what has now become the classical mathematical view, dating
_from the nineteenth century discussions of non-Euclidean geometry,

that all the ramifications equally demand exploration. The same
view is possible also for him who takes the intermediate position

between radical realism and conceptualism by holding that mathemati- .

cal and physical objects alike, not excluding such basic legico-
mathematical objects as sets, have their reality only relative to and
within a certain theory. And if a choice must in some sense be made
among the rival set theories, rather than merely and neutrally to
develop the mathematical consequences of the alternative theories,
it seems that the only basis for it can be the same informal criterion
of simplicity that governs the choice among rival physical theories
when both or all of them equally explain the experimental facts.

1) 1 borrow this whimsical term from W. W. Boone.
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LES TRAVAUX DE ALEXANDER GROTHENDIECK
JEAN DIEUDONNE

Alexandre Grothendieck n'a pas 40 ans, et déja |"ampleur de son
wuvre et I'étendue de son influence sur les mathématiques contempo-
raines sont telles qu'il n'est pas possible d’en donner autre chose
qu'une idée trés déformée dans un aussi bref exposé.

Chacun sait que Grothendieck est le principal artisan de la rénova-
tion de la Géométrie algébrique qui s’accomplit sous nos yeux. Bien
vntendu, cette rénovation a été préparée par les travaux de Weil-
Zariski d'une part, fondant la Geéométrie algébrique « absiraite »
sur un corps quelcongue, et d'autre part par ceux de Serre, introduisant
dans la théorie les puissants outils gue sont les faisceaux et I'algébre
homologique. Mais Grothendieck a su donner 4 ces idées toute leur
portée en les développant sous leur forme générale, débarrassées des
resirictions parasites qui en génaient I'emploi ; et il y a ajouté de
iombreuses idées entiérement originales.

Sous sa forme « affine», la Géométrie algébrique moderne se
vonfond avec 'algébre commutative ; déjd en Géométrie algébrique
vlassique, & une variélé affine était associé 1'anneau des fonclions
« réguliéres » sur la variété. Inversement, on fait maintenant corres-
pondre biunivoquement & un anneau commuiatif quelcongue A (ayant
in élément unité) un objet géométrique, le « schéma affine d’anneau
A », qui est 'ensemble des idéaux premiers de A, muni d'une certaine
fupologie et d’un faisceau dont les fibres sont les anneaux locaux
aux idéaux premiers de A. L'intérét de cetle formulation est : 1° de
fournir une intuition géométrique qui est un guide trés appréciable
(en suggérant par exemple des analogies, avec les variétés différen-
tiables ou analytiques) ; 2° de dépasser le point de vue « affine »
pour aboutir &4 I'idée de «schémas» généraux (généralisant les
«variétés abstraitess de Weil) par le simple procédé topologique
de erecollements des espaces topologiques munis de faisceaux (idée
ilue & Serre).

Ce cadre est complété par deux idées nouvelles: 1* 'accent mis
sur la notion de morphisme, qui, dans le cas affine, correspond a celle
I"liomomorphisme d’anneaux conservant ['élément unité, et qui
permet de arelativisers toutes les notions de la théorie classique;
" la notion générale de «changemen! de base: étant-donné un mor-
phisme X — &, pour tout morphisme «changement de bases
& = 8, on forme cancniquement un nouveau schéma X' = X
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et un nouveau morphisme X’ — S’ par un procédé qui, dans le cas
affine, correspond au produit tensoriel des anneaux, et englobe la
classique eextension du corps de base» de la période Weil-Zariski.

Ces notions, ainsi que celle de plafitude (due a Serre, mais dont
Grothendieck a considérablement déve]uPpé I'emploi) sont & la base

d'une technique d'une puissance et d'une souplesse remarquables. -

Parmi les nombreux outils ainsi forgés, citons notamment:

I) Le passage a la limite projective dans les schémas, qui permet
dans beaucnup de cas de ramener les problémes au cas ol les anneaux
que I'on considére sont des algébres de type fini sur Z (concrétisant
ainsi la célébre thése kroneckérienne).

[I) La théorie des anneaux excellents, qui systématise et compléte
des résultats profonds de Zariski-Nagata sur les anneaux locaux
ncethériens, et peut étre utilisée dans les problémes généraux gréce
au passage a la limite projective, les Z-algébres de type fini étant
des anneaux excellents.

IIT) La théorie de la cohomologie relative dans les schémas et de ses
rila;er}nns}, avec la notion de profondeur (due 4 Auslander-Buchsbaum
e re).

IV) La théorie des schémas formels : ce sont ici des limites inducti-
ves de schémas, opération qui, dans le cas affine, correspond a la
complétion des anneaux locaux, mais a une portée plus générale;
elle permet par exemple, dans certaines questions, de ramener un
prolf eme en caractéristique p = 0 4 un probléme en caractéristique
0; c’est dans ce cadre aussi que se formule la théorie des «fonctions
holomorphes» de Zariski (mise d'ailleurs sous une forme cohomolo-
gique beaucoup plus générale).

V) L'ulilisation de la notion de foncteur représentable, qui remplace
celle, plus limitée, de «probléme universels: il s'agit, étant donné
un ensemble E attaché 4 un morphisme X — S, d’une facon ecompa-
tible» avec les changements de base, de savoir s'il existe un schéma Z
sur § tel que £ s'identifie de fagon naturelle a I’ensemble des sections
du morphisme Z - §. -

. VI) La théorie de la descente. De nombreux problémes se simpli-
fient lorsqu’on fait un «changement de bases approprié (par exemple,-
en Géométrie alFébrique classique, lorsqu'on passe du corps de base
a une cloture algébrique de ce corps). Il s’agit de pouvoir revenir
a la situation initiale et y tirer des conséquences de ce qui se passe
aprés le changement de base; c'est le bul de la théorie de la «descen-
te», qui fournit des critéres permettant ce retour dans des cas assez
geénéraux pour avoir de nombreuses applications.

VII) Poussant cette idée plus loin, Grothendieck a généralisé
de facon trés originale 1a notion de topologie et la cohomologie des
faisceaux sur un espace topologique (théorie des « sites» et des
« topos ») : le role joué par les ouverts d'un espace topologique est

J. DIEUDONNE 23

tenu par des morphismes X’ — X d'un type spécial, le plus souvent
les morphismes efales (analogues des = revétements non ramifiés » -
d"un ouvert d’une variété analytique).

Avant d'aller -plus loin, il convient de remarquer qu'on ne rend
pas justice aux théories précédentes en les qualifiant un peu dédai-
¢neusement de « résultats techniques » ; pour certains d’entre eux,
il s'agit bien d'extensions faciles de méthodes classiques, mais
beaucoup nécessitent des méthodes d'attaque toutes nouvelles;
s'appuyant sur des considérations subtiles d’algébre commutative
ou d'algébre homologique, et & eux seuls constitueraient déja une
veuvre imposante et dont il est peu d’exemples.

11 est bien vrai cependant que, dans |'esprit méme de Grothendieck,
loutes ces méthodes ne sont pas développées pour elles-mémes, mais
en vue d'attaquer quelques problémes fondamentaux de la Géométrie
algébrique. Parmi ceux ot il a réalisé (en partie avec la collaboration
tle ses éléves) des progrés sensibles, il faut citer :

1° La détermination, en caractéristique p > 0, de la partie pre-
miere 4 p du groupe fondamental d'une courbe algébrique.’

2° Les définitions du,schéma formel de ¢ modules » (classes de
schémas isomorphes), du schéma de Picard (classes de diviseurs),
du schéma de Hilbert (ensemble de sous-variétés d'une variété donnée,
dlont la structure de schéma est destinée a se substituer aux classiques
« coordonnées de Chow »). i

3° (En collaboration avee M. Demazure.) Une vaste théorie des
« schémas en groupes », généralisant la théorie des groupes algébriques
de Chevalley. 2

4° (En collaboration avec M. Artin et J. Verdier.) La définition
de la « cohomologie é&tale » des schémas, ot, grice 4 la théorie des
« sites », on dispose déja en toute caractéristique de méthodes et
résultats analogues & ceux que fournit la topologie a]%éhrique pour
les variétés algébriques sur le corps des complexes (théorémes de
finitude et de dualité, formule de Lefschetz, comparaison avec la
cohomologie ¢« fopologique » daiis le cas classique) ; grice a ces résul-
tats, Grothendieck a pu démontrer une partie des fameuses
« conjectures de Weil » : rationalité des fonctions L attachées aux
variétés sur un corps fini, et leur expression a I'aide d’invariants
homologiques.

5° Enfin, le premier en date des travaux de Grothendieck en
Géométrie algébrique, la généralisation du théoréme de Riemann-
Roch-Hirzebruch et sa démonstration purement algébrique en toute
caractéristique. C'est a cette occasion que Grothendieck a introduit
les premiéres notions de « K-théorie » (ou, comme on dit maintenant,
les « groupes (ou anneaux) de Grothendieck »). Cette idée a beaucoup
frappe notamment les tnpulﬂ%ista; et les algébristes, qui en ont tir¢,
dans de multiples domaines, les brillantes applications que I'on sait.
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Il convient d’ailleurs de signaler aussi les travaux de Grothendieck
en algébre homologique, un peu antérieurs a4 sa démonsiration du
théoréme de Riemann-Roch, et qui ont élargi et assoupli les résultats
de Cartan-Eilenberg, notamment en donnant une « bonne » définition
de la cohomologie des faisceaux sur un espace quelconque.

Enfin, je n’ai rien dit des premiers mémoires de Grothendieck
sur les espaces vectoriels topologiques (1950-55), en partie parce qu'ils
sont fort connus e! de plus en plus utilisés en Analgfs& fonctionnelle,
notamment la théorie des espaces nucléaires, qui «explique» les
phénomeénes renconirés dans la théorie des distributions. J'ai eu
personnellement le privilége d'assister de prés, a cette époque
a I'éclosion du talent de cet extraordinaire « débutant » qui 4 20 ans
était déja un maitre ; et, avee 10 ans de recul, je considére toujours
que I'oeuvre de Grothendieck de cette période reste, avec celle de
Banach, celle qui a le plus forfement marqué cetle partie des mathé-
matiques,

_ S'il fallait chercher une parenté spirituelle 4 Grothendieck, c’est
a Hllbert, me semble-t-il, qu'on pourrait le mieux le comparer :
comme Hilbert, sa devise pourrait &tre : « simplifier en généralisant »,
en recherchant les ressorts profonds des phénomenes mathématiques :
mais, comme Hilbert aussi, lorsque cette analyse en profondeur
a conduit & un point ol seule 1'attaque de front reste possible, il
trouve presque toujours dans sa riche imagination le bélier qui
enfonce |'obstacle. La comparaison est peut-itre lourde & porter

mais Grothendieck est de taille & n’en pas étre accablé. '

SUR LES TRAVAUX DE STEPHEN SMALE

RENE THOM

Le premier travail scientifique de S. Smale est sa thése ce Ph.D.
soutenue en 1956 a !‘Universﬂé de Michigan (Ann Arbor). Faite
suus la direction de Raoul Bott, elle témoigne déja d'une éclatante
maitrise. Le résultat essentiel, maintenant bien connu, est le théoréme
ilu relévement des homotopies des immersions d'une variété modulo
une sous-variété. Etabli par des consiructions géoméiriques raffi-
iées, ce résultat témoignait chez son auteur de capacités d’intuition
e tout premier ordre. Grace & lui, on pouvait établir une con-
jecture—vieille alors d'une dizaine d’années—de C. Ehresmann sur
la classification des immersions d’une variété dans une autre ; il en
résultait qu'il était possible, par une déformation réguliére (c’est-
i-dire sans sortir des immersions) de transformer le plongement
canonique de la ¢« 2-sphére » dans 1’espace euclidien R* a trois dimen-
sions en un plongement antipodique ; ce résultat n'alla pas sans
soulever la curiosité des topologues, dont beaucoup s'ingéniérent
i préciser cette déformation. Mais, la thése de Smale donnait plus
que cette curiosité, elle ouvrait une voie d’attaque dans tout un
domaine de questions jusqu'alors inabordables, et tout un chapitre
de Topologie Différenticlle, 1'étude des immersions et plongements
d'une variété différentiable dans une autre, marqué par les travaux
de M. Hirsh, Haefliger, etc., en est plus ou meins directement sorti.
Avec les grands travaux de 1965 sur la conjecture de Poincaré,
nous abordons la partie la plus connue de I'ccuvre de Smale, celle
ui, sans doute, nous vaut sa présence ici. On savait déja, par suite
e la théorie de Morse, que toute variété compacte se divise en cellules
de gradient, et que, si I'on se donne & chaque niveau critique I'attache-
ment de la cellule de gradient correspondante, on est en mesure de
reconstituer la wvariété ; on avait déja commencé,—3 la suite des
travaux de Kervaire, Milnor, Wallace—a pratiquer la « chirurgies
des variétés, c’est-a-dire la technique qui consiste & transformer une
variété plus simple par résection d'un couple d'anses duales.
L'énorme mérite de Smale, en cette question, est d'avoir osé
entreprendre ce que tout autre mathématicien du temps aurait con-
sidéré comme sans espoir : étant donnée une fonction de Morse sur
une sphére d'homotopie, simplifier la présentation de cette variété
en éliminant par chirurgie les couples d'index &, k-+1 de points
critiques excédentaires. Que cela fat possible, on connaissait ftrop
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les difficultés dans les petites dimensions (trojs oU qua
I"espérer ; Smale osa, et réussit. I1 comprit que{ les difficu?téatgi}t‘reﬁ?lg
etalegit un phénomeéne spécial aux petites dimensions : en se bornant
?ux mensions superieures 3 cing, on se trouvait plus & I'aise pour
Favalllen et I_a chirurgie s'effectuait plus aisément ; par des construc-
t[nrfsltrl?ﬁ_ ingénieuses, Smale vint alors & bout des’ derniéres difficul-
tés : il ellq!tne‘sur une sphére d'homotopie tous les couples de points
critiques d'indice k différent de zéro et n ; 1l obtient ainsi une variété
sur laquelle il existe une fonetion ne présentant que deux points
critiques (minimum et maximum). D'aprés un théoréme de Reeb -
E?ti_;ggﬂ;arlé}tlé est une sphére topologique (mais non nécessairement
duﬂc-’ie Mcﬁ?mf:"a .I& sphére usuelle, comme Pont montré les exemples
résultal extrémement brillant sest trouvé compl z
par le théoréme dit du h-cobordisme, qui le généralise. gi ﬂfugeﬁaﬁgig

compactes M, et M, forment le bord d'une méme variété 3 bord W, -

dont elles sont rétractées par déformation et si elles sont si
connexes, alors M, et M, sont difféomorphes. Ce 1héﬂfh§%§?ﬂﬁt
4 l'aide d'un résultat ultérieur de Novikoy et Browder, de ramener
le prthémq de la classification des variétés différentiables 3 un pur
E{ﬁi;lgme d’homotopie, en fait & un probléme d’algébre (il est vrai
dl icile). Les techniques usées dans la démonsiration du théoréme
d:ss ftt::;-rt::‘:-::sn}-ze n'ont tgl'ﬁbab:[&mﬂﬂt pas donné tout leur fruit, et
us récents, comm i
Chﬂi‘lp d‘]appémitiﬂn. e ceux de J. Cerf, en ont élargi le
Avec le resultat contemporain de B. Mazur sur la conjecture
S]chftgitfhﬂ. les travaux de Smale tournent ume page en ]Tnpolug?:
E'FEE' rique. On peut dire que la topologie des « espaces », des variétés
ferentiables est désormais quasi-achevée. I1 subsiste certes beaucoup
?e questions non résolues : les structures algébriques définies par
a classification ne sont pas élucidées —en général— ; mais le
seront-elles un jour » II ne reste guére que la théorie—qui a fait
d'ailleurs recemment de beaux progrés—de ces étres malgré tout
quelque peu pathologiques que sont les varistés semi-linéaires et les
varietés purement topologiques. Dans ces conditions, si la Topologie
veut se renouveler, et ne pas se cantonner en des probléemes ardus
d'une vaine technicité, elle doit se préoccuper de renouveler ses
matériaux et aborder des problémes neufs. Avec les objets géométri-
ques assocics aux structures différentiables : formes différentielles
tenseurs, structures feuilletées, opérateurs différentiels, un champ:
immense f:st ouvert au topologue. On a vu d'ailleurs qu'un de nos
lauréats s est vu récompenser pour un résultat dans cette voie.
A A coté de I'Analyse classique, essentiellement linéaire, il v a le
omaine pratiquement inexploré de I"analyse non linéaire ; 14, le
topologue peut espérer encore mieux utiliser ses méthodes, et peut-atre
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.1 gualité essentielle, & savoir la vision inirinséque des choses.

¢ ‘vst ce que comprendra trés vite Smale ; dans un article en collabora-

him ayec R. Palais, il définira les meilleures conditions possibles

J['application de la théorie de Morse au Calcul des variations ; il en

deduira ensuite des théorémes relatifs a I'existence des solutions

i problémes elliptiques non linéaires. Mais, trés tot, Smale se tourne

vers une théorie—alors bien délaissée— : la théorie qualitative des

wystemes différentiels sur une variété. Quasiment seul, Smale lit

\'nincaré et Birkhoff ; devant I'inextricable du probléme, il comprend

Ircs vite I'intérét d'une notion essentielle, celle de « stabilité structurel-

I introduite par Andronov et Pontrjagin, cette notion vise & caracté-

riser, parmi les champs de vecteurs sur une variété, ceux qui jouissent

d’une propriété de stabilité qualitative, au sens suivant : tout champ

{#) assez voisin du champ donné (X) (avec la C'-topologie) donne

naissance 4 un champ de trajectoires homéomorphe au champ défini

par (X). Le probléme central est alors le probléme de |'approxima-

lion: tout champ de vecteurs peut-il étre approché par un champ

structurellement stable? Ce probléme, résolu positivement par

Peixoto pour les variétés compactes de dimension inférieure a deux,

vtait posé pour les dimensions supérieures. Smale construit alors

une variété compacte M de dimension quatre,-et un champ (X) sur M,

lel qu'aucun champ (Z) assez voisin de (X) ne soit structurellement

stable. Le probléme général de la stabilité des systémes différentiels
vst ainsi résolu par la négative. Cependant, la notion méme de stabi-

lité structurelle est loin d'avoir perdu tout son intérét : d’abord,

parce qu'il existe, dans I'espace fonctionnel des champs de vecteurs
'une variété M, un ouvert « relativement important » de champs
structurellement stables : celui formé par les champs de vecteurs
de type gradient génériques (sans récurrence) et, probablement, une
classe de champs définis par Smale (les champs dits de Morse-Smale),
(qui présentent de la récurrence (avec des frajectoires fermées) mais
sous une forme bénigne et sévérement controlée. Mais, par I'étude
iles configurations de trajectoires associées aux points homocliniques
de Poincaré, Smale se convaine bien vite que d’autres champs, 4 topo-
logie complexe et rigide, sont structurellement stables. Il revenait,
aux brillants travaux de I'école soviétique (avec Sinai, Arncld, Ano-
sov) d'établir I'existence d'une classe étendue de champs structu-
rellement stables, du type du flot géodésique sur une variété rieman-
nienne & courbure négative. Ces travaux ont exercé sur Smale une
grande influence, et ont infléchi ses recherches dans la direction
actuelle, 3 savoir la mise en évidence d’une «stabilité structurelle
par morceaux », chaque « morceau» étant lié & une configuration
rigide de trajectoires récurrentes (non-wandering) au sens de
Birkhoff. Ces recherches sont en cours et semblent fort promet-
teuses,
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Je m'en voudrais de ne pas insister sur un dernier : si
oeuvres de Smale ne possédent peut-étre pas la perfecgzlnntf&rf;eﬁ:
du fravail définitif, c'est que Smale est un pionnier.qui prend ses
risques avec un courage tranquille ; dans un domaine complétement
!?expture, dans une jungle géométrique d'une inextricable richesse
i’. tels‘t le premier & avoir tracé la route et posé les premiers jaluns’
: don peut prévoir que son oeuvre revétira a |'avenir une importance
gnﬂaﬂﬁntale, comparable 3 celle des grands précurseurs, Poincaré
:.'1 Fir off. Aprés tout bien des problémes classiques, tels le problame
e E.:rmat ou la conjecture de Riemann, peuvent attendre leur solution
encore quelques annees ; mais si la science veut user de I'outil diffé-
I'E:l:ltiel pour décrire les phénomenes naturels, elle ne peut se permettre
d’ignorer encore longtemps la structure topologique des attracteurs
dhun_ systeme} dynamique structurellement sta le, car tout «état
Phiysique » presentant une certaine stabilité, une certaine permanence
est nécessairement représenté par un tel attracteur. Selon certaires
vues de Smale, ces attracleurs seraient des espaces homogénes de
groupes de Lie d'un type spécial. Si ces vues pouvaient s'étendre
a};;{ systémes Eami‘!t‘cmens, on pourrait peut-étre s’expliquer 1'appa-
:ii 101l —jusqu ici st incomprise—des groupes de Lie dans ‘13 Physique
es particules €lémentaires. En ce sens, le probléme de Smale rfast
—4 mes yeux—d'une importance €pistomologique essentielle.

ADDRESS DEL]\-’ERED BY PROFESSOR G. DE RHAM
AT THE CLOSING CEREMONY OF THE CONGRESS

Mr. President, Ladies and Gentlemen!

As the retiring President of the International Mathematical
Union, it is my pleasant duty to announce that the fifth General
Assembly of the Union, which was held at Dubna on August 13-15,
1966, clected the following Executive Commitiee for a term of four
years,

P’resident: Professor H. Cartan

Vice-Presidents: Academician M. A. Lavrentiev and Professor
D. Montgomery

Secretary: Professor O, Frostman

Members: Professors M. F. Atiyah, K. Chandrasekharan,
G. Hajos, G. Vesentini and K. Yosida.

| am sure that all of you would want me to wish the new Executive
Committee every success. -

The first object of the International Mathematical Union is to
promote international cooperation in Mathematics. In respect fo
this, the most striking fact during the last years has been the pro-
gressive cooperation between mathematicians of the Soviet Union
and those of other countries, especially of Western Europe and
U.S.A. It is a particular pleasure for me to emphasize the important
position occupied by Soviet Mathematicians in our Union. Their
contribution to the development of our Science is of the highest signifi-
cance, This will continue to increase, due to the abundance of brilliant
young Soviet Mathematicians. Mathematicians of all countries
welcome every opportunity to meet them. May I express the wish
that such contacts will grow, for the benefit of all. '

It is also my pleasant duty to express the warmest appreciation
and thanks of the Union to the Organizing Committee of this magnifi-
cent Congress. It is the first International Congress of Mathematicians
to be held in the Soviet Union and it is the largest of all our Congresses,
with a record number of participants from the host country and rom
abroad. The level of the.lectures has been very high. A tremendous
amount of work has gone into its organization. The Union owes special
thanks to the President of the Congress, Academician Petrovsky,
to the Chairman of the Soviet National Commitiee of Mathematicians,
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Academician [. M. Vinogradov, to Academician Lavrentiev and to
Professor Mergelyan, for the suceessfy] organization of this huge
meeting. To all members of the Or anizing Committee and to their
assistants, we remain grateful, as wel] to the members of the Consulta-
tive Committee and his Chairman Professor R. Nevanlinna,

To Academician Keldysh, President of the Academy of Sciences
of the Soviet Union, to the Government of the Soviet Union and
to the Municipality of Moscow, we are deeply indebted for the hospita-
lity and consideration we have all received.

Now, as Chairman of the Committee to decide the location of the
next Congress, I have the pleasure to request the President, Academi-
cian Petrovsky, to call upon the delegate from France, Professor
Dieudonné, Dean of the Faculty of Sciences of Nice, to address the
Congress,

Thank you all.

DISCOURS DE CONCLUSION
DU PROFESSEUR J. DIEUDONNE AU CONGRES

Au nom du Comité national frangais de mathématiques, j'ai 1"hon-
neur d'inviter le Congrés International des mathématiciens 3 tenir sa
.session de 1970 en France. La ville de Nice, par sa situation, son
climat, son équipement touristique et I'existence d'une Université
. active, réunit les conditions requises pour le siége d'un Congrés
scientifique. Je propose donc que le Congrés International des mathé-
maticiens se tienne en 1970 dans la ville de Nice.

PEYL MNMPE3HJAEHTA KOHIPECCA
AKAIEMHKA H. T. TETPOBCKOT 0
HA 3AKJ/IOYHTEJILHOM 3ACEJAHHHM KOHIPECCA

Yeaxcaemue waenst Konepecca, yeamcaemse zocmul

IlossonbTe Mue ewe pas MoBJMaroAapHTL BAC 33 YuacTHe B paGore
Konrpeccea. :

Mue xoueres rtakme eme pan nobnaronaputs Henonuureasnmf
KoMuTer MemayHapoanoro cosa MaTemMaTHKOB, c KOTOPBHIM Mbl Bee
BpenA paGoTann B KOHTaKTe W KOTOpHH MHOrO Mam noMoras.

[losBonsTe noxenars ecem Bam yenexos B pafore u Bcero camoro
JIY 4IIEro. : '
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A SURVEY OF HOMOTOPY-THEORY

JOHN F. ADAMS

First, I would like to explain that this lecture will be purely
vxpository. It will be directed at the non-specialist; I shall merely
lry to explain what homotopy-theory is about and what you can
vxpect it to do for you.

We need a definition. Let X and ¥ be two topological spaces, and
let fo, fi be two maps from X to ¥, that is, two continuous functions.
We say that f, is homotopic to f,, and write f, ~ f,, if there exist also
maps fi: X = V¥ for0<t< 1 such that f, (x} is a continuous function
of Lhe two wvariables ¢, x for 0<#<<1, x € X. In other words, f, is
homotopic to f, if f, can be deformed continuously into f,.

Homotopy is an equivalence relation, and so the maps from X to ¥
may be divided into equivalence classes. We write [X, Y1 for the set
of homotopy classes of maps from X to V.

For example, consider the case in which X and Y are both the
unit circle S'. Let f: §* — S* be a map; as x moves once around S,
[ (x) will move around S' some integer number of times. This integer
is called the degree of [. Two maps f,, fi: S' — S are homotopic if
and only if they have the same degree. The degree sets up a (I-1)
correspondence between the set of homotopy classes [St, 8] and the
set of integers Z.

Homotopy-theory studies those properties of spaces and maps
which are not changed if we replace all the maps by homotopic ones.

There are several wavs-of seeing that this is a justifiable restriction
of our studies. First, in algebraic topology we assign invariants to
spaces X, and also to maps f: X — Y. For example, consider the
case in which X and Y are both the unit sphere 5™ in Euclidean
n-space R", given by the equation x} +x; ~...+ xi = 1. Then
we assign lo each fi §"' — S" ils degree d (f), which is an integer.
In general, we assign invariants which are algebraic in nature; typi-
ca!ﬁreihﬂy lie in diserete sets (like the integers). If there is any conti-
nuity about our proceedings, then homotopic maps (which can be
continuously deformed into one another) will have their invariants
equal. For example, f~ g:8""'— 8" implies d (f) =d (g).
In fact, most of the classical invariants of algebraic topology are
homotopy invariants.

Secondly, we can point out how many problems have been found
to be amenable to study by the methods of homotopy-theory. Let
me present a few examples.

3—1220
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(1) Questions on the existence or non-existence of spaces or maps
with assigned properties.
- {2) Questions on fiberings.
{(3) Questions on cobordism.
(4) Other questions on manifolds. 2
Let me present one question of type (1). Let E” be the unit solid
ball in R", given by the inequality x*--x!-r ... Lx2<1; then
there is no map f: E™ — S™! whose restriction to §n-1 is the identity.
We can state this differently. Let i: §"' — E" be the injection
map; then there is no map f: E® — 8™ such that fi — .

i
f\
Y
i T
%
\
b

J‘n-? 7 ‘jn-—?

This result is intuitively very plausible, and}is easy to prove
We have i ~¢: §"'— E” where ¢ is any consltant n::ap;--slz: if
existed, we should have I = fi ~ fe: §%1' §"1. hut d (1)=1,
d (fe) = 0. The interest of the result is that from it one can easily
ubtam_ the Brouwer fixed-point theorem: see [14].

This particular result is one of a general class. In an “extension
problem” we are given maps i: X - ¥, g X — Z and we are asked
if there is a map ]g Y — Z such that fi = g.

. Sometimes there is such an f and sometimes there is not; it all
depends on X, Y, Z, i and g. Many problems can be thrown into this
form; and we can solve harder examples than the one I've given
See [2]. -

If the map [ satisfies reasonable conditions, then replacin
byt a hgmotopi;rmapfd{]:;ﬁs nuttalter the answer to the prublemp; i.e E!lhgv:r
extension problem f[alls within the scope h .

S ialon ol pe of homotopy theory.

There is another class of problem which is formally very similar
to the first. In a “lifting problem™ we are given maps :;:: Y}-r» Z and
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g: X — Z, and we arc asked if there is a map f: X — ¥ such that
rf =g

Many problems can be thrown into this form. For example, take
{lie theorem that any vector field on S? is somewhere zero. We take
X = Z = 8*and g — 1; we take ¥ to be the space of non-zero tangent
vectors to S and let p assign to each tangent vector the point where
it is a tangent vector. In this case the answer is that there is no
such f.

"[N? can also solve harder examples than the one I've given;
see [3]. :

As before, if the map p satisfies reasonable conditions, then repla-
cing g by a homotopic map does not alter the answer to the problem;
i.e., the lilting problem falls within the scope of homotopy theory.
See [15, 17, 27, 28].

The condition we need on p is that it should be a fibering, in some
peneralized sense. Now [ nieed to talk about fiberings. let p: E— B
be a map. One example to bear in mind is that in which E is a Mébius
hand, B is a circle, and p identifies each meridian on the band to
a1 point. We say that p is a locally trivial fibering, with fibre F, if
ihere is an open cover {U,)} of B and homeomorphisms

o Fx Uy—>p g

such that pgg (f, u) = u for all «, all f € F and all u € U,. That is,.
p Tust behave locally like the projection of a product onto one
[actor,
Numerous examples of fiberings arise in differential geomeliry.
Il we have a smooth manifold M of dimension m, then its space of
langent vectors gives a fibering over M, with fibre F = R™. Similarly
if we consider tensors of some specified type. Again, if we have
. submanifold M embedded in some larger manifold N, with say
4 Riemannian structure, then we can consider the normal wvectors
lo M in N. They form a fibering over M. For all these reasons, topelo-
prists who work with smooth manifolds have to be expert at manipula-
ling fiberings. _ :
Now suppose we are given B and F and wish to classify the possible
liherings over B with fiber F. This has been reduced to a problem
; s
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in homotopy-theory (28] and the answer can be calculated in practical
cases, indeed this is a standard practice in the topology of smooth
manifolds.

Next 1 must talk about cobordism. As originally posed by
Thom [29], the problem went like this. We call twg compact smooth
m-manifolds M, M* cobordant if there is a compact smooth (m + 1)-
manifold with houndary whose boundary is the disjoint union of M
and M’'. This gives an etﬂ.ﬂvalen{:& relation, which divides manifolds
into cobordism classes. The problem is to calculate how many cobor-
dism classes there are. Using the theory of fiberings, Thom showed
how to reduce his problem to a problem in homotopy-theory, and
he also solved the resulting homotopy-theoretic problem. Since then,
it has been shown that Thom’s ideas apply to many related problems
14, 5, 8, 12, 20, 21, 33]. We may say that the solulion of cobordism-
type problems is now standard practice. -

Finally, we may suppose that in any research into manifolds,
if our investigation has any geometric quality, we are likely to run
into questions about the position of submanifolds, their intersection
and so forth; and in such questions, homotopy-theory will probably
continue to be an indispensable tool. See |26, 34).

So far T have talked mainly about problems: now let me talk
about methods. Suppose given a problem, say, on the existence of
a map. It may happen that the situation is so favourable that we
can calculate everything in sight. If not, then basically we face
a choice of two methods.

(i) If we guess that the required map exists, then we can try to
find an explicit geometrical construction which constructs the re-
quired map.

{ii) If we guess that the required map does not exist, then we can
try to find some topological invariant which would be involved in
a contradiction if the required map did exist.

As for explicit geometrical constructions, many such constructions
have been introduced into homotopy-theory. I would like to mention
the Whitehead product [16, 36], the Hopf construction [35] and the
Toda bracket [30, 32].

As for topological invariants, many of them can be obtained
by specializing the sets [X, ¥]. So let us return to these sets [X, V),
Sometimes T will speak as if the problem is to compute these sets
[X, Y1; indeed this is something we often need to do. At least let
us see what we can say about them.

First, “naturality”. Given two maps f: X — Y and g: Y ¢ Z,
we can compose them and obtain gf: ¥ - Z. The homotopy class
of gf depends only on the classes of f and g. So composition with f
gives a function

fe: 1Y, Z] - [X, 2],
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il composition with g gives a function
g, X, Y= I[X, Z]

Secondly, we can often give the set [X, ¥] some sort of algebraic
“Iructure. We have many cases in which we can usefully make |X, Y]
nilo a group (but in some cases, of course, there is no useful way
ol doing so). For example, suppose X =S'; and suppose that we
hiwve base-points xp, 4o in X, Y and that we are only considering
maps and homotopies which preserve the base-points. Then we can
vmnke [Sh, ¥ into a group: for a function f: 8! — V', preserving base-
pevints, is a closed path in YV starting and finishing at y,; and giver
iwo such paths f, g, we define their product to be the path which
lirst traces out f and then fraces out g. In this way we get the classical
tnndamental group my (V). Similarly, by specializing tg the case
\' = 5%, we obtain the homotopy group =, (¥) = [S8", ¥I. For
rxample, ny (8") = Z. ‘

Next 1 need to talk about Eilenberg-MacLane spaces. Suppose
piven an abelian group = and an integer n. We say that ¥ is an
I“ilenberg-MacLane space of type (x, n) if

nif r=n

ﬂr(}’fl:{ 0if rstn, r=0.

For any n and n there is a space of type (n, n). Some of them exist
v nature; for example the circle 5% is a space of type (Z, 1); but mostly
{hey have to be constructed artificially. -
Now consider [X, ¥], where X satisfies reas_,ol?alglc restrictions
and Y is of type (=, n). This set is a group, and it is independent of
Ihe choice of ¥; in fact it is exactly the classical cohomology group
[1" (X; n) (which was originally defined rather differently). For
rxample, we have
H™ (8" 7)=1S", Y]
il r—=n
0 if re£n,.r>=0.
But this was a digression. 1 need to talk about further properties
which the sets [X, ¥] have. Suppose given a fibering p: F — B,

wid let iz F - E be the injection of the fibre over the base-point
of B, Then we have the following sets and functions

X, F1 % 1x, E1 25 (X, B].

i | X, Bl we have a distinguished element 0, namely'_the class of the
vonstant map at the base-point. We suppose that X satisfies reasonable



38 YACOBHE HOKJALB ONE-HOUR REPORTS

conditions. Then it is a basic theorem that this sequence is exact,

in the sense that p,a — 0 if and only if & € Imi,. Indeed under -

suitable conditions this short exact sequence grows into a long exact
sequence; for example

..-a.-'mﬂ{lF} 2 fn (E) 'ﬂ-}ﬂ“[:ﬂ) & Tnog (F) 5 ... .

This sequence is exact at every group, in the sense just described.

Such exact sequence are ve;r?r helpful in calculations and proofs.
For this purpose, we find a small number of useful fiberings in nature.
For example, we have a fibering R* — S with fiber Z and a fibering
8° —+ 5% with fibre S'. One can use these natural fiberings to deduce
a few results, e.g. n; (S?) = Z. But the supply of natural fiberings
soon runs out, so we turn to artificial ones.

I will illustrate this point from suspension-theory. Freudenthal
originally showed that m,., (S") o Tnarer (S™) if r<n—|.
This is an archetypal theorem in homotopy-theory; we meet a lot
of phenomena which are independent of some dimensional parameter n,
provided that n is large enough. Such phenomena are called stable;
the opposite word is unstable. For example, cobordism gives rise
to problems of homotopy-theory which are stable.

Serre and G. W. Whitehead "approached this subject as follows
124, 35]. Given a space X, we can consider the function-space LX
of maps : [0, 1] — X such that / (0) is the base-point x; in X. We have
a projection p: LX — X given by p () = I (1) (take the end-point
of each path). This projection is a fibering (in a suitable sense); its
fibre is the loop-space QX that is, the space of maps /: [0, 1] > X
such that 7 (0) = /(1) = x,. We easily see that n, (QX) 2= .., (X).
50 we can prove suspension theorems by comparing 8" with Q8"

James and Toda went further [18, 19, 31]. It is a theorem of James
that if n is odd, there is a ﬁherin% F — E — B in which F is (near
enough) S, E is’QS™ and B is QS™*1, Thus we get an exact sequence
valid for all dimensions, not merely a result for a restricted. range
of dimensions

“ 00—+ 50 (5%) 'E‘ m (LA5™4) 3 @, (RS a—a.r Ty (8™)—> ...

=y el

L {Snu:,._p:r:,ﬂ (SEnt1y

The other theorems of James and Toda in this direction are ira similar
spirit.

This method, if combined with the method of explicit geometric
constructions, is an exceedingly effective means of calculating
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pecifie facts (32). If, for example, one were forced to calculate

(., (§%), this would be the preferred method. On the other hand,

It disadvantages. _
o (ﬂetll'{u;i&%a: stgn]i]z more suitagi to detailed calculation than to the

is ic general phenomena. ]
Iilhi%‘;e{ ugi E}isfmieﬁ in stable phenomena (which are in_sg:mei-
wnse the easier case), then this method (if followed in' its ?E;gmah
purity) only allows one to get at the stable groups by wading throug
hie unstable ‘ones first. . _
“L{E;E;ﬁ.lthough the low-grade suspensmn_theme:ims {whlﬁchacewo;[k
lor a certain range of dimensions) are avqliable_ or any ptricte&
le high-grade ones (which work for all dlmemmlr_lls} daret Iiesof ed
lo the case of spheres. One problem will reveal t Ie ep B
ignorance. A Moore space is a space with a single noil-v it ng
vuhomology group (e.g., a sphere). Can one obtain exac seque{c:s
modelled on Toda’s, but replacing the spheres by Moore spaces (say

e ﬂetﬁfﬁgggiﬁrng of this section, I said that if we have a fibering

s E % B, we can get an exact sequerce
X, F1 25 |X, E| 2 [x, B

T i ituation. Gi a map f: A > X, we can form
: h:;:ctalsmar-dl}l?lvilt&jitg]; taki]:;nthe cone on A and at{achitqg it
to X using the map f. Then we have the following sets and functions.

(4,71 & X, Y] < M, Y1

I'his sequence is exact. Under suitable conditions this short sequence
prows into a long exact sequence; for example

- i% & _ .
o= H"(A; m) < H™ (X; 71) «— H™ (M; nt) <— H" (A; 7)< e

I'his sequence is exact at each group.
To preserve the analogy, we call

Al x 5 x—c4

is i aces cafl
: ing. This concept is important, because many sp
hmc?:-r:ﬁﬁw;% in this way. For example, starting frnmlsphheorfﬁ ﬁ;ﬂg
e itlerﬂ'ftﬁ w[lltt“]?l:ri’:]gﬁr wen QE:}tg;)r;riTges ‘éxaiibt in nature
‘W- 1 [37]. The fact that so ma : ! ,
:;w;;:mrgﬂesz? why we can calculate eflectively with cohomology.



40 HACOBHE JOKAAIB ONE-HOUR REPDRTS

Originally, Eilenberg and Steenrod i
; g a gave an axiomati
cohornol theory, which included the exact sequencén aiw:fiiﬂggm?i

as a crucial axiom [14]. Later, there was some interest in the so-called

extr i :

zéﬂ”i”’[}j]f %EME: i}iﬁh}e?%li}éﬂtﬁsi Sioms, i e ed

;};ﬁsssﬁl}z_is{;{';: r[‘!'ﬁ] D;n%o%ﬁﬁx *;Eﬁ:?-:;;cg?mmtg:n Egsgt?ﬁit ﬁfiaﬁ

o [0 e Sy ool s v
; . b r reasonable icti

e ey i S g TR

séetg:nc:]?sri}m;;zg&r“ ﬂﬁﬁfﬂfﬂgkﬂ;}ﬂxﬁﬁgﬂ wningftgsguffﬂ; a&fthfgriagg:
do s g more difficult, and look at the cohomology

Al x

we get an exact cohomol . . ;
sequence of spaces and I?'lga];!'ss PR Nﬂ? Suppose given an infinite

] i
Xﬁ — X_l _— Xg'z—} S -—;.Xn .h_‘_L

We can form a lot of compesites
Jfﬂlf'ﬂ.-i e f:r:-r-

and each such compasite gives an exact coho
) mol
E:;ta Izﬂgﬂ col]eat!cnl of exact sequences, which fit %?ﬁgﬁgc: .cz‘[;:‘.a‘?j
ang. c;iwever, it is possible to keep track of all the information
condense it into a usable form; and the result is an algebraic

structure called a spectral se i ‘
S . quence. For exampl o BV
is a fibering, then the cohomology groups H*(F). @ K+ (g] ol BB
are .;Elamdth}rl a spectral sequence Igg?. ' o
speciral sequence is a somewhat complicaled
does not provide a guarantee of effecti ATt
Suc%:ed v mm_ge eant thanenc?‘::.twe calculation; but the experts
ur general philosophy would new run as fol]
ows. To
ih)( Y], we try to decompose X asan iterated cofibering ‘i::lcwlﬂ?:ﬁ
m':] s;acesalge fatt:tnrst EEE elementary from the point of view of coho
Yys and we try to decompose V as an iterated fiberi i ich
the succéssive factors are eleméntary f t gl (i
he point of view of homa-
topy. The first can always be done YTI’E g]e o i
1 1 ; 1 cond can be d i
ideas of Postnikoy [22], Using the methods of the Fr:ncﬁr::}fgglnﬁiﬁg

LT w .
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we always have enough fiberings; but since they are large function-

space fiberings, the problem is to identify the spaces involved; this

i5 usually done by cohomology calculations.

Using this sort of method, Serre has proved some very useful
peneral theorems [25]. For example, the theorems show that under
reasonable conditions, [X, V] is a . finitely-generaled group. They
often allow us to show that [X, Y1 is finite, when that happens to be
lrue; they may also allow us to say what primes can occur in the
order of [X, ¥]. At the worst we expect to be able to calculate
X, Y1 ® Q, where Q means the ring of rational number.

For some purposes, variations of the classical French method
may be useful [1, 20]. Recent work indicales that it may sometimes
he profitable to calculate with K-theory, and so split off factors which
are still comparatively elementary, but are not products of Eilenberg-
MacLane spaces [4].

It is, of course, very damgerous to make pronouncements like
lhis, but the state of affairs in homotopy-theory seems to be that
inost of the basic principles are known. The last really unexpected
and unforeseeable advance was the Bott periodicity theorems 6, 9],
and the consequent possibility of effective calculation with K-theory.
[t may be that a benevolent Nature has further such uncovenanted
mercies up her sleeve; but if so, then in the nature of things nobody
knows where to look for them. In their absence, the prospect is one
of more complicated and strenuous use of the basic principles, and
of honourable service in applications outside homotopy-theory.
Inside homotopy-theory, the most exciting theorems to me are those
which show the existence of systematic phenomena—orderly patterns
¢xisting in Nature. But when you contemplate some of the tabulated
ilata, orderly patterns are hard to find. However, there are some
results which keep up a small amount of hope in this direction.
Outside homotopy-theory, the study of smooth manifolds already .
uses a fair amount of homotopy-theory; and any subject with a geo-
metric flavour is a candidate for applications,

{niversity of Manchester,
Manchesier, England
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THE ETALE TOPOLOGY OF SCHEMES
M. ARTIN

1. Introduction

Since Weil [56, 57] pointed out the need for invariants, analogous
to topological ones, of varieties over fields of characteristic p, several
rmfmsa]s to define such invariants have been made, notably by Serre
47, Grothendieck [21], and Monsky and Washnitzer [38]. I would
like to describe some of the recent work on one of these approaches
that of the efale cohomology of Grothendieck. This approach has yie]de«:i
a proof of the rationality of Weil's zeta function for variety over
a finite field via the method suggested by Weil [571, and for genera-
lized L-functions {Grnthendieckg%%]} '). The ctale cohomology also
provides a framework in which to state some beautiful conjectures
of Tate [53| on algebraic cycles (now proved by him for divisors on
abelian varieties over finite fields), and of Birch and Swinnerton-
Dyer (cf. Tate [54]). Quite generally, it gives good results for coeffi-
cients prime to the characteristic p of the variety. In fact, the other
proposals for a cohomology theory (Serre [47], Monsk and Washnitzer
(cf. I37] or Lubkin [36]), Grothendieck’s flat topology (cf. [12] or
Shatz [51] for the case of a field)) all yield a cohomology with *mod p"
or Witt vector coefficients, and it is not completely clear at present
which of them will be the most fruitful, The problem of finding such
a theory is obviously of great interest,.

In this talk, I will restrict mysell because of lack of time and
competence to a description of some aspects of the etale theory,

;-.gthout going into ‘detail on any of the applications mentioned

OWE.
_ Let me begin by recalling that a morphism X — ¥ of
is called aﬂ;&% it is flat andg unramified. ]'i‘hnse unfamiliar xﬁf{IﬁTﬁ:
notion may get an intuitive understanding of its meaning from the
fact that a map of schemes of finite type over the complex numbers
is etale iff the map of associated analytic spaces is a local isomorphism.

1) The methods also yield the functional equation a th i
of the zela function as an alternating product (cf.q 25]). Acfrl:illy,elﬁif'fajt‘:lﬁnztﬁfl?r
was [irst roved for arbitrary varieties by Dwar [13]. For the rest, we prefer
not to get involved in questions of priority. Suffice it to say that in addition
similar results have been obtained for a smooth proper variety which is a spe:
clalization from characteristic zera by Lubkin [35, 36], and that the ratian-
ality has been proved for arbitrary varicljes by Monsky [38].
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2. The etale topology

The first topology to be defined on an abstract variety or scheme
was the Zariski fopology (Zariski [591). Recall that in this topology
+ vlosed set of the spectrum of a ring R is the set of zeros V (S) of
vime subset S of R. Then Serre, in his fundamental paper FAC [45],
howed that the Zariski topology could be used to define a cohomology
theory of coherent sheaves on a variety, i.e., ones arising from modules
over the coordinate rings. He also proved ([46] GAGA) that for
i projective variety over the field of complex numbers, the theory
Ihus obtained was the same as the analytic theory. These results left
little doubt that the Zariski topology is a good one for the study of
voherent sheaves.

For the purposes of our discussion, we may express this conelusion
m a slightly different way by saying that ordinary localization in
A ring R is a “sufficiently strong”™ process for most things in the study
of modules over R. The conclusion is supported by the fact that if
# is a local ring (say noetherian for simplicity), and if M, N are twao
linite modules over R which become isomorphic after any finitely
generated faithfully flat extension of scalars R — R’, then M and N
are Lhemselves isomorphic. Or, there are no twisted forms of a finite
module M over a local ring R, relative to such extensions of scalars.
(By descent theory (Grothendieck [23]), this can be interpreted as
a generalized form of the famous Hilbert theorem 90.)

However, twisted forms of more complicated structures will usually
not be locally trivial. For instance, central separable algebras over
a field & are twisted forms of a full matrix algebra relative to the

extension k—~k of k by its separable algebraic closure. Such examples
led Serre [48] to introduce the notion of local isotriviality of a fibre
space. A fibre space with given algebraic structure group G over a sche-
me X is called locally isofrivial if for every point x € X there is
a Zariski open neighborhood U of x in X and a finite etale covering
space U’ of / such that the pull-back of the fibre space to U/’ is trivi-
al. This definition yields a notion which includes the one studied
hy Weil [58] of fibre spaces which are locally trivial for the Zariski
topology, and the one of structures over a field which become trivial
after a separable algebraic field extension, studied by Lang and Tate
{34] and others.

[n 1958, Grothendieck found a general version of sheaf theory,
which enabled him to define the notion of etale cohomology of schemes.
This etale theory puts Serre's notion in a broad framework, and it
provides an algebraic definition of the Betti numbers of an algebraic
variety, We will describe briefly one version of the general theory.
It is treated in detail in Verdier [55]. -
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The necessary data for sheaf theary consist of the following:

(1) A category C and a collection of families of maps {X;, = ¥} of C

with common range, called civerings of the range Y. The follo-

wing axioms are supposed to hold:

(i) Isomorphisms are coverings.

(i1} The composition of coverings is a covering, in the following
sense: If {X;~ Y} cover Y, and {W,; > X,}, is a covering
of X, for each i, then the compositions {W,; — ¥} cover V.

(iti) A pull-back of a covering is a covering: If {X;— Y} is
a covering, and Y’ — Y is an arbitrary map, then the fibred
products X; X ¢}’ exist in € and they form a covering of ¥'.

Actually, the exact phrasing of the axioms is not very important

(cf. [3, 5, 551). We will refer fo such a collection of data as a topology.
Given a topology, a sheaf is a contravariant functor F from C to

(say) sets, satisfying the sheaf axiom.

(2) If {X;— Y} is a covering, then a “section” s € F {¥) is uniquely
determined by a collection of sections s; € F (X;) such that ifor
each £, j the sections of F (X, x yX;) induced by s; and s, via the
projection maps are equal. -

Cohomology with values in an abelian sheaf is defined as a derived

functor, as in Grothendieck [20]. '

. The Serre notion of local isotriviality was the starting point for
Grothendieck’s original definition of the etale topolng;.r.gbut it has
turned out in the meantime to be more convenient to allow localization
by.an arbifrary etale morphism. Thus for -the efale topology of
a prescheme X, the category C above is taken to be the category of
preschemes U efale over X, and a covering is a family of maps which
is-surjective in the sense that the range is covered by the images.

This definition is such that the first cohomol v H' (X, G) of

X with values in a linear group G classifies the fibre spaces with

structure group G over X having the following property: For

every x € X there is an etale map U — X (not necessarily finite over

a Zariski open set) whose image contains x, such that the pull-back

of the fibre space to U is trivial; or, as one says, which are locally

t?iﬁl for the etale topology (cf. Giraud [16] for a general treatment
of ).
3. Relations with Galois cohomology

If X is the spectrum of a field K, then the etale schemes of finite
type over X are guat spectra of separable (commutative) K-algebras,
i.e., products ol separable field extensions, and it is not difficult

toshow that the resulting cohomology theory is just Tate's cohomology
of the galois group G (KK)w/here K is the separable algebraic closure
of K. This theory has been treated in detail in various places (eg.,
Serre  [50]).
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The sheaf theory on an arbitrary noetherian scheme X can also
he related to galois modules via the specialization diagram of X. We
will deseribe it (per semplicitid di discorso) only for an entire (this
lerminology is due to Lang [33]) normal scheme of dimension 1. This
includes the case of a nonsingular algebraic curve and that of the
wpectrum of the ring of integers in a number field. The general case
van be described in a similar way, but the specialization diagram is
more complicated:

Let G be the galois group of the separable closure K of the function
lield K of X, and let X be the normalization of X in K. For each

v € X, choose a point x of X above ¥, and let D, — G be the decompo-

sition group of this point. (A change of the point x over x changes

/)« by conjugation. It is an interesting feature of the etale cohomology,

and one of its weaknesses, that the choices of the various points x
are not important.) Let G5 be the galois group of the separable algebraic
vlosure of the residue field & (x) of X at x. Then there is a diagram
of group homomorphisms
Ge—-D,— G,
for each x € X. Theresult is that the category of “constructible™ abelian
sheaves on X is equivalent with the category whose objects consist of
(1) (i) A G-module M and a G,-module M for each x ¢ X, which
are finitely generated abelian groups.
(ii) A “specialization map” ®©.: M, —> M for each x € X which
is a homomorphism of D,-modules,

satisfying the “continuity condition” that almost all of the maps @,
be isomorphisms. ,

Thus the cohomology of a sheaf on X in the etale topnlngg can
be described in terms of the galois cohomologies of the groups G, G,,
and of the relations betwgen them. In this way one can interpret the
results of Ogg [40] and Safarevic [44] on the cohomology of abelian
varieties over function fields as calculations in the etale cohomology.
Their results contain implicitly a description of the cohomology of
an algebraic curve over an algebraically closed field (cf. [6], exp. 1X).
The formula of Ogg [40] for the Euler characteristic of a sheaf has been
generalized by Grothendieck (Raynaud [42]). Similarly, the exact
sequences of Tate [52] for mhomoi'mg}' of a number field are closely
related to the etale cohomology of the ring of integers of K, but there.
is a slight difference in the notion of local triviality used there.

‘4a Cohomology with values in the multiplicative group

The sheaf of units on a scheme X for the etale topology occupies
a central role. We will denote this sheal by @*. It contains as subsheaf
the sheaf p of all reots of unity, and for a regular X, the inclusion
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u# — O induces an isomorphism on cohomology in dimensions = 2,
if one ignores p-tarsion for the residue characteristics p of X. The
sheaf p is clearly a locally constant torsion sheaf (ignoring p) and
so its cohomology can be treated by the theory discussed in the next

section. But in dimensions <2, the cohomology of ©* gives informa-

tion of an arithmetic sort not contained in p:
It follows from descent theory [23] that

HY (X, @) =Pic X

is the group of isomorphism classes of locally free rank one sheaves
on X. On the other hand, the group A* (X, O*) contains as subgroup
the “Brauer group” of sheaves of Azumaya algebras on X (cf. [26]):

H® (X, ®*) = Br X.

{The notion of Azumaya algebra, generalizing that of central simple
algebra over a field, was first introduced for rings by Azumaya [10]
and Auslander and Goldman [9], and its relation to cohomology theory
was studied by wvarious authors [2, 11, 43]. The theory is discussed
in detail in Grothendieck [26].) :

A most interesting and apparently difficult question of Auslander
and Goldman is whether or not the Brauer group is all of H?* (X, @ *)
when X is the spectrum of a regular ring {or more generally, when X
is a regular scheme). This is true when X is of dimension <2 (Auslan-
der and Goldman) or when X is a semi-local ring of an algebraic variety
in characteristic zero (cf. [26]). It is generally false if X is singular
{Grothendieck [26]).

To see the importance of the Brauer group, suppose that X is
a complete non-singular algebrai¢ surface over an algebraically closed
field &. For any X and n prime to the characteristics of X, the Kummer
sequenc e

(h 0—p, -0

is exact, where p,, denotes the sheaf of n-th roots of unity. Applying (1)
and the above facts to our surface X in the highest interesting dimen-
sion, we obtain an exact sequence

(2) 0— (Pic X)in— H*(X, pa) — (Br X)s— 0

where the subscript n indicates the set of elements whose order di-
vides n. Its middle term is the cohomology of X with values in the
constant sheal p, ~ Z/n whose rank as a Z/n-module is, up to a boun-
ded term, the second Betti number B, of X (say by definition). The
term on the left yields up to a bounded term the rank of the Neron-
Severi group of X. Thus the Brauer group measures the algebraic
analogue py = By — p of the number of transcendental 2-cycles on
a s O%-I&Jce. 4

n=th power
— 0% — 0

s
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The inequality Bs>p was first proved in-the abstract case by -
Iiusa [31] with an ad hoc definition of B,. His method of proof, using
« pencil of curves on the surface and vanishing cycle theory, made
no use of the etale cohomology, but a similar approach gives an expres-
~ion for the Brauer group, and hence for the etale B, in terms of the
peneil ([3], Tate [54]). The Brauer group is just the Safarevié-Tate
vroup of locally trivial principal homogeneous spaces of the Jacobian
'!‘IE 4’;?& generic curve. This is also true for arithmetic surfaces (Tate

' 14 .

5. General cohomology theory

The approach to etale cohomology has been mostly via Grothen-
dieck’s generalized sheaf theory, as we have already indicated.
Actually, the first case I know of in which etale coverings were used
for cohomology theory of a variety is in Kawada and Tate [32].

The results of this section (due largely to Grothendieck and myself),
together with proofs, may be found in [6]. The most important single
resull is the following:

Theorem (1) (proper base change thecrem). Let f: X — ¥
be a proper map and F an abelian torsion sheaf on X. Let g, be a geo-
metric point of ¥, and X, the geometric fibre of f at y,. Then the
stalk at y, of the higher direct image RY,F is the cohemology
% (X4, F|Xo) of the fibre. The assumption that F be a torsion
sheaf is essential in all serious results.

FFor schemes of finite type over the complex numbers C, one has

Theorem (2) (comparison with the classical cohomology).
let X be a scheme of finite type over C, and F a constructible tarsion
sheal on X for the etale topology. Then F includes a sheaf on X for
the classical topology, and one has isomorphisms

H? (Xgtate, F) = H? (Xerasss F]

The condition of constructibility is the obvious finiteness condition
in this context. The proof of (2) in the general case requires resolution
of singularities (Hironaka [28]). .

For passing from characteristic zero to characteristic p, the follo-
wing is useful (cf. [6], also Lubkin [35]):

Theorem (3): (specialization theorem). Let f: X — ¥ be
a smooth proper map, and let F be a locally constant torsion sheaf
ori X whose orders are prime fo the residue characteristics of ¥. Then
the higher direct images R, F are locally constant sheaves on ¥
Ei’?:’l‘.ji’ﬂfe stalks are by (1) the cohomology of the geometric fibres of

W—1220
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This result is one of a series reflecting the locally a-::y.c]ic nature of
smooth morphisms.

In a less definitive state are the results on echomological dimension :

and finiteness of cohomology:

Theorem (4) (finiteness). Let f: X — ¥ be a morphism of
finite type, and F a constructible torsion sheaf on X. Suppose either
that f is proper or that ¥ is an excellent (cf. 127], IV) scheme of cha-
racteristic zero. Then the higher direct images R F are again con-
structible. Of course, this theorem gives in particular the finiteness
of the cohomology groups when Y = Spec K is the spectrum of
a separably closed field. Assuming resolution, one can prove (4) also
in the case that ¥ is excellent and of equal characteristics, and that
F is of orders prime to the characteristics (which is a necessary assump-
tion). But very little is known about the cohomol in the unequal
characteristic case, even in low dimensions where resolution is available
(Abyankhar [1]), say when X has dimension 2.

The correct upper bound for cohomological dimension of a variety
over a field can be proved from the theorems on cohomological dimen-
sion for fields of Grothendieck and Tate (cf. [501). We denote by
cd X the largest integer g such that H? (X, F) = 0 for some !-torsion
sheaf F:

Theorem (5): (cohomological dimension). :
; (i) Let X be ascheme of finite type over a separably closed field &.
en

cd; X < 2 dim X.

If X is affine, then
cd; X < dim X,

- (i) Let X be a scheme of finite type over the ring of integers of
a number field K. Assume that either [ s 2 or that K is totally
imaginary. Then -

cd,X{ﬂﬂ[mx+ L.

Here dim X is the Kronecker dimension. A much lower bound actually
holds in (i) when [ is equal to the characteristic, and for { = 2 in
(ii) the totally imaginary riumber field can be replaced by Q if one
adds to X in a formal way a “fibre at infinity™ (cf. [8]). A number
of other variants are treated in [6]. Again, little is known in the un-
. equal characleristic case. Thus, for Instance, the cohomology with

values in Z/I of the scheme obtained from Spec Z, [[/]] by removing
the locus {f = 0} is not known, nor is the mhomolugicar dimension
of the field of fractions of Z, [[#]].
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6. The fundamental group

As usual, the fundamental group classifies covering spaces: Suppose
{hat the scheme X is connected and locally connected for the etale topo-
logy, i. e., that every etale scheme U over X is a disjoint union of
connected components. Suppose moreover that a %Er::-metric _point
of X is given {1# is poinfed). Then a pro-group (cf. [23]) n, (X) is- de-.
lined in such a way that it clasgifies etale covering spaces of X, i. e.,
schemes X’ over X which are twisted forms for the etale topology
of the “trivial covering” [[ X of X (S is a set). It does so in the sense

B

that such schemes X’ correspond canonically to homomorphisms from
4 (X) to the permutation group of §. If X is geometrically unibranch
(127, 1V), a connected covering space X’ of this type is necessarily
finite over X, and so the fundamenial gmup is pro-finite and equal
to the one introduced by Grothendieck [22]. In general, a scheme may
have infinite covering spaces, and the fundamental group obtained
is somewhat larger (cf. Lubkin [35], Grothendieck (24]).

Almost all of our explicit information about the fundamental
group still comes from the “Riemann existence theorem”. It asserts
that a finite topological covering of a scheme X of finite type over C
has a unique algebraic structure, i. e., that the etale fundamental
group of X (say X is geometrically unibranch) is the profinite comple-
tion of the fundamental group of X: "

7y (Xetale) = mL

The general form of this theorem requires the results of Grauert and
Remmert [18] and GAGA [46] (cf. [6]). Its importance for the etale
theory is indicated for instance by the fact ([6], X) that a nonsingular
varie{y over C has a Zariski open covering by K (m, 1) spaces (ones
having my as only non-vanishing homotopy group). ’

Althbugh Grothendieck, in his beautiful paper GFGA [22], suc-
ceeded in computing the “tame” fundamental group of an algebraic
curve over an arbifrary field, the proof made use of the Riemann
existence theorem in the classical case, and there is still no algebraic
proof known. The difficulties which pr‘esent themselves are very inte-
resting.

Su%pnse for instance that X is obtained from the afiine line by
removing some points p; (i = 1, . . ., n), so that the tame fundamen-
tal group is free on n generators. Then the freeness can be expressed
by ge assertion that

(1 Hom (x,, G) wl}Hcm (D, G)

4
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where G is a finite “test group” of order prime to the characteristic,
and where D; is the decomposition subgroup of a suitably chosen
point above p;.

In fact, using Grothendieck’s technique one can show by algebraic
methods alone that in the above situation the ramification can be
assigned arbitrarily at the points p,, up to inner automorphism. By
this we mean that the map

{2) Hex (xn,, G) — HHex (D}, G)

is surjective, where Hex (4, B) is the set Hom (A, B) modulo con-
Jugation by inner automorphisms of B. Here the choice of D, no longer
matters. This assertion is quite useful for cohomological questions,
which are not very sensitive to conjugation (cf. section 3), but of
course it is much weaker than (1). On tﬁe other hand, it has a chance
to be true in characteristic p without restriction on the order of G.

7. Homotopy theory

In order to generalize the Riemann existence theorem to the higher
homgtopy groups, one needs a good way to associate somef%i.ng
like a simplicial set to a scheme, and because of the difficulties inhe-
rent in the Cech procedure, it is not immediately clear how to do this.
A way was first found by Lubkin [35]. Subsequently Verdier [55],
using an idea of Cartier, found another method, and working along the
lines suggested by the Cartier-Verdicr approach, Quillen [41] has
developed a homotopy theory for arbitrary categories.

The exact definitions are too technical fo give here. Using them,
one can associate to a connected and locally connected, pointed sche-
me X a pro-object in the homotopy category H of connected pointed
CW-complexes, which represents the homotopy fype of the scheme for
the etale topology (cf. Lubkin [36]). Let us denote this pro-object
by Xe. Its relation to the classical topology can be described as
follows (cf. Artin and Mazur [7]):

Call a CW-complex homotopy finite if all of its homotopy groups
are finite groups. Then one can associate to an object K in the
homotopy category H a pro-finite completion K which is a formal
inverse system of homotopy finite CW-complexes, i. e., a pro-object
in the homotopy category of such complexes. The completion K is
characterized by the property that any map from K to a homotopy
finite complex factors through K.

The natural extension of the Riemann existence theorem is the
following result:

Theorem (1) Let X be a pointed %ﬁ:metrimlly unibranch
scheme of finite type over the field of complex numbers. Denote by
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X its homotopy type for the classical topology. Then

Y
Xﬂt= ol

It is in general not true that the homotopy groups of K are the
pro-finite completions of the homotopy Er?ups of K. However, this
is frue if K is simply connected and has finitely generated homotopy
groups in each dimension [7]. Thus f»—flﬂh the above theorem X is
simply connecled, then sy (Xe) = 7y (Xar} for each g.

he above method gives a definition of homotopy for quite general
schemes X. For instance, the scheme Spec 2 with a point at infinity
added in a formal way has the homotopy type of a Moore space
K’(2/2,2) with the single nonvanishing homology group Z/2 in
dimension 2. However, it is likely that a good homotopy theory for
Spec Z should allow for homotopy groups of a twisted sort, such as
roots of unity.

8. Henselian rings

The study of local properties of schemes for the etale topnlo%y
leads to a series of questions of an interesting sort which I want to
mention briefly. The local ring of a scheme X at a geometric point x,

in the etale topology, is the ring
R=—s (X', Ox)

where (X', x') runs through schemes X' etale over X with chosen
geometric point x* over x. The most striking property of these rings
is that they are henselian (i. e., that Hensel’s lemma holds). It seems
clear that the notion of henselian ring, introduced by Azumaya [10]
and studied by Nagata [39], will play an important role in any detailed
study of local phenomena. o
L{-t me recall the general outline, proposed by Grothendieck in
the introduction to his Elements [27], for trgatmg certain types of
questions about schemes, [ have rephrased it slightly for my purposes:

Step 1.Onecompares a global problem with the corresponding local
one for the etale topology.

Step 2. By a limit argument, the local problem is reduced to
a question about henselian rings K.

lim

Step 3.0One may replace the henselian ring R by its completion R.

Step 4. The complete local ring is related to the artinian rings

3/m™ (m = rad R), and the study of these rings is reduced by infi-
ﬁi;fls,ir;?l Tl'lf:ihﬂds }tu a series of questions about the field R/m (which
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are perhaps “classical”). Actuall : i
rzl?ltf gutztr?l. ot fni‘}ﬂ g i none of these steps is under com-
-otep | may sometimes be treated by descent theory (Grothendi
230, h:nd step 4 was discussed by Serfe in his Stuckri;tglm taﬁ?d{]&leglk
: tsc-mgwhat novel point I want to bring out is step 3 which
mas ntn n;a:ielzlwed much attention, but which seems promising. It is one
pec e general algebraization problem of relating henselian

rings fo their completions. This has been studied for the divisor class -

oup by Hironaka [29] and for algebraic extensions of rings i
gn :niei'gast!n example is obtained from the question of rtllfﬂ;ir;t[e‘irﬂé
tait section of a map f: X — Y of schemes. The corresponding algebrai-
zation problem, which would handle step 3 in this case, is the follo-

wing:

n%uppuse that X is a scheme of finite type over a henselian ring R

which has a “formal section”, i. e., a point with values in R. What

fassumftmns are needed to assure that one can approximate the

1:‘-:{:;1:111313l ss?:;;ogt by pil:un:s with values in R?

e wvaluation ring R, this problem was solved

;ﬁftiigl.y by Greenberg [19] and Raynaud. Mild restrictions on R
- In a slightly different direction is the thdorem
Hironaka and Rossi [17], [30] to the effect that anﬂyﬁ?iﬂgi
rlrrli_gs with isolated singular points whose completions are isomor-
p u]: are themselves isomorphic. This theorem has an algebraic
analogue In characteristic zero, which asserts that two algebrai
varieties with isolated singular points whose local ri gehav:
isamorFrhlc completions are locally isomorphic for the etale topo-
_ugyt.h his is .a]r_-z:an:l?»r a striking change from the Zariski topology
;n eihcase of simple points. For them it follows immediately
trhm}: ¢ Jacobian criterion.) The related conjecture of Grauert
ic,:_a any complete local ring with isolated singularity is “algebra-
Ic”, 1. e., is the completion of a local ring of an algebraic variet
is however still open except in low dimensions [4], 129). g
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GLOBAL ASPECTS OF THE THEORY
OF ELLIPTIC DIFFERENTIAL OPERATORS

MICHAEL F. ATIYAH

Introduction

The subject matter of this talk lies in the area between Analysis
and Algebraic Topology. More specifically, | want to discuss the
relations between the analysis of linear partial differential operators
of ellipfic type and the algebraic topology of linear %rﬂups of finite-
dimensional vector spaces. I will try to show that these two topics
are intimately related, and that the study of each is of great import-
ance for the development of the other.

The theary of elliptic differential equations has of course a long
and rich history, with its origins in the study of the Laplace equation
and of the closely-associated Cauchy-Riemann equations. Iis con-
nection with topology, via the theory of holomorphic functions and
Riemann surfaces, is equally classical. Its development in the last
fifty years or so has however followed two rather separate courses.

On the one hand there has been the purely analytical development,
the qualitative study of general ¢élliptic operators. Here the emphasis
has been on extending the basic theory of the Laplace operator to.
general operators of the same type—what we now call elliptic opera-
tors. The questions studied include regularity of solutions, boundary
conditions and more recently the extension to suitable classes of
integro-differential operators—nowcalled pseudo-difierential operators.
On ﬂge whole this sort of work was carried out for domains in Eucli-
dean space, ihuth the extension to more general manifolds presents
nothing essentially new. .

The second development has been the more defailed or quantitalive
study of the classical operators and their associated structures. This
essentially includes the whole of a]{iebraic geometry treated by topo-
logical and transcendental methods, The pioneering work in this
field was of course done by Hodge some thirty years ago.

Roughly speaking we might say that the analysts were dealing
with complicated operators and simple spaces (or were only asking
simple questions), while the algebraic geometers and topologists were
only dealing with simple operators but were studying rather general
manifolds and asking more refined questions.

In recent times, the last five years or so, some serious attempts
have been made to integrate these two different developments. Each
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seems now to have reached such a stage of maturity that it can con.

fidently offer its services to the other half. For example, some of the
ideas and techniques developed in the general theory of partial dif-

ferential equations have been very successfully applied to the study
-of complex manifolds (cf. [12]). My own interests, however, have been .
in the reverse direction and I would like to spend the rest of my time -

discussing the Riemann-Roch or Index Problem,

1. The Riemann-Roch theorem

The classical Riemann-Roch theorem is concerned with giving

a formula for the dimension of the space of meromorphic functions

on a compact Riemann surface having poles of orders < v, at points .-

Py I P = Zv,P; then the dimension ! (P) is given by:
L(P)—i(P)=degP—g+1

, Where deg P = ¥v,. Here i (P) is in efiect { (Q) for a suitable Q so ~

that what is computed is a difference of two numbers of the same sort.
This is in the nature of the problem because as we vary P (i. e. if we
vary Py) the number /(P) can jump, but the difference ! (P)—i (P)
Temains constant. Moreover one can, in certain circumstances, prove

that i (P) = 0 (this happens if deg P > 2g — 2) and one then has
@ genuine formula for [ (P).

- The Riemann-Roch theorem is one of the basic theorems of

algebraic geometry. It is an example of a quantitative or “refined”
result. Considerable effort was

and then (purely algebraically) by Grothendieck [6] in 1957,

On the other hand analysts had been independently studying the '

“index problem” for elliptic operators [8]. If D is an elliptic operator

on a compact manifold (without boundary for simplicity) then the '

space of solutions of Du = 0 is finite-dimensional. If one wants
that
index D = [ (D)—1 (D%

(where D* is the adjoint problem) is constant under continuous varia-
tion of D. The problem therefore is to find a formula for index D.
The analogy with the Riemann-Roch theorem is obvious. Moreover:

since holomarphic functions are solutions of du = 0 we can easily set .
up the Riemann-Roch problem as an index problem. To solve the -

index problem in general is therefore to extend the Riemann-Roch

theorem from the domain of holomarphic function theory to that of .

general elliptic systems.

X devoted to extending it fo higher
dimensions, and success was achieved first by Hirzebruch [9] in 1954 :

a formula for this dimension { (D) one finds that / (D) can jump, but
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1 imensions, when the number of independent wvariables
i lI:r E?txpdl irf:iit answers were obtained by fairly elementary m_ethoﬁ+
In general, however, one is faced with two serious problems: _
(A) We have to find suitable tnpq]c?mat invariants of the pair
(X, D) where X is the base manifold and D the elliptic operator.
(B) We have then to find the explicit formula for index I? in terms
invariants. ;
For exaﬁpﬁﬁ% th:; case of the classical Riemann-Roch theorem the
topological invariants are just the genus g and deg (P).

2. Topology of the linear groups

e classical structures (Riemannian and compleX) an extensive
thegroyr tn.!-} topological invariants, called characteristic classes, has
been developed (cf. [9]). These classes are all generalizations of the
Euler number, i. e. the number of singularities of a vector field.
Roughly speaking, one considers the cycles where a given number of
vector fields becomes linearly dependent. Fundamentally these homolo-
gy invariants stem from the homology of the linear groups GL (n, R)
and GL {n, C). The Riemann-Roch thecrem of Hirzebruch gives
a formula in terms of these characteristic classes, the actual formula
being a very complicated one going back to Todd and involving the
generating function x/(1'— e™) of the Bernoulli numbers.

It is a remarkably fortunate fact that an elliptic operator D also
defines invariants of the characteristic class type: It is not difffcult
to see how these arise, Let us recall that a homogeneous constant
coeificient N X N matrix of differential operators

P=[P”(?%-...., fﬂ)] iy ftyuiay Ny

i iptic i 0 (and real)=>det P (Ey, ..., &) = 0. Then P

:iseﬁii]sm;c;apggi P{{E} of S"‘]"- — GL (N, C), where 8™ is the unit

sphere in R", This shows at once that the homotopy and hence the

homology of GL (N, C) enters into the study of elliptic operators. .
Now according to a fundamental theorem of Bott [7] the homotopy

groups - -

-y (GL (N, €))
are 0 for n odd and isomorphic to the iﬂtegefs for n even (provided

2N > n). Thus if n is even and 2N >n, P defines an integer which
ma}? be)called its degree. This is a generalization of the obvious degree
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incase N = 1, n = 2 and it may be computed explicitly as the value

of an integral S w (F) where  (P) is a differential expression
so—1

in P generalizing the well-known formula

Igd‘.P 4
Pl VP
5

Using these invariants of a general elliptic operator D (together
with the ordinary characteristicgzlaases of g(} nn{; can ﬂlEI‘I{ gii.rgz an
explicit formula for index D which is remarkably similar to that
occurring in the Riemann-Roch formula. This is not accidental
and has a quite deep significance, Very roughly one can say that, as
far as the topology goes, the classical operators are just as compli-
cated as the most general ones so that the Riemann-Roch formula
gives a fair indication of the general case.

Let me make some very gﬁnera[ remarks about the nature of the
proof 1)_uf the general index theorem. First of all, when X is a simple
space like a sphere we can use Bott's theorem to deform D into
a standard operator whose index may be computed directly. In the
case of a complicated X we embed X in a sphere S and construct an
elliptic operator D' on S with

index [ == index [

We are then reduced to the preceding case. It is important to note
that even if we starl with a nice D on X (e. g.. coming from a complex
structure) it is not in general possible to get a nice D*. Thus it is not
possible to restrict oneself to nice or classical operators. To prove the
Riemann-Roch theorem for arbitrary compact complex manifolds
one needs to Fo outside this category. The reason why the case of
{pro;ectw}a} algebraic varieties is easier is because one can use the
very special holomorphic embedding X < Py (C), whereas in general
}e ha;e no alternative but to use the non-holomorphic embedding
A, : '

3. Integral formulae

Characteristic classes have a representation by differential forms
which is a generalization of the Gauss-Bonnet formula

E={ K
expressing the Euler number as the integral of the scalar curvature
(suitably normalized). The integral formula for the (local) degree

'} There are now two proofs of the index theorem. The first, mod
re . elled o
I-tlni;z.r?érurcl}: :‘h pl:nollof thf ﬁiemanﬁ-ﬂmh theorem, appears in ‘[4], [15]. Th:
« which s cluser o the work of Grothendieck, will i
eimarks here refer to the second prDDF. oieadiecty will-tppearin [5). The
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of an elliptic operator mentioned in § 2 is of the same type. }Jsir;ﬁ
~uch expressions it is possible in principle (though very complical

in practice) to express the index D as an integral i w (D). Here w (D)

depends on the coefficients of D and on a choice of Riemannian metric
on X. Although this formula is algebraically complicated it is analy-
tically fairly simple, in the sense that it involves only the first few
derivatives of the coefflicients of D (and the metriec).

There is, however, an entirely different and purely analytical
approach to the index problem which leads to another formula for
index D as an integral. Unfortunately this jormula is extremely com-
plicated and it involves approximately n derivatives where n is the
diménsion of X. Only for low values of X it is easy to identify it with
the curvature-type formula given by the other method.

This analytical method is essentially very classical except that
no one seems to have considered using it on the index problem. The
idea is as follows. Suppose first that A is a self adjoint positive ellip-
tic operator. Then, by the spectral theorem, we can define A~ for
s £ C and consider the “Zeta-function”

L(s)=Trace A™ =ZA~"

where A runs over the (discrete) eigenvalues of A. This converges if
Re (s) is large and { (s) can be anal‘ztically continued as a meromorphic
function on the entire s-plane. Moreover 5 = O turns out not to be
4 pole, and the value { (0) can be computed explicitly in terms of A.
For the Laplace operator these resulis are due to Minakshisundaram
and Pleijel [14]. Their extension to the general case can be done by
pseudo-differential operator techniques (cf. [16]). Alternatively. £ (0)
can be iniel;prr:ted as the constant term in the asymptotic expansion
of trace (e=%Y) as { — 0, where e~ (for { = ()} denotes the solution
of the generalized Heat equation

(%%ﬁ]u_;{}.

Suppose now that D is elliptic. Introducing metrics we can con-
sider D* the adjoint of D. Then

Ay=14+D*D, A= -Q—DD‘
are positive self-adjoint operators. Let
Li(8)=Trace A;®, i=1, 2.
Then it is not difficult to show that
Bo (8)— &4 (s) =index D
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is independent of s. Hence putting s — 0 and using the explicit for-

mula mentioned we get a formula for index D. In fact one can use

other integer values of s, besides 0. Each will give a formally different

expression of index D as an integral. However s = ( is the simplest.

4. Generalizations

4.1. Boundary problems. For elliptic operators with
“‘coercive” boundary conditions [11] one also has an index problem.
It turns out that these boundary conditions have a deep topological
significance. For instance, if D admits any coercive boundary condi-
tions then the local degree of D must be zero. In view of this it is not
surprising that one ends up (cf. [2]) with an explicit index formula
of much the same type as in the case of manifolds without boundary.
Moreover, as a by-product, the examination of the topological meani
of the boundary conditions led to a new and elementary proof [1
of the basic periodicity theorem of Bott for =, (GL (N, C)).

4.2, Lefschetz fixed-point formula. Suppose
f: X—Y is a differentiable map which “commutes” with a given D
(one may think of a holomorphic map- as the typical example). Then
we can define?) a kind of “Lefschetz number™:

L (f) = Trace (f | Ker D) — Trace (f | Coker D)s

If f has isolated fixed points of multiplicity 41 one has a formula
of the following type (3]
L{/)=Zv(P)

where P runs over-the fixed peints of f and v (P) is a complex number
depending only on the differential (df)s. This may be regarded as
a generalization of the classical Lefschetz fixed-point formula. The
proof is by the method of § 3, using Zeta-functions

t(s)=Trace (A™" = f*)

. which depend on Dand f. The point is that because of the hypothesis
on the fixed points of f it turns out that these Zeta-functions have
no poles and {(0) is then very easily computed. In fact it depends

conly on § and not on A.

43.Group-situations. Assume G is a compact group
of automorphisms of (X, D). Then Ker D and Coker D are G-modules
and g— L (g) is a virtual character of (G. Since the characters of G
are] a; discrete set] we can again use deformation methods and one

Il) Coker D = Ker D* but this involves a meiric and f need not preserve
a metric. Thus § acls naturally on Coker I, but not on Ker D*.
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obtains a theorem that expresses L (g} as a sum over the fixed compo-
nents of g, each term being an integral of similar type to that occur-
ring in the index formula. These formulae (and also the formula
of (4.2)) applied to a homogeneous space X = G/H include the Her-
mann Weyl character formula. They also lead (cf. [10]) to the Lang-
land’s formula [13] for dimensions of spaces of automorphic forms.

44.Real operators. So far we have discussed only inva-
riants which are integers or complex numbers and these may, if we
wish, be expressed as integrals. It is therefore interesting to point
out that there are analytical invariants which are not of this type.
Thus let D be a real skew-adjoint elliptic operator. Then index D = 0
is not interesting but it is not difficult to see that dim (Ker D) mod 2
is a deformation invariant. This is a consequence of the fact that
the non-zero eigenvalues of D occur in conjugate pairs (- ip). It turns
out that this invariant can be viewed as a kind of index and by
methods similar to those above we can express this mod 2 invariant
in terms of suitable invariants. Here what are relevant are the homo-
topy groups @, (GL (N, R)). For N large these are (cf. [7]) periodic
with period 8 and n; is of order 2 if /= 0 or mod 8. These mod 2
homotopy invariants give what is required.

Conclusion

I have presented things so far in the form of topology being used
to assist in computing an analytic invariant. The relation of the topo-
logy to the analysis however is very intimate indeed—as 1 have indi-
cated in connection with boundary problems. There are in fact parts
of the theory where the analysis has to be used to help the fopology.
For example the G-equivariant homotopy classes of maps

S (V)— GL (W),

where V, W are representation spaces of G (with W “large”) and $ (V)
denotes the unit sphereof V can be determined by use of elliptic opera-
tors. So far there is no other method.

The situation here is analogous to that in Morse's theory of criti-
cal points. In the first place one would tend to say that the number
of eritical points of a real-valued function f on a manifold X could
be estimated in terms of the topological invariants of X. The theory
has however been used extensively the other way round: one constructs
suitable functions and obtains information on X from the critical
points of X. All the modern structure theory of differentiable mani-
folds is based on this point of view.
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I would like to conclude with some philosophical remarks. In my
view the close relation between fopology of linear groups and the
analysis of elliptic operators stems from the following three basic
properties they have in common:

(i) Linearity

(i) Stability (under deformation)

(iii) Finiteness.

University of Oxford,
Mathematical Institute,
Oxford, England
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DYNAMIC PROGRAMMING
AND MODERN CONTROL THEORY

RICHARD BELLMAN

1. Introduction

One of the fundamental concepts in mathematics is that of trans-
formation. The study of the unfolding over time of a physical process
leads naturally to investigations of the effects of the repetition of
a transformation, which is to say to the study of muliistage processes.
Much of classical and contemporary analysis stems from this source:
iteration, ergodic theory, the theory of semigroups [1], the theory
oi branching processes [2], random transformations at fixed times and
delerministic transformations at stochastic times [3, 4l

We wish to -indicate still another direction of research, that of
multistage decision processes. What happens when we allow a choice
of the transformation to be employed at each time? As we shall see,
in addition to raising many new questions and developing some new
techniques to answer them, we shall also make repeated contacts
with classical areas of analysis. The point is that many processes
can be iriterpreted to be of the foregoing type. This is the jundamental
“as if" property of mathematics. . - g g o

Since the term “mathematical theory of multistage decision pro-
cesses” is rather unwieldy, we have coined the shorter, but no less
cryptic, “dynamic Iamgrammlng“. Detailed accounts of what we sketch
so briefly below will be feund in the books [5, 6, 7, 8], as well as in the
papers cited. .

2. Dynamic programming

Let us now describe a dynamic programming process of discrete,
deterministic type. Let p be a point in a space S, called the state
space, and T (p, g) be a-transformation with the closure property
that p, = T (p, q) belongs to S whenever g belongs to a space D,
called the decision, or control, space. The variable g is called the
decision or control variable. .

Consider now a sequence of ¢'s, gy, g2 - . ., gv, Which generate
a corresponding sequence of poinis in S,

(1 p=T(q), Po=T(Pu §2)s -+ +s Pv="T (Pr-1, Gn)-

We ask that these control variables be chosen so as to maximize a
prescribed scalar function .

(2) Ry=R (P P1s +-» Prs 1> G23 « + =1 qv)-
=—=1220
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In this general formulation, there is little that can be said profitably.
To obtain some interesting problems, we must impose some structure
upon R. Let us take it to have a separable form

(3)  Rw=h(p, g)+h(ps g+ ... +h{px-1, qu)+ R (px).

Fortunately, many significant problems in mathematics and applica-
tions arise naturally in this form which lends itself to analysis.
In a number of interesting processes involving “stop rules”, N itself
dep-:—irédsg?pnn the p; and g,. We shall not discuss these matters here;
see [8, 9].

Let us assume either that all variables are diserete, which makes
the existence of the maximum immediate, or that appropriate conti-
nuity conditions have been imposed. Observing that the maximum
value depenids on p, the initial state, and N, the number of transfor-
mations, or stages, let us introduce the sequence of functions {fx (p)},

PES, N=1, 2, ..., defined by the relation
(4) fx (p) = max Ry.
{24}

This is an imbedding technique. We have imbedded a particular
optimization problem within a family of related problems. If this
is done correctly, we ean obtain useful relations connecting different
members of the family. In this way, we build a bridge hetween the
simple problems and the difficult ones. We see that

L

fu(p)— max  [...]—

(930 Ggse 2]

=max max [...]=
qy gy -0 dpyl

=max[h(p, )} max [...]]=
7, [95s « - «o Ol

= n:ax 1 {p, q1) + -1 (T (ps g))ls

for N >2.

We thus possess an inductive technique for deducing the proper-
ties of fy from that of the simpler function j;. The case where N = oo,
an unbounded process, is particularly interesting. It leads to the
rnovel nonlinear functional equation

(6) f(p)= max [k (p, )+ (T (p. ).

R. BELLMAN 67

3. Analytic aspects

There are now many possible directions to proceed. An important
first step involves the study of the existence and uniqueness of solu-
tions. In some cases, this can be done with relative ease [5]; in other
cases, it is extremely helpful to introduce a carefully chosen metric,
the Birkhoff metric [10]; in still other cases, it is “catch as catch can”.
Of interest are also questions concerning the convergence of the se-
quence {fx (p)}, and the rate of convergence.

It is also important, both intrinsically and for approximation
purposes, to find families of functions which satisfy (2.6). To bﬁin
with, it is useful to obtain functions f (p, a), dependent on a vector
parameter a, with the invariance property

(1) f(ps r:!}:mgxm (P 4T (ps q) D).

For example, if p and ¢ are N-dimensional vectors, T (p, ) = Bp-tg,
and £ (p, g) is a quadratic form in p and g, then we have a relation
of the foregoing type with [ (p, a) a quadratic form in p,

(2) f(p, @)= (p, ap),

and a a symmetric matrix. This relation oceupies a central role in
modern control theory; see [8, 11, 12, 32].

We can generate other families of functions with this reproducing
property by use of the maximum transform. In the scalar version

(3) M (u) = U (x) — max [u (y) — xy].
- u=b
This transform has the convenient unravelling property
(4) : M (uav) =M (u)+ M (v),
where
() wev= max [u(y)+o(y)l, Yu 42>0.
Ii1+t.r==-x

This transform is closely related to duality aspects of dynamic pro-
gramming processes we shall mention again below; see [13, 14].

4. Approximation in policy space

Referring to the equation of (2.6), we see that it involves two fun-
vlions, f{p), the maximum value, and g (p), the decision function.
We shail call this second function the policy function. If f(p) is known,
we can immediately determine g (p) via the maximization. If ¢ (p)

5-
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is known, we obtain f(p) by iteration, _
1y =k +h(T g g(T)+... -

A solution of (2.6) can thus be effected by means of a determination
of f(p) or equally by a determination of g (p), the optimal policy.
This is an extremely important observation since it enables us to
employ a type of approximation not available in classical analysis,
approximation in policy space. Conventionally, we can approach the

solution of (2.6) by means of a method of successive approximations,

using a sequence {fy{p)} such as that defined by (1.5). However, as
just noted, we possess the additional freedom of approximating to the
pt:-{lht:g.,r iutpctiun gi(p). If we guess g,(p), we obtain f,(p) as the
soluton o

2y fupy=g(p, a) + 11 (T (g, G1))s

obtained by direct iteration. One way to cbtain a second approxima-
tion, g4 (p), is to ask for the function which furnishes the maximum of

(3} ' g, @)+ (T (p, @)

This has a very simple intuitive flavor. We try {o improve our first
. decision, while reconciling ourselves to a continuation in the original
‘fashion. Having obtained g, (p) in this fashion, we form f.(p) via

(4) Fa(p) =g (p, g2} f2 (T (P 42)).

where F, is again obtained via iteration. We now continue in this
fashion, obtaining a sequence of policies {g,(p)} and a sequence of
return functions {f, (p)}.

Our reason for focussing upon policies is that the analyticstructure
of policies is quite often far simpler than that of the return functions.
This is closely related to the Fermat principle of least time, Huygen's
principle, and so forth [27]. Policies often possess simiple infuitive

flavor which can be rapidly ascertained from the original decision’

pTOCESS,
5. Positive operators

From the derivation of ¢, we see that

(1) =g q)+ (T, a))<g(p. g2+ Fi (T (P, G2))-

Can we conclude from the equality of (4.4) and the inequality above
that

(2) ' folp) < [=(p)?

This -question establishes contact with the theory of positive and
monotone operators. 1f fy and f, are two functions satisfying the
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relation .
(3) : T{f) =T (f2)

where T is a given transformation, when can we conclude that f, = fu?
A particular class of problems of this type involves ordinary and
partial differeptial operators and is related both to the theory of
differential inequalities inaugurated by Caplygin and Lyapunov
[15, 16], and to the modern maximum principles of partial differen-
tial equations. Results of this type play an important role in appro-
ximation methods and computational approaches in general.

6. Quasilinearization

The flexibility inherent in an equation such as (2.6} prompts one
to see whether or not it is possible to convert other types of nonlinear
functional equations not at all related to dynamic programming into
a similar form. If so, we can easily obtain sequences of successive
approximants which converge monotonically. '

For example, consider the Riccati equation

(H ; W=w+a(t), u(@=c,
basic in the study of the second order linear differential equation

and thus important in quantum mechanics. We can write this,in the
form

(2) u = max [2uv— vt a(f)]

and consider v (f) to be a pseudo-policy. That v — u makes approxi-
mation particularly easy. Suppose we consider the associated linear
equation

@) U —2Wo—o*ta(f), U@Q)=c

where v is a fixed function of ¢. Using a simple result in the theory of
differential inequalities, we can assert that

(4) . w=max U (v, )

5]
<ee [28). This, and related results, have been systematically used
by Calogero in connection with the study of quanium mechanical
scattering [17). _

The foregoing approach can also be used as a basis of successive
approximations which coincides with the Newton-Raphson-Kantoro-
vich technique in a number of cases. See [18] for a discussion of the
theory of quasilinearization based upon the application of the fore-
going ideas to general classes of nonlinear functional equations.
A detailed discussion of differential inequalities based upon early
work of Collatz will be found in [19].

-—
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Particularly interesting is the application of these ideas to the
study of ordinary and generalized solutions of the equation

(5) Uy = g (U, ly),

which we shall meet again below in connection with the calculus of
variations. Results originally obtained in [20] essentially by divi-
nation can be obtained ina re?atiw.rel}' straightforward way; see[18, 30].
This method has been extensively developed in some recent papers [31].

7. Realizations and applications

It is interesting and useful to apply these ideas to. the study of
planning and decision processes outside of mathematics, in the econo-
mic, engineering, and industrial worlds, and to the parts of mathema-
tical analysis which can be interpreted in the foregoing fashion.

When we say “useful”, we mean not only to the economist, engineer,
and operations researcher, but also to the mathematician. There is
never a simple one-to-one correspondence between a process in the real
world and a mathematical process. Each real process contains features
of novelty that both challenge and stimulate the mathematician, and
thus serves a valuable purpose. Endogenous theories, like endogenous
societies, contain the seeds of sterility.

Detailed accounts of applications will be found in [8, 20, 211. The
investigation of ways to capitalize on the abilities of the digital compu-
ter to obtain effective algorithms for the numerical solution of (2.6)
and related equalions raises many intriguing and formidable analytic
problems invelving the approximation of functions which we do not
have the space to describe here. These are parts of modern disciplines
of the storage, retrieval, and recognition of information; see [6] for
some discussion of this.

One of the most important realizations of a multistage decision
process of continuous type is furnished by the calculus of variations.
This, in turn, is a particular aspect of the fact that control processes
of quite general type can be interpreted to be dynamic programming
processes. Let us now proceed to explain this.

8. The calculus of variations and control processes

Let x, and g,, n = 1, 2, . . ., be N-dimensional vectors generated
by the relation

(1) Xniy —h (Xn, Ua), Xa=¢,

and suppose that the g, are fo be chosen to maximize the scalar quan-
tity
. N

2) | & (ks )+ ().
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This is an example of a discrete control process [8]. 1i we consider
a continuous version of the foregoing optimization problem, we are
led in the usual fashion to the maximization of the scalar functional

T
) J(x,g)=§ gx 9 dt+R(x(T)),
1]

where x and y are connected by the difierential equation
(4) L —h(xg), x(0)-c

There is, of course, no difficulty in writing down an additional variati-
onal equation connecting x and y under suitable assumptions con-
cerning g and k. If g{x, y) and k (x (T)) are quadratic forms in the
components of x and y, and if, further, h (x, y) is linear in x and y,
a detailed analytic investigation can be carried out due to the fortu-
nate fact that the variational equation is linear. In general, we are
confronted with the trials and tribulations of a nonlinear differential
equation subject to two-point boundary conditions. Thorny questions
of existence and uniqueness arise immediately. It is very difficult
to deduce the analytic structure of the solution, to obtain efficient
numerical algorithms, and even to fasten on the absolute maximum.

All of these difficulties are compounded if we allow the types of
constraints which the control processes of the engineering and econo-
mic fields thrust upon us. Tn addition to (4), we add constraints such as

(5) ; rle <l i=1, 2 ... M,

and even differential inequalities.

Nonetheless, the techniques of the classical calculus of variations
are still available. With the aid of Lagrange multipliers, or equivalent-
ly Neyman-Pearson techniques, we can once again obtain variationql
equations [22, 23]. A particularly elegant version of these results is
furnished by the “maximum principle” of Pontrjagin and his associates
124]; see the discussion in [22]. )

A problem which stimulated a great deal of interest in the field
of control theory is that of “bang-bang” control. Here the differential
equation is linear,

(6) & Axty, x(0)=c
the constraints are ol lhe [orm
(7 =4k i=12,..., N

(where the. y; are the components of y), and the problem is to choose
{hem so as to drive x to the null vector, the origin, in minimum time.
There are many variants of this [23, 25]. Many ingenious approximate
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techniques to solve this apparently simpl i i
haslby o n-jfe?ﬂw dbejv_en mmpli:;‘te]y tgnfﬁiln.p b S
nview of the difficulties cited above, it is reasonable to look
lt:;‘eag?]ents of problems of this nature invelving different pﬁncip!it;u;
m!_{:ms of the foregoing type have been effectively treated using
]111an Ii‘lEal' programming, and by gradient techniques [26]. We wish

ere fo describe an approach based on dynamic programming.

8. The calculus of variations
as a continuous dynamic programming process
Consider the problem posed in (3) and (4) of Sec. 8. T

;q:rpn;n:-mli-;1 regards the unknown control functia(n}as a point in al}ﬁnﬁ:ﬂ
lgtaoe wtwklch is to he characterlm:‘t by variational conditions. Instead
© us take advantage of the multistage aspects of the control pmc&‘s?

nﬁregard the cho&ce of ¢ () over [0, T1 as a choice first over [0, A]
and then [A, T]. This point of view, optional in deterministic processes
becomes essential in the study of stochastic and adaptive pmnessea'
Take A to be an infinitesimal and let us boldly plunge ahead in

a formal fashion. A choice of 4 (f) over [0, A] i i '
which we deroti by o, We See{t:;'lat , Al is then a choice of y (0)

(M x(A)=c+h(c, v) A,
A T

I(x-y}=§+g+fe{xm}=

A

=g (e, v)A+ f-kkl{x(?"})v
to terms in o(A). Hence, if we write :
(2) fle, T)=max J,
we obtain via the same reasoning a.-: before
@ e T)=maxig(c, ) A+ (c+h(c v) A, T—A),

again to terms in o (A). Expanding in powers of A and letti
: : r etfing A —»
we readily obtain the nonlinear partial differential equa’;]i%n %

(4) fr=mfx [& (¢, v) + (h (c, v), grad f)).

tl?g:“:: i[s. -,f.-[Ld'gnu:teathe usual vector inner product. The initial condi-
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In deriving (2.6) and (3), we are using a simple, but basic, property
of optimal policies-which may be expressed as the -

Principle of -Optimality., An optimal policy has
the property that whatever the initial state and the initial decision are,
the remaining decisions must constitute an optimal policy with regard
to the state resulting from the first decision.

10. Analytic aspects

At this stage, a number of questions come crowding on each other's
heels. To begin with, we would like to understand the connection
between the nonlinear partial differential equation derived in so cava-
lier a manner in the preceding lines, as well as the equation oblained
from it for the policy function vfc, T), and the Euler-Lagrange equa-
tion. One connection is by way of the theory of characteristics, an
interrelation which once again displays the duality existing between
the approach of the calculus of variations and dynamic pmrgramming
[33]. The Euler equation can also be obtained directly from (9.4)

. by manipulations of partial derivatives [34]. In a simple fashion,
a number of the other classical results of the calculus of variations,

including Hamilton-Jacobi theory, can also be derived [34l.

Having obtained all of these results so easily, the problem of
a rigorous derivation of (9.4) becomes of greater interest. We can
start either from a field theory of the calculus of variations, or from
the original maximization problem [34, 35], or use an amalgam of
methods. :

When constraints are allowed, more difficult problems arise. The
analogue of (9.4) is :

(1 fr=max[g (c, v) +(h (c, v), grad )],
vgR

Fle, 0) = 0, with the region R determined by the relations
(2) rife, )0, i=1,2,..., M.

From this equation the Ponfrjagin maximum principle can be ob-
tained formally in quite simple fashion [36], and indeed rigorously
under appropriate assumptions. For the original derivation along
different lines, see the book [24].

The presence of constraints gives rise to some novel analylic featu-
res, namely curves, and,” more generally, surfaces, of singularity,
“switching surfaces”, along which grad f necd not exist. These switch-
ing surfaces separate regions within which control policies of quite
difierent type are employed, The situation is quite analogous to that
in hydrodynamics where shocks can arise. Questions of existence and
uniqueness of generalized solutions, and the matching of these solutions
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along boundaries of the foregoing t both intrigui
S e regoing type are both intriguing and
From both the analytic and computational side, it is important

to investigate the limiting behavior of the solution of the difference
equation

(3) fle, T+ ﬁ}=ﬁ1x{g(c. v) A+ (e ;ﬁ{c. v) A, T},

F(e0=0 T=0, A, ... as A0 [38, 39, 23]. Convergence can

hold under conditions which are weaker than those required for the
existence of a maximum in the corresponding variational problem.
The interesting point to note is that (3) is the exact equation for an
approximating discrete process.

The idea of using (3) as a discrete approximation to (1) leads to the
employment of the same techniques to partial differential equations
not involving a maximization. Thus, for example, in place of any
of the usual difference approximations to

(4) u=g(u)ue, u(x, 0)=~h(x),
we can write
(9) ulx, t+-A)=u(x+g)A, 1),

t =0,A, ... More complex difference schemes of similar type will lead
to accuracy of a higher order in A. The function u (¥, f) is stored in
the form of a Fourier series of orthogonal expansion rather than at
grid points in x. This method has proved successiul in practice. It is
automatically stable according to the criteria of numerical analysis.

Another area which has come into prominence, is that of control
processes associated with systems described by partial differential
equations. Lumped parameters lead to the usual ordinary differential
equations; distributed parameters lead to partial diflerential equa-
tions. For a detailed account of the great amount of work in this area
done by the Russian school, see the book [44]. These optimization
problems can be studied by the functional equation techniques of
dynamic programming at the expense of introducing functionals
and functional derivatives [45, 46].

A sample problem arising in the control of a heat process is that
of minimizing the function

i T
(6) J (u, v)= K E (4 -+ v*) dxdT,
where ‘
(7) U=uzz+ g4, v), 0<<x<I1, =0,
ulx, M=c(x), O x =<1,
w0, H=u(l, H=0, t=0.
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Let us mention the new domain of asympiotic control theory in
which the objective is to determine steady-state control policies, the
behavior of v (¢, T) as T— oc 41, 42]. This has connections with
classical Poincare-Lyapunov theory [43]. The difference is that the
differential equations are now subject to two-point boundary condi-
tions.

There is also the inverse problem of control theory. Given an opti-
mal. policy v (¢, T), what relations must exist between g and A for
this to be the case? A beginning of the study of this question may
be found in [40]. Results of this nature are very useful in connection
with the determination of approximate solutions of control processes.

Let us point out as a final note that it now seems feasible to unify
both descriptive and control processes by means of a generalized
theory of semigroups. In place of a fundamental equation such as

(8) ' fr=AFf
where A is an operator, we consider the more general
(9) !rrmfzm (@) f+ b (@]

where A(g) is now an operator depending on 4.

11. Dynamic programming processes of stochastic type

We can considerably enlarge the scope of our investigations by
considering decision processes involving stochastic effects. So far we-
have supposed that the initial state, p, plus the control variable, g,
uniquely determine the resultant state p,. Let us now take the basic
transformation to have the form '

(n pi=TI(p, q. 1)

where r, is a random variable with a distribution which can depend
upon p and gy, Predictably, the g; are to_be chosen to maximize the
expected value of a scalar function. Unpredictably, much more than
this is required to make precise what we mean by a multistage deci-
sion process of stochastic type.

In studying deterministic control processes, we have the luxury
of alternate approaches, We can focus either upon the set of maximi-
zing variables as a point in a higher-dimensional space, or we can
emphasize the concept of a policy, a rule for determining the decision
in terms of the current state. The equivalence of these two approaches
is a reflection of the fundamental duality of Euclidean geometry:
a locus of points is an envelope of tangents.

When we turn to stochastic control processes, we find that the
single spectral line has broadened into a continuous spectrum of pro-
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cesses with each of the two approaches mentioned above representing
extreme cases. [t is now essential to make precise the amount of infor- -

mation available to the decisionmaker at each stage. One extreme is
that where no information concerning the states of the system is
available after the process has begun; the other corresponds to the

case where complete information concerning the state of the system -

is available at each time.
A careful analysis of the possible types and degrees of information,

together with the various kinds of uncertainty that can arise, discloses”
a richness in the area of stochastic control theory and a profusion -

of problems that will make it an attractive mathematical field for
as far as one can see into the future.

Lel us consider, as a mathematical formulation of the basic
engineering idea of feedback control, that the process unfolds in the
[ollowing way. The state p is observed, g, is chosen; p, is observed,

g2 is chosen, and so forth. Let the ¢, be chosen to maximize the expec-

ted value over the r; of the scalar function
{2) RN:g{Fu s ri} 4' . +£f.ﬂ'.\'—h gy I’N}'Fk(PN- 'rN}!

and assume, for the sake of simplicity, that the r, are independent
random variables with the common distribution dG (r).
If we write

(3) [n(p)= Erprn.-.

we obtain from the principle of optimality, or directly as before, the
functional equation

@) f(p)=max [ { (g (p, g ri)+ et (T (py 01 ) dG (1) |
N =2, with 1
G Filpy=max [ § (g(p gu )4k (P 1)) 4G (ry),

ol
see {71 *
At the other extreme, we can consider the case where we are forced,
a priori, fo choose a set of vectors [gy, g2, . . ., gxl, and to maximize
the expected value of the scalar function in (2) over this set. In cer-
tain simple cases, it makes no difference which approach we use.
In general, it is clear that stage-to-stage information will materially
improve lhe ability to control a system.

It is evident that all of the analytic and computational problems,
arising in the deterministic case are present in the stochastic case, in
addition fo many more which have no counterparts in the more
prosaic deterministic control theory. In particular, the concept of
policy now assumes a dominant role. In the modern theory of sto-

R. BELLMAN i

chastic control processes and other types of dynamic programming
processes involving uncertainty, we find a merging of several streams
of contemporary analysis: stochastic processes, control theory, ordi-
nary and partial differential equations, information theory, in the
broad sense, and numerical algorithms.

This theory has roots in a number of previous developments:
sequential analysis [47], prediction theory [48], inventory theory [49],
information theory [50], gambling sysiems and games of survival [3].

Any attempt to describe the recent work in dynamic processes
of stochastic type would take us too far afield. In the area of discrete
processes, let us mention Markovian decision processes; see the book
[51); in the area of continuous processes see the book [52] devoted
to stochastic control theory and partial difierential equations. The
equations describing the system are now stochastic differential equa-
tions. . -

An interesting point is that the study of prediction processes by
means of dynamic programming offers a new analytic and computatio-
nal approach to the Wiener-Hopf integral equations of prediction
theory. This is particularly impertant in the multidimensional case,
where matrix factorization inhibits any routine solution of the cor-
responding Wiener-Hopf equation. '

12. Dynamic programming processes of adaptive type

Let us now consider stifl more general decision processes of sto-
chastic type where it is necessary both to learn and conirol at the
same time. Processes of this type we call “adaptive” by analogy with.
the psychological phenomenon of adaptation.

In these areas, even the mathematical formulation is difficult.
A worthwhile starting-point is a process where r,, the random variable
introduced in (11.1); possesses a distribution which has a known ana-
Iytic structure, but some unknown parameters. For example, we may
have a Gaussian distribution with unknown mean and variance.

We start with certain a priori estimates and then improve these
estimates over time. Not only is there the problem of determining
an optimal control policy, but also the.intertwined problem of deter-
mining optimal estimation procedures. The technique of “sufficient
statistics” plays a major role. That this is also a basic concept in the
study of deterministic processes is not as appreciated as it should be.

Since two types of operations are involved, learning and control,
these processes are occasionally called “dual control” processes, see
the book [53]. For a discussion of applications to mathematical eco-
nomics, see [54]. See also [7]. :

The analytic and computational problems in this field are parti-
cularly ferocious. ' :



TR UACORBIE AOKJATR ONE-HOUR REPORTS

13. Intelligent machines, artificial intelligence,
and combinatorics

The construction of a theory of intelligent machines appears to
require the concept of hierarchies of decision processes, similar to the
Russell theory of types. The concepts of dynamie programming and
adaptive processes can be used to construct these hierarchies; see
[55, B6l. The basic idea is that many types of thinking can be construed
to be multistage decision processes.

This connects with the expandinﬁg area of the identification of
systems, pattern recognition, and so forth. For some applications of
dynamic programming to these fields, see [18].

Many of these problems are of combinatorial type and it is rather
surprising that any analytic aﬁproaches based on functional equations
are available. For some catch-as-catch-can applications of Eynamlc
programming based on exploitation of structural features, see [57-61].
For extensions of dynamic programming to more general structures
and order relations, see [62]; for an application to the idea of sequen-
tial computation, see [63].

14. Invariant imbedding and mathematical physics

From the standpoint of numerical analysis and digital computers,
one of the paramount advantages of dynamic programming is that
it permits formulations in terms of initial-value problems. It turns
out that similar points of view, essentially invoking semigroups in
both space and time, can be used to provide formulations of many
of the fundamental processes of mathematical physics in terms of
initial-value problems. The first extensive use ::-]IJ these ideas is due
to Ambarzumian and Chandrasekhar [64] in the field of radiative
transfer,

The theory of invariant imbedding represents an extension and
abstraction o? their “principles of invariance" [65, 66].
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CONVERGENCE AND SUMMABILITY
OF FOURIER SERIES

LENNART CARLESON

Let me first state quite explicitly that 1 do not intend to give in
this lecture any survey of the very large field covered by the title.
There is also no need for this since the Congress was presented such
a survey guite recently. I rather want to present my personal interests
which are concentrated on the almost everywhere behaviour of the
partial sums. Also the subject of summability will only be touched
upon. - '

1. Background

For a very long time, the outstanding result in the area of almost
everywhere convergence has been the following result of Kolmogorov-
Seliverstov-Plessner: if for A, = logn :

(1.1) ¥M+mhi%
then
- (1.2) Sn (x]——’%‘l—i—E (ay cos vx -+ by sin vx)

converges a.e. The outstanding question was whether log n-is a relevant
sequence or not.

It has been known that conditions of the type (1.1) are related
to capacities with respect to a kernel

(1.3) K (x) ~ 1 COS AX

An

(Beurling [11: A, =n, K () ~ IngL; Salem-Zygmund [4]: A, = n®,

x| :
K (x) ~ | x |*-1). However, what lhey really prove is that the capaci-
ty of the divergence set vanishes for

il
| Kot
1}
(see Temko [5]). When A, = (log n)B,
K (x)~ | %[ (logpr) "

K* (x) =
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while
K ()~ 5] !Dgl_—i-i)—ﬂ .

Since K*(x)€L! only if =1, the result is meaningless unless
p = 1 which could be considered as an indication of Ttgm relevance
of the Kolmogorov factor log n.

There is, however, a strong objection to this way of arguing:
nothing better was known for summability (Abel or (C, 1), for
example) either. Bul already the Fatou theorem here shows that
we have a.e. summability for f € L? A, = 1. We would then be faced
with a possible interval 0<p << 1 with no distinction between the
sizes of the exceptional sets for summability. This was of course
most unlikely and I recently proved [2] that the set where the Hard}':
Littlewood maximal function

x4

(1.4) f* (x)=sup 5 flu) du

x

is infinite has K- (not only K*-) capacity zero. But then, why could
not the same be true for convergence?

. The other aspect on the background is also quite subjective but
it seems to me quite possibly to be of central importance. Tt depends
on Iti!le following. trivial observation. '

Py =e2mi2ls j9, 1, 2, ...,
and
PI—'EBJE?;, Ej—ﬂr ]-
then

e2nins =, (x) = [ g; (0)°.

This means that the exponentials e'™, 0 < n<"2%, are completel
known by the knowledge of N iunctions. ' pletely

To emphasize the point of view, let us replace g by th )
macher functions ¢, (x): place g; (x) by the Rade

s (x) = sign (Im (g; (X))

and 4, (x) by the corresponding product—the Walsh functions.

p; and ¥, can for f, n < 2" be represented by two matrices My
and My respectively of —1'sand + 1's where each column corresponds
to a function and each row to a certain set. The number of columns
are 2% while the number of rows are 22V and 2¥ respectively. Let
M = (g;;) be any such matrix. The divergence problem concerns the

L CARLESON : a5

aN

existence of a; ) a}= 1, such that
=1

k
S7 = max E a8 7
rcgWN =1

is large for a large proportion of the possible i's. This is, of course,
the more difficult to arrange the larger the number of passible i's are.
This is in good correspondence with the fact that 2 a; ¢; (x) conver-
ges a.e. It should also be observed that if M is to correspond to an
orthogonal system then the number of rows must be > 2¥. The Walsh
system (and by analogy, the trigonometrical system) is therefore
particularly advantageous to obtain divergence on sets of positive
measure.

The following result is now quite surprising:

Given 8§ = U there is a constant C so that a random square matrix
M = (e, | < i,j<2¥ where g;==+1, with probability
=1 — 6, has the property that for any {@;) and any A >0

t>5 only for at most C.%-2.2¥ indices i.

This means that—from this point of view-—the existence of a diver-
gent L® Walsh-series has probability zero.

If we introduce the possibility of changinghthe orders of the terms,
i.e. permuting the columns of the matrix, the problem changes and
the following may be true:

Given any square -=[-matrix M there is a permutation of the
columns so that for the new matrix M* there exists a; with S? large
for all i.

That purely combinaterial result would give the construction of
a4 rearranged divergent L®:-Walsh-series and could most likely be
used for a corresponding construction for the Fourier system. This
line of work seems to me most promising and possibly the Kolmogorov
log n-factor could find its proper place here. :

2, Two recent results

In a recent paper [3] I have proved the following result :

If [ € L® then s, {x) converges a.e.

If § 11 (log | f |)**® dx << oo, then s, (x) = o (log I?H) a.e.

1 should like to try to give an idea of the method used to obtain
Lhese results. )

We consider f € L? (—=a, nt) and the dyadic intervals @ obtained
hy successive bisections of (—2x, 21). &% — (—2x, 2a) and generally
w* is two neighbouring w's of equal lengths. The first observation is
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that s, (x), ng <= 2¥, behaves as

e—inﬂt
(2.1) VO ar—1(p3; %), 93 = (ne, 03).

o3
This is essentially a conjugate function which makes it possible to
?gre a well-known theory, in particular that of maximal Hilbert trans-
ms.
. We now consider a suitable decomposition Q (p*) of w* into sub-
intervals o and find for a certain o? — 0?, &: :

I{pg; x)=1(p}; x)+ R (p3; x).

R (p%; x) is a rernainder term and can be estimated outside a certain
exceptional set E (p}) by means of wegk norms such as

ok

ERr= 3

IR

; —ingd—i 24
fe T Tioaf.
W= i mf
The estimate is such thate.g. | R (p*; x) | << const || p*; f 1M -4
outside a set E (p*) of measure < e-ilp% #1M12,
We next ‘observe that 7 (p}; x) is of the type as I (p? ; x) after
a change of scale except that n, is then not an integer. However, the
change by moving ng to the closest multiple of | ¥ |/ | @® | can also

be estimated by || f; py || and can be incorporated in R. We repeat the
construction and find

k=1
(2.2) I(p}: x)=1 (p%; x)+ %] R (pf; x)

where we have stopped when | of | < 2n.2-¥ in which case n, = 0.
:['herefnre there is no mentioning of n, in the main term and this term
is easily estimated.

Now the larger we allow R (p*; x) to be, the smaller we m:ake the
total exceptional set

(2.3) E = LHIE[P“‘}.

where the union comprises the set § of all p* used in the different

steps. On the other hand, if the R’s are large, we get a bad estimate
of I (py; x) in the formula (2.2). . s

The log log n-result is obtained as follows. We let S be the set
of all p*'s whether used or not. For the estimation we use simply the
Hausdorfi-Young inequality corresponding to the integrability assump-
tion, which gives for n — T3°

M el N0 N, |o*|<<e, N large.
s
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The factor A == log N (n a;; 2%y that is intmduped here to give the
sinall total meas?lgre ¢ enters as a factor of the R's and gives the esti-
1ate log N, ice. log log ny. o ,

! To gtJ the L”-rgsultgthue set S has to be controlled. This is quite
involved and I here only want to say that the starting point for this

is the modified partial sums

{.2"1:' Sl.': (X} seam E .;4.,.9"-\1:1 c\f:‘;?s fﬂ_i"":dxl

|-
le,l-2a

which give the best L®-approximations using the least number of
{erms. These sumns have, to my knowledge, not%men studied and ought
fo be important for many problems.

3. Seme open problems

(1) There is a classic example by Kolmogorov ulr an ;.1-functlon
whase Fourier series diverges everywhere. If one studies this examp]ei
one can quite easily see %hat for any e (n) = 0, there exists f€ L
with _

s, (x) %= 0 (e (n) log log n) a. e.

This means that for a certain integrability between L and L (log L)t+e,
*‘!1" ;:f 3} log log n is the relevant orgéer. The methods used above do not
work, because the Hausdorff-Young inequality fails.

(2) By the result for L?, the possible divergence sets are completely
described for all classes between L and C. Kahane and Katznelson
liave namely recently proved that for any set £ of measure zero, there
ic a continuous function whose Fourier series diverges on E.

For LP, | < p < 2, the problem remains open. I can prove that
5. (x) = o (log log log n) a.e. This result obviously very - strongly
suggests that we actually have convergence a.e. .

The L2-proof fails for L” because I cannot handle .g., (x) in (2.4).
S.(¥) is an example of a function ¢, operating on L*® as a Banach
nlgebra,

z, |zl=a

. {Pﬂ:(zl = 0, Iz | < d.

| lowever, it can be proved that ¢, is nof a uniformly bounded opera-
l:In' asa— 0, so snnfe smoothing must be done. Also a complete solu-
lion of this problem would nol immediately solve the convergence
problem, but 1 think that important work in t];e general area of
aperators and multipliers that depend on the function could be done.

(3) In connection with S, (x) it is ;latural to ask for _pm[]th;a
convergence. There is rather strong evidence that this fails in L%
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(4) The study of the maximal partial sum
(3.1 S* (%) =sup | s, (1) |

is of very great interest. By a well-known theorem b
- b} Cald
have a weak (L% L* result, but is it true that ¥ e

NS* M le<Collfllgs 2<g<< o0 or possibly 1 <<¢ < co
and that '

meas {$* > A} < Ce=h, |f| <12

The convergence proof is, in princi i iti
thaEﬁ;t Ir.anggivc s?] kg res?; “Si:lple, constructive but it is not clear
n connection with the problem discussed in

one should now be able to prove that we have cur?vergéllse f};scft E]anrlt'.;

summability) outside a set of K-capacity zero. : ’
(6) By standard methods the convergence result for L? can be

used to prove the pointwise convergence of Fourier integrals of fune-

Itu:-ns in L* and of expansions of regular eigen-functions. Nothing fol-

ows, however, for several variables or for other systems such as the

closely related Walsh system. As a last indication of how subtle these

questions are, let me mention that there is a function f € L= s0 that

(3.2) sup

* i ;
5%(&' = 4+ 00 A, e.

The difference between this expression and the Dirichlet §

: L la, for
which (3.2) does not hold, is onlv that sin nt has b b lacal i
by the function v, (f) = sign {gin ni). T

University of Uppsala,
Uppsala, Sweden
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HARMONIC ANALYSIS ON SEMISIMPLE LIE GROUPS
HARISH-CHANDRA

1. Introduction

The theory of semisimple Lie groups has, in recent years, become
the meeting ground of several different branches of mathematics—
difierential geometry, topology, algebraic geometry, arithmetic and
analysis. In this lecture I wish to speak about some recent progress in
Fourier analysis on such groups. The results are far from complete.
Although the case of real groups is beginning to be fairly well under-
stood, our knowledge of the p-adic groups is still very rudimentary.
Nevertheless there appears to be a deep-seated analogy between these
two cases. In my opinion, one of the major tasks cmﬁmnting us, is to
try to discover and comprehend the reasons for this similarity. Once
local Fourier analysis is well understood, one would have to globalize
the problem by going over to the adéle group. It is in this globa! setting,
which seemns to provide the right frame-work for the understanding
of the work of Hecke and Siegel, that the deeper connections between
Fourier analysis and arithmetic are likely to emerge. This is indeed
a big project which may take several decades to complete. All that one
can say at present, is that this promises to be an extraordinarily rich
and fruitful field.

2. The discrete series

Let G be a locally compact, separable and unimodular group.
A unitary representation n of G on a Hilbert space § is a mappin
n which assigns to every x € G a unitary operator = (x) on $ suc
that :

(1) n(ayty=nx)n(y)t (x, yeh),

{(2) The mapping (x, ) —>n () of G X § into § is continuous.

n is said to be irreducible if § == {0} and no closed subspace of £,
other than {0} and § itself, is stable under x (x) for all x ¢ G. The
cquivalence of two representations is defined as usual. Let & be
the set of all equivalence classes of irreducible unitary representations
of G.

Fix a Haar measure dx on G and let r denote the right-regular repre-
sentation of G on L; (G). A class w € § is called discrete, if there
cxists a closed, invariant and irreducible subspace $ of L, (G) such
that the restriction of r on £ lies in w. Let & ; denote the set of all
iliscrete classes, Then &, is called the discrete series for G. Let &t be
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an irreducible unitary representation of G on a Hilbert space and

@ the class of n. Then w is discrete if and only if

{1 a@ppdr<oo
G

for all ¢, ¥ € . Moreover if @ € &;, there exists a numberd (w) > 0,
“called the formal degree of w (or m), such that

{1 nowPrde=|pP oL@ (4 vED).
L&

Now suppose G is a connected (real) semisimple Lie group with
finite center. Then the following theorem gives a criterion for the
existence of the discrete series.

: Theorem 1. In order that §, should not be empty, it is neces-
sary and sufficient that G should have a compact Cartan subgroup.

It is believed that a p-adic semisimple group always has a compact
Cartan subgroup. Therefore, by analogy, we should expect it to have
a discrete series. There are some indications that this is indeed so.

3. Characters

Let £ =rank G and D the coefficient of {* in det (z + 1—Ad (x))
{x € (), where { is an indeterminate. Then D =D (x) is an analytic
function which is not identically zero. Let G’ be the set of all x £ G
where D (x) = 0. Then G’ is an open and dense subset of G whose
complement has measure zero.

Let u be a differential operator on G. Its adjoint u* is the differen-
tial operator given by the relation

\uf-gdx={J-uwgde  (f, gecz(@y.

G G
Let T be a distribution on G. Then f— T (u* P (f € C7 (G)) is also
a distribution which we denolte by u7. A locally summable function
F on G defines a distribution T by the rule -

()= tFax  (fecz(@y).

We say that a given distribution T is a function, if there
exists a locally summable function F such that T = T,. Then F
is unique up to a set of measure zero and it is convenient to write
T=F.

Fix a maximal compact subgroup K of G and let 3 denote the
algebra of all differential operators on G which commute with both

HARISH-CHANDRA oy

left and right translations of G. A distribution T on G is said to be
A-finite if the space of all distributions of the form 2T (z € 3) has
finite dimension. Similarly it is called K-finite if the left and right
translates of T under K span a vector space of finite dimension. It
is easy to see that If T is both H-finite and K-finite, it satisfies an
elliptic differential equation and so it is an analytic¢ function. We
sefw that T is invariant if it is left fixed by all inner automorphisms
of G. -

Theorem 2. Let © be an invariant and 3-finife d:s.fr:bunun
on G. Then © is a function which is analytic on G'.

Let m be an irreducible unitary representation of G and @ the
class of . For any [ €C7(G), define

(= Fa(xdx.

Then it can be shown that «t (f) is an operator of the trace class and there
exists a distribution 8, on G such that -

- B (=trn(f)  (FECT(G)).

O, is called the character of w (or mi). It is easy to show that 8,
is an invariant eigendistribution of 8. Therefore by Theorem 2, it is
a function which 1s analytic on G'.

In the p-adic case one defines C;° (G) to be the space of all loeally
constant functions with compact support. Then it seems plausible
that n (f) is still of the trace class. Put

Bu(N=tex(f)  (FEC(G).

Then again 6, should turn out to be a locally summable function on
(i which.is locally constant on the regular set G'.

4. The Selberg principle

For any y € G, let G, denote the centralizer of y in G. It is not
difficult to show that Gy is unimodular and therefore the factor space

G = G/G, has an invariant measure dx. Put
¥: = xyxl (xe @),

where x — x is the projection of G on G. An element y € G is said to
be elliptic, if it is contained in some compact Cartan subgroup of G.

Theorem 3. (The Selberg Principle.) Lef vy be a semisimple
element of G and f a K-finife and J-finite function in L, (G). Then
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the integral

{ fomdx
E!G,F

is well defined and, if v is not elliptic, ifs talue is zero.

Let I' be a discrete subgroup of G such that G/T is compact. Then
G operates on G/T' and so we get a representation . of G on L, (G/T).
It is easy {o see that A decomposes into a direct sum of irreducible
representations. Moreover the multiplicity m (@) of each class o € &,
is finite in A. Let @ be an irreducible unitary representation on §
lying in a given class w. We say that n (or @) is integrable if

{16 nW]dr<oo

for any two K-finite vectors ¢. W € §. (A vector ¢ € § is called

K-finite, if the space spanned by n(k) ¢ (& € K), is finite-dimensional.)
The Selberg principle allows us to obtain an explicit formula for the
multiplicity m (o) corresponding to any infegrable class w.

I believe that the Selberg principle holds also for the p-adic
groups afler a slight-reformulation. Let K be any open and compact
subgroup of G and = a representation on § of the discrete class. Take

f=(¢ a(x)P) (x€Q)

“where ¢ and ¢ are two K-finite vectors in §. Then the statement of
Theorem 3 should remain true for f.

5. Formula for the characters

We return to the case when G is real and suppose that B is a Cartan
subgroup of (i contained in K. Let g, b be the Lie algebras of G and B
respectively and G. the simply connected complex analytic group
corresponding to the complexification g, of g. Let us assume that G
is the real analytic subgroup of G, corresponding to g. Let P be the

set of all positive roots of (g, b) under some fixed order. For any

a £ P, we denote by H, the element in b, such that

tr (ad Had H,) = a (H) {HCh).
Then
a."-. ” Hl:‘

s P

can be considered as a differential operator on B. There exists an
analytic function A on B such that

A(exp H) = QP (eMFV2 —g-atH)/2) (K (),

HARISH-CHANDRA a3

Let § be the space of all real-valued linear functions on (—1)"/zb
and L the lattice of those L € § for which there exists a character

g, of B given by &, (exp H) = &*(H) (H £ ). 1t is clear that o can
also be regarded as a polynomial function on § and

0k, = o (1) &, (Ael). :
Put W, — B/B where B is the normalizer of B in G. Then W is
a subgroup of the Weyl group W of (g, b). Put B = B [| G' and
let L' denote the set of all A € L such that o (1) == 0.

Theorem 4. For any A € L', there exisis exactly one invariant
eigendisiribution &, of B on G such that

) sup | D (x) 73O (x) | < o0,
2) A& (D)= X e(5)Ealt)  (bEB).

e

Here D has the same meaning as in § 3 and we have to bear in
mind Theorem 2. Moreover the character e of W is defined as usual.

Put e(}) =signw (}) (heL') and g = -i— dim G/K. Then g¢
is an integer.

Theorem 5. For each L€ L', there exisis a unique class
w(A) €EEq such that Bypy = (—1)7e(M)©;,. The mapping
A== w (A) of L' inio &, is surjective and @ {(A;) = o (hs) (A, La € L)
if and only if hy = sky for some s € W,

Define

Fy (b)=A(b) 5 Fxbxlydx  (bEB)

for f€ CZ (G). Then there exists a number ¢ = 0 such that
"n:] (@F)) (b) = (— 1) ef (1)
[

for all feg CY(G). Moreover
d@®@)=ctWel|lo(M)| (REL)

wheré: [Wgl is the order of W and d(m(r)) the formal degree of
w (A) (see § 2). It is possible to compute ¢ explicitly for a suitable
normalization of dx.

Theorem 6. Let f be a K-finite and B-finite function in
.o (G). Then the infegral

\ [Badx (AEL')

G2
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is weil defined. Let O (f) denote its value. Then 0, (f) = 0 for all

A€ L except a finife number and

(—=Dcf ()= 3 o®)O(f).
AEL’

We observe that f is automatically analytic (see § 3) and there-
fore f (1) is well defined. The Selberg principle enters in an essential
way in the proofs of Theorems 5 El'lg 6.

For p-adic groups the number of conjugacy classes of compact
Cartan subgroups is, in general, more than I. Also there does not
seem to be any analogue of the algebra 3. Therefore the problem of
determining all the characters of the discrete series appears to be
much more difficult in this case. '

6. Concluding remarks

There are some striking similarities between the real and the
p-adic groups. Let K be a maximal compact subgroup of G in the
real case and any open compact subgroup in the p-adic case. Let g5
be the set of all equivalence classes of irreducible unitary represen-
tations of K. For a given irreducible unitary representation n of
Gon §, let m(b) (b £ ) denote the multiplicity of the class b
in the restrietion of = on K. In the real case it is known that m (b)
is finite. The same is believed to be true in the p-adic case but so
far no general proof for this has been found.

The function | D |="+ is locally summahle on G in the real case.
1 believe that this fact is also true in the p-adic case, provided we
interpret the absolute value in the p-adic sense.

In the real case there is a simple connection between the asympto-
tic behaviour of the elementary spherical functions and the Plancherel
measure for the space G/K. The same appears to be true also in the
p-adic case. (For G = SL (2), this follows from the results of Mautner.)

The algebra 3 of bi-invariant differential operators plays a very
important role in the real case. However, as we have already observed,
there does not seem to exist any p-adic analogue of J. Nevertheless

it appears likely that all the final results of Fourier analysis continue

to hold, after some slight reformulation, for p-adic groups. The
unravelling of this mystery would, in my opinion, be an important
achievement.

The Institute for Advanced Study,
Princeton, N.J., USA

THEORIE LOCALE DES FONCTIONS
DIFFERENTIABLES

BERNARD MALGRANGE

Les résultats dont je wais parler ont une double origine : d'une
part, deux problémes posés par L. Schwartz a propos de la théorie
des distributions, d'autre part I'étude des singularités des applica-
tions différentiables, developpée d’abord par H.%-Vhitneyr et R. Thom.

Fixons d’abord quelques notations ; soit £ un ouvert = R™, et soit
€ (Q) D'espace des fonctions de classe C= dans @, a valeurs réelles,
muni de sa topologie usuelle ; pour a €2 et f€ & (Q), désignons
par T.f le développement de Taylor de fena ;si I'on a V = & (Q),
posons T,V = {T.f|feV}.

Cela posé, le premier probléme est celui de la synthése harmonique

“dans 1'espace des distributions tempérées ; par dualité et transforma-

tion de Fourier, il est résolu par le théoréme suivant, conjecturé par
Schwartz et déemontré par Whitney 7], [12] :

Théoréme 1. Soif J un idéal de E (Q). Pour gue f appartienne
a l'adhérence de J, il faut et il suffit que I'on-aii, pour fouf a € Q :
TJET, .

Quant au second probléme, celui de la division des distributions,
il équivaut par dualité au suivant : on se donne f € & (Q) ; & quelle
condition 1'idéal engendré par f est-il fermé ? Tout d'abord, on voit
facilement que ce n'est pas toujours vrai : par exemple, si f est nulle
e un point ainsi que toutes ses dérivées, sans étre identiquement
nulle au,voisinage, 1'idéal f& () n'est pas fermé ; d'autre part,
dans le cas d'une variable, on constate immédiatement que, si cette
circonstance ne se produit en aucun point, notre idéal est fermé ; ces
faits et quelques autres avaient amené Schwartz & conjecturer le
résultat suivant [8] : ;

Théoréme 2. Si f est analytigue, & (Q) est fermé.

Ce résultat a été démontré simultanement par Hérmander [11
(dans le cas ot f est un polynéme) et par Lojasiewicz [2] (dans le cas
gépéralt}. Les deux méthodes reposent sur 1'importante inégalité
suivante :

Théoréme 3. Soif f une fonction analytique dans @, X len-
semble de ses zéros (supposé non vide), et K un compact — . [ existe
des constantes C >0 ef a > 0 felles gu'on aif, pour touf a € K :

|f(a)] > Cd (a, X)™
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Pour. une fonction f € & (Q) arbitraire, cet énoncé équivaut au
suivant : toute ¢ € & (Q), nulle ainsi que toutes ses dérivées sur X,
appartienl & [ & (£2) ; ce fait, joint au théoréme 1, montre que cette
inegalité est nécessaire pour que cet idéal soit fermé. Dans le cas
analytique, une fois le théoréme 3 obtenu, la méthode consiste
4 prendre une stratification convenable de X : on I'écrit comme somme

finie disjointe de sous ensembles X,;, avec X; — X, < U X;, et

i<

l'on établit un €énoncé analogue au théoréme 2 pour les « fonctions
différentiables au sens de Whitney » sur X,, nulles & I'ordre infini
sur X; — X; (ce qui exige d’appliquer le théoréme 3 a d'autres fone-
tions que f...). Hormander prend tout simplement la stratification
dans laguelle X; est I'ensemble des points oil f s’annule exactement
a l'ordre i ; Lojasiewicz en prend une plus fine, qui 'améne A une
¢tude detaillée de I'ensemble des zéros des fonctions analytiques-
réelles. . '

- Quelles sont les extensions possibles de ces résultats ? Tout
d’abord, il n'est pas nécessaire de se limiter aux idéaux principaux:
le théoréme 2 se généralise ainsi [3]. :

Théoréme 2 bis. Un idéal de § () engendré par des fonc-
fions analyfigues est fermé.

Joint au théoréme 1, ceci a pour conséquence immédiate la démons-
tration d'une conjecture de Serre [9] : I'anneau des germes de fonc-
tions € en un point est un module fidélement plat sur I'anneau
des germes de fonctions analytiques en ce point ; autrement dit :
les relations 4 coefficients €= enlre des fonctions analytiques sont
engendrées par les relations a coefficients analytiques.

Que peut-on dire maintenant dans le cas non analytique ? Nous
avons déjad vu que les propriétés précédentes n'étaient pas toujours
vraies ; mais nous allons voir, en utilisant une variznte d’une idée
de Thom [10}, qu'elles le sont « en général » : il nous faut d’abord
donner un précis a cette notion. Soit &, 1'espace des germes de fonc-
tions C= en 0 dans R™, et soit J un idéal de type fini de &,,
engendré par f, ..., f,. Nous dirons que J est fermé s'il existe
un voisinage ouvert @ de 0 et des représentants des f; dans & (Q)
tels que ['idéal qu’ils engendrent soit fermé.

Posons d’autre "part, pour f € &, : f = Tyf ; 'espace &, s'identi-
fie alors aux séries formelles R Ilxy, . .., x,]l, les x; désignanl les
coordonnées dans R". En considérant &, comme la limite projective
de ses quotients par les puissances de I’idéal maximal, on définit
la notion de variété algébrique dans &,. Nous dirons alors qu'une

propriété (P) des éléments de &, est « générale » &'l existe une variété
algébrique V < &, de endimension infinie, telle que (P) soit vérifide
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pour toute f € &, satisfaisant a4 f 4 V. (Cette notion ne doit pas étre
confondue avec celle de « prnlpriélé générique » au sens ot ['entend
Thom [10] : le fait, par exemple, pour une fonction d’étre « de Marse »
est générique, mais c'est une propriété bien trop restrictive pour
étre « génerale ».) Nous définirons de méme une propriété générale
des systémes (Fi, - . ., f) € (En)".

Cette notion a ¢été récemment étudiée systématiquement par
Tougeron [11], qui a montré que, en général, les fonctions, et les
systemes de p fonctions différentiables ont des propriétés au moins
aussi bonnes que les fonctions analytiques arbitraires. Parmi ses
résultats, nous citerons 1'un des plus simples, obtenu également par
Mather [6].

Théoréme 4. Supposons p<-n; alors, en général, I'idéal
engendré par (fy, . . ., [;) dans &, est une intersection compidte admet-
tant l'origine pour point singulier isolé (c’est-d-dire : I'idéal engendré
par fi, ..., [y et leurs jacobiens d’vrdre p contient une puissance de
U'idéal maximal de &,). Un tel idéal est équivalent, par difféomorphisme,
@ un idéal engendré par des polynomes, en particulier, il est
fermeé.

En réalité, on démontre davantage: étant donné (fy, . .., f,),
tel que 1'idéal engendré soit une intersection compléte avec point
singulier isolé, il existe un entier & possédant la propriété suivante :
si (fi, ..., fp) a méme développement de Taylor en 0 a4 ordre &
de f, les deux idéaux sont équivalents par difféomorphisme ; il
suffit alors de prendre pour fj des polyndmes pour obtenir la seconde
assertion du théoréme précédent.

A T'usage des speécialistes de topologie différentielle, je me per-
mettrai la suggestion suivante: il serait peut-8tre intéressant
d’étudier, au point de vue global, les variétés différentiables admettant
des singularités du type précédent.

Enfin, dans le cas ol I'on a p>n, on voit facilement que, en
geénéral, 1'idéal engendré par (f,, . . ., fy) est un idéal de définition
de &,, c'est-a-dire conlient une puissance de 1'idéal maximal.

Comme je I'avais promis au début, j'en viens maintenant i la
théorie des applications différentiables ; ici, nous ne nous intéresserons
plus seulement & I'idéal engendré par (f,, ..., f;), mais au germe
d'application f: R"™— R? que ce systéme de fonctions définit.
Remarquons d’abord que, par composition des fonctions, f définit
une application f* : &, — &,, qui fait de & un &,-module ; dési-
gnonsrespectivement par o, et o, I'idéal maximal de &, et celui de &,.
On a alors le théoréme suivant : .

Théoréme 5. Soit Fun &,-module de lype fini ; pour qu'il
soit de type fini sur €y, il faut ef il suffit qus Flok ,F soit de type fini
sur Eylofl =~ R. _ :

Teel220
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ue I'on peut dire alors un peu plus : prenons en effet
dﬁpégat'lqc?‘;tgurs de F.'Pmt' oF sur R, et remuntfr-n?-lm dans F : d'aprés
le « lemme de Nakayama », on aura des generatg:ur_s de F sur 8.
‘L’énoncé précédent est ce qu'on appelle le « théoréme de prépara-
tion différentiable » ; la forme donnée ici, un peu plus générale que
la forme habituelle [4], [5], est due 4 Mather. Je vais en dqnncr quel-
ques cas particuliers: prenons d'abord F = &, ; I'hypothése
« &,/ok &, [ini sur R » signifie simplement que 1 1de:af| (f) engendré
par fi, ..., f, est un idéal de définition de &, : ceci exige pZn,
et, inversement, nous avons \t:rlu plus haut que, pour p > n, cette pro-
énéralement vérifice, o .
Priél’-i’fef'lﬂ‘:sgerﬁuite p = n — |, et prenons pour f la projection définie

par fy =x;, {=1, ..., n— 1. Soit d'autre part @ une fonction

de &,, @ (0, ..., 0, x,) ayant un développement de Taylm- commen-

nt par xi ; prenons enfin F = &,/D&,. 11 est facile de voir que
e théoréme s'applique, et que l'on peut prendre pour genératm_}rs
de F sur &, les classes des xy, k =0, ..., g— 1. Autrement dit,
pour toute g € &,, il existe une identité

g—1 '
(W) g= (DQ“E}__ZD xRy, avec QE & R ;E&n-.

'est la variante différentiable du théoréme de préparation de Weier-
sctre:;s ‘asgus la forme que lui ont donnée Spéth et Rickert .{m,akls ici,
contrairement au cas analytique, il n’y aura pas unicité) ; le:.l‘mnl:E
de Weierstrass lui-méme, a savoir que @ est équivalent a un polynome
distingué, est donc encore vrai dans le cas difiérentiable : ce résultat
avait eté d'abord conjecturé par Thom. ) '

La démonstration du théoréme 5 se ‘décompose en deux étapes :
la premiére consiste, par une utilisation convenable du theort_am?_ deg
fonctions implicites, a ramener le cas général & un cas particulier :
la démonstration de (W) dans le cas ol @ est un polynéme unitaire
en x, ; on peut méme, en introduisant de nuux:eilea variables f;, et
en les substituant aux coefficients de ce polyndme, supposer que @
est un polyndme par rapport & |'ensemble des variables. La seconde
étape, plus difficile, consiste alors a établir le résultat particulier
indiqué ; la méthode initiale du conférencier consistait a utiliser les
techniques développées par Hormander et Lojasiewicz, dont il a été
question plus haut. Récemment, Mather [6] a donné une autre méthode,

lus élémentaire, utilisant des développements en iniégrales de
uuﬁgﬁrﬁeut se poser, pour les applications différentiables, une question
analogue 2 celle que nous avons examinée pour les idéaux : le germe
d'application f étant donné, existe-1-il un entier £ tel quentm_lt gerrr‘;e
f', ayant méme développement de Taylor en 0 que f jusqu'a I'ordre &,
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soit équivalent A f par un difiéomorphisme de la source ef du but ?
{.ontrairement & ce qui se passe pour les idéaux, cette propri¢té n'est
pas généralement vraie (toutefois,.d’aprés Thom, elle le devient si
I'on remplace « difféomorphisme » par « homéomorphisme »  [10]),
Mather, en utilisant le théoréme de préparation, a donné une caracté-
risation des applications qui possédent cette propriété. Je n'exposerai
I'as ce reésultat, mais je parlerai d’un autre, trés voisin, et qui se fraite
par la méme méthode : la caractérisation des germes stables.

Donnons-en d'abord la définition ; soit f un germe d'application
R™ — R”, avec f (0) = 0 ; en gros, [ est stable si tout germe ¢ suffi-
~amment voisin » de fest équivalent a f par un difféomorphisme de la
source et du but ; de fagon plus précise, nous exigerons que, pour
lout voisinage ouvert © de 0 dans R", et tout représentant f de f
dans Q, il existe un ouvert @', avec 0 EL = 0, et un ouvert
(/! = R*, avecf(Q) U et D¢ U, possédant la propriété suivante :
nour toute fonction ' : @ — R”, suffisamment voisine de f dans la
lopologie de & (Q), il existe des plongements C* h: Q' &+ Q ot
"2 U— R tels qu'on ait

Wof|Q)=Foh

({i noter que I’on ne suppose pas ici f' (0) = 0).

Une notion voisine est celle de « stabilité infinitésimale » : toufe
déformation infinitésimale g de f doit pouvoir étre obtenue comme
~omme de deux déformations provenant de transformations infinité-
wimales de la source et du but ; de fagon précise, il doit exister, pour
lout germe g dapplication en 0 de R"™ dans R” (on ne suppose pas
liccessairement g (0) = 0), deux germes de champs de vecteurs X
“ur R® et ¥ sur R tels qu'on ait

g=(X, df)+Vof.

Mather considére enfin, dans I'espace des jets (i.e. des développements
le Taylor) d'ordre £ d’applications de R™ dans R?, l'orbite V (f)
de 4 (0) sous 1'action des diffeomorphismes de la source et du but;
on résultat est alors le suivant : -

Théoréme 6. Les propriétés suivantes soni équivalentes :

a) Le germe f est stable.

b) Le germe f est infinitésimalement stabie. ;

¢) Pour -une (ou, pour toute) valeur de k suffisamment grande, § est
nansversal en 0 4 V ().

L’équivalence de b) et c) se démontre en utilisant le théoréme de
réparation ; pour démontrer leur équivalence avec a), on utilise

lans un sens un théoréme de transversalité, et dans I’autre une intéera-

lwn de champs de vecteurs qui permet de passer de transformations
7
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infinitésimales & des transformations finies. J'indique pour terminer
que Mather a réussi a traiter aussi par ses méthodes le cas global,
c'est-a-dire 3 caractériser d'une maniére analogue les applications
C=-stables d'une variété compacte dans une autre variété.

Université de Paris,
Faculté des Sciences,
Orsay, France
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UNGLEICHUNGEN UND FEHLERABSCHATZUNGEN

JOHANN SCHRODER

1. Einleitung

Gegeben sei eine Gleichung !
(1.1) Mu=r

mit einem Operator M, der eine Teilmenge D eines halbgeordneten
Raumes R in einen halbgeordneten Raum & abbildet. Man machte
obere und untere Schranken fiir eine Lésung u* dieser Gleichung
ermitteln. Bei vielen Problemen ist dies mit Hilfe eines Schlusses
lolgender Art moglich:

(1.2) MogLr<Me=wu*<v.

Ist die Existenz einer Losung u* € D gesichert, so geniigt es, dafl
fir alle u € D und die gewahlten Elemente v, w € D gilt:

(1.3) MesMu=w<u, MuMv=u<u.
[n vielen Fillen hat die gegebene Gleichung (1.1) die Form
(1.4) u=Tu

(oder 1dRt sich auf eine solche Form zuriickfithren), und man kann
als Schranken die Néiherungen von [Iterationsverfahren benutzen,
welche monoton gegen eine Lisung 4* konvergieren. Dann erhilt man
also gleichzeitig eine Existenzaussage. Natirlich miissen dabei im
allgemeinen starkere Voraussetzungen gemacht werden, -als zum
Nachweis der Monotonie-Eigenschaft (1.3) allein.

Bereits Chaplygin [5] hat fiir bestimmte Operatoren die Eigen-
schaft (1.3) nachgewiesen und ferner fiir gewisse Gleichungen der
I"orm (1.4) die Einschliefung einer Losung durch monotone Iterations-
fulgen auch numerisch ausgenutzt. (Fiir mehr theoretische Zwecke
entwickelte auch Perron [16] die “Methode der Ober- und Unter-
funktionen”) In neuerer Zeit ist diese Methode der Einschlieflun
durch Iterationsfolgen abstrakt formuliert ([121, [15], [2], 9], [20])
und vielfach angewendet worden. Insbesondere sind auf diesem Gebiet
viele Arbeiten russischer Autoren erschienen, welche sich hauptsach-
lich mit gewdhnlichen Differentialgleichungen und Anfangswertaui-
saben bel partiellen Differentialgleichungen (parabolischen und
iyperbolischen) beschaitigen. Die sehr umfangreiche Literatur soll
hier nicht aufgefilhrt werden. Eine Reihe von Autoren geht von
cinem Aufsatz von Azbelew und Tsaliuk [2] aus.

-
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Hier werden wir uns mit hinreichenden (und .nutwgndigen}

Bedingungen fiir die Eigenschait (1.3) beschiitigen, ohne genauer -
auf das Existenzproblem einzugehen. Die Ei haft (1.3) wurde -

iiir viele Typen von Operatoren mit z.T. sehr verschiedenartigen
Methoden nachgewiesen und praktisch ausgenutzt. (Eine abstrakte
Formulierung der Art (1.3) und mehrere Anwendungen findet man
bei L. Collatz [7].) Wir berichten hier {iber eine sehr einfache abstrakte

Theorie fir Operatoren M mit der Eigenschaft (1.3). Diese Theorie

tattet es verschiedenartige Typen von Gleichungen in einheitlicher
eise zu behandeln. -

Obwohl gerade diese verschiedenartigen Anwendungsmoglich-

keiten ein charakierislischer Vorteil der abstrakten Theorie sind,

wollen wir uns hier aul ein Anwendungsgebiet beschrinken. Und

zwar betrachten wir im wesentlichen nur Randwertaufgabén mit
einer elliptischen Differentialgleichung zweiter Ordnung. Jedoch
zeigl ein kurzer Abschnitt, wie sich parabolische Differentialgleichun-
gen einordnen lassen, und ein anderer Abschnitt berichtet {iber einige
Ergebnisse bei gewéhnlichen Randwertaufgaben vierter Ordnung.
Mit den Ideen der abstrakten Theorie erhilt man nicht nur die iibli-
chen Aussagen iiber Ungleichungen bei elliptischen Differential-
gleichungen, sondern auch diffizilere Aussagen wie etwa Ergebnisse
von Redheffer [18]. (Uber weitere Anwendungen der abstrakien
Theorie siehe 1211, 122], [23). Andere zusammentassenden Darstellun-
EEE] iili:;g] ]gewi&se Typen von Ungleichungen findet man in [3], [8],

Fir die numerische Anwendung der Monotonie-Eigenschaft (1.3)
gibl es verschiedenartige Beispiele. Wir berichten hier iiber ein
Programm zur Losung der ersten Randwertaufgabe mit einer Diffe-
rentialgleichung

—Au=F(x, 4, u).

Das Programm liefert eine Néherungslésung und eine zugehdrige ‘

Fehlerabschitzung.

2. Ungleichungen mit linearen Operatoren

Es seien R = {u, v, ...} und & = {I/, V, ...} halbgeordnete -

lineare Réume. Die (transitive, reflexive und antisymmetrische)
Ordnungsrelation werde in beiden Raumen mit = bezeichnet.
Der Raum § sei Archimedisch, d.h. fiir feste u, v € ® gelte:

u=nv (n=1,2,...)=u=0.

Ferner sei in i und @ je eine zweite, mit = bezeichnete Ordnungs-
relation definiert. Die zweite Ordnungsrelation in i habe die folgende
Eigenschait o,
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Eigenschaft o: Ist u€ R und u >0, so gibt es zu jedem
v € R eine Nummer n mif v = nu.
In & wird verlangt:
U=V<W=aU<W, U<V=W=U<W,

U<V, Ai=>0=AU <iV.

Mit M bezeichnen wir einen linearen Operator, der iR in & abbildet.

Definition 2.1. Der Operator M heifle inverspositiv, wenn
Fir alle u € R gilt: _
(2.1) Mu=0=u=0.

Satz 2.1. Ist M inverspositiv, so existier! der inverse Operator M~1
und dieser Qperator ist posiiiv, d.h,

U=0=MW=0 fir UcMR.

Satz 22 [21]. Die folgenden zwei Voraussetzungen seien erfallt.
I.

w=0
(2.2) Mw;ﬂlz::w:r-ﬂ (fiir alle weR).
II. Es existiert ein z€ W mit
(2.3) z=0, Mz > 0.

Dann ist der Operafor M inverspositiv.

Satz 2.3 [22]. (*Umkehrung” des Salzes 2.2). 1st der Operator M
inverspositiv, so gelten die folgenden Aussagen:

1. Hat die zweite Ordnungsrelation in © ebenfalls die Eigenschaft o,
so gili (2.2).

E‘. .‘:"(m‘h‘}i!r der Wertebereich MR mindestens ein Element r = 0,
so existieri ein 2 € W mit der Eigenschaft (2.3} (namlich die Ldsung
der Gleichung Mz = r). - =

Definition 2.2. Eine fir 0= t=1 definierte Funktion
z () EM heife stetig in & € [0, 1], wenn es zu jeder natiirlichen Zahl
n eine positive Zahl &(n) gibt, derart dafl

—Lesz()—z(t)=qe fir [t—t|=5(n), 1€ (0,1].

Dabei bedeute e ein beliebiges (festes) Element aus ®.

Es sei nun IR eine Menge von Operatoren M: | — &, derart daf -
fiir jedes M € I die Voraussetzung I in Satz 2.2 erfallt ist. Dann gilt
der folgende Satz.
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Satz 2.4 [22]. Fir die genannte Menge I von Operaforen M
seien die folgenden Voraussetzungen erfillt.
1. a) M™ existiert fiir jedes M € M.
b) Die Wertebereiche aller Operatoren M € 0 haben mindestens
ein gemeinsames Element r > 0.
¢) Fur jedes Paar Mo, M€ M existiert eine Schar M (f) € M
{Cr =t=1), derart daff M(0) = Mo, M(1)=M; und M (H)r
in L€ [0, 1] stetig ist.
2. Mindestens ein Operafor M € W ist inversposifiv.
Dann sind alle Operatoren M € IR inverspositiv.

3. Lincare elliptische und parabolische
Diiferentialoperatoren

3.1. Elliptische Differentialoperatoren. Es sei G ein ofienes
beschrinktes Gebiet des n-dimensionalen Fuklidischen Raumes
E"={x,yg, ...}, T dessen Rand und G =.GI'. Ableitungen
einer auf G erklirten (reellwertigen) Funktion u (x), v (x), w (x), z (x)
oder auch ® (x) nach den Koordinaten x;, (k =1, 2, ..., n) von
x werden durch tiefgestellte Indices gekennzeichnet, z.B. du/dxydx; =
= uy;. Sonst, d.h. bei anderen Buchstaben, bedeuten Indices keine
Ableitungen, sondern dienen nur zur Unterscheidung.

Es bedeute L [«] einen Differentialausdruck

Tt

G Liu)=—

T
3

apiy + 2 bty - cu
Y= =

mit auf G definierten Koeffizientenfunktionen a; (¥) = a (x),
by (x), ¢ (x). Fiir jedes x € G sei die Matrix (az;) (x) positiv semidefinit:
(3.2 (an (x)) =0 (x€0),

und A (x) bézeichme ihiren kleinsten Eigenwert.
Ferner sei auf T' ein Randausdruck

(3.3) R[u] (x)= —Pug+au
mit auf I' definierten Funktionen a(x), B(x) gegeben, derart daB
(3.4) Br)=0 (x€I).

Dabei bedeute uy = % ()]die (einseitige) Ableitung lings einer

stetig differenzierbaren Kurve y = g (o) mit g (0) = x und g (0) G
fiir 0 = 0 = &. (Diese Kurve kann etwa die innere Normale sein,
falls diese definiert ist.) Eine solche Kurve soll fiir jedes x € T' mit
B (x) == 0 existieren.
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Zur Anwendung der abstrakten Sitze definiererr wir:

M sei die Menge der Funktionen w € Cy (G)NC. (G), fiir welche
die Ableitung wuy in allen x €' mit B (x) 2= 0 existiert.

u=0: <> u(x)=0 (xeG) fiir uc®,
u>0: <>u(x)=>0 (x€G) fir u¢R;

@ sei die Menge der lé'aare [/ = (p, w) mit auf G definierter Funk-
tion ¢ {x) und auf I' definierter Funktion w (x),

U=0: «<=p(x)=0 (x£G) .und w(x)=0 (xcl'),
U=0: e=q¢(x)>0 (x2G) und e(x)=>0 (xeT);
(3.5) Mu=(L[u], R[u)).

Dieser Operator M ist bei den obigen Definitionen genau dann
inverspositiv, falls fiir u € | gilt:
Liu](x) =0 (xCG)
Rlul(x¥) =0 (xcT)

Hilfssatz 3.1 [21]. Der durch (3.5) definierte Operator M
genigt der Voraussetzung | in Safz 2.2.

Damit ergibt sich aus Satz 2.2:

Satz 3.1. Existiert eine Funkfion z(x) € R mit
(3.7) z2()=0 (x€G), Llz](x)>0 (x€G), R[2](x)>0 (x€T),
so gilt die Implikation (3.6) fir u € R.

_ Die Existenz einer solchen Funktion 2 (lx} ist auch in gewissem
Sinne notwendig fiir (3.6), denn es gilt trivialerweise:
Satz 3.2, Ist (3.6) fir u € W richtig und besitzf die Aufgabe
Liuj=r(x) (x€G), Rlu]l=s(x) (x€I) _
fiir irgendzwei Funktionen r{x) =0, s(x}) >0 eine Lisung u = 2,
so geniigl diese Losung den Ungleichungen (3.7).

Sehr einfach ist die Anwendung des Satzes 3.1 wenn

(3.8) ¢(®)>0 (x€G), «(x)>0 (xeT)

gilt, denn dann geniigt z (x) = | den geforderten Ungleichungen.
Um auch Fille zu erfassen, in denen ¢ (x) den Wert 0 und negative
Wertes annehmen kann, konsiruieren wir eine kompliziertere Funk-
tion 2.
Es sei K = G eine abgeschlossene n-dimensionale Hyperkugel
mit Radius rg. r (x) sei der (euklidische) Abstand des Punktes x vom

(3.6) =u(x)=0 (x€G).
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Mittelpunkt der Kugel. Ferner bedeute
g
=2z (x)=br,+ S serls—ro) dg
r
mit r = r (x) und Konstanten b > 0, p = 0.

Bei Verwendung einer solchen Funktion folgt aus Satz 3.1 der
folgende Satz 3.3 [21].

Satz 3.3. Falls b und p so gewihll werden konnen, dafi die
Ungleichungen

@ (x)b—p(x)=>0 (xeT)
und

epir=ro) L§1 Apa (X) - r (g:fﬂ., () — ng b {x})]—l-ﬂ (x) z (x) >0 (x € G)
erfillt sind, gill (3.6) fir u € N.

Zusatz Konstanten b, p mit den in Satz 3.3 geforderten Eigen-

schaften existieren 2.B. falls die Ungleichungen
inf{o (x): €T} >0, c(x)=0 (x€G),
(3.9) inf {Ay (x): x€G} >0
gelten und die Koeffizienten by(x) auf G und P(x) auf T beschrinkt sind,

_Die Ungleichung (3.9) fordert, daB der Operator L auf G gleich-
mabig elliptisch ist. Gewdhnlich wird das Ergebnis des Zusatzes
mit Hilfe des Randmaximum-Satzes [11] bewiesen (siehe etwa
Collatz [8]).

3.2. Zusammenhingende Mengen von elliptischen Operatoren.
Um die Eigenschaft (3.6) fiir umfassendere Klassen von Operatoren
nachweisen zu kénnen, benutzen wir nun Satz 2.4,

Es sei I eine Menge von Operatoren M der Art (3.5). Uber diese
Menge setzen wir folgendes voraus.

. Vnrauséetzungen: a) Die Koeffizienten a,;, b; und p
sind fir alle M ¢ M dieselben, d.h. die Bestandteile

T n
(3.10)  Lluj= =3 gl dntlag +;§: bju; und Riu]= — Pu,

sind unabhingig von M £ M.
b) Die Vektoren f= (c(x), « (x)) der zu M €M horigen
Koeffizienten ¢ und @ bilden eine konvexe Menge &, und ieenihﬁli
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einen Vektor = (¢ (x), @ (x)) = (e, ¢) mitl einer Konsfanteﬁ

Ly = ﬂ'
c) Fiir jedes ¥ € ¥ besitzt die Aufgabe

Liul+e(x)u=0 (x€G), Rlult+a(x)u=0 (xeI)
in R nur die triviale Lésung « (x) = 0 (x € G).
d) Fiir jedes ¥ € ® besitzt die Aufgabe
(3.11) Liul+e(x)u=1 (x€G), Rlul+a(x)u=1 (xeI)

eine Losung u=z(x)eR. Ist ferner B =t + (1l — )K€
fir 0 = ¢ = 1, so hingen die zugehdrigen Ldsungen z, (x) stetig von
t ab. (Fiir diese Voraussetzung g; mull man etwa fordern, daf der
Rand I und die Koeffizienten in L und R “geniigend glatt” sind.)

Unter diesen Voraussetzungen folgt aus Satz 2.4 der folgende
Satz 3.4. :

Satz 3.4 /st M = (L, R) e M, so gilt (3.6) fiir u € R.
Zum Beweis mit Hilfe des Satzes 2.4 beachte man, daB r =

= (g x), o (x)) mit g (x)=1, w(x) =1 zum Wertebereich aller

Operatoren M € 0 gehort und 2, (x) = M~ (f) r ist. Ferner ist der
zu b = (co, co) gehorige Operator M inverspositiv, da die zugehdrige
Funktion z (x) = ¢;* den Ungleichungen (3.7) geniigt.

Beispiel Essei 3 die Menge der Operatoren M = (L, R) mit

(3.12) Llul= —Au—+c(x)u, Rlul=u
und .
(3.13) e(¥)>—v, (x€Q).

Dabei bedeute v, den kleinsten Eigenwert der Eigenwertaufgabe
Ap+vp=0 (x€G), ¢=0 (x€T).

Die Ungleichung (3.13) sichert, ‘dafl die obige Voraussetzung c)
erfiillt ist, denn mit Hilfe des Gaufischen Satzes erhilt man (wenn
I' geniigend glatt ist) aus L [ul(x) =0 (x€G), u(x) =0 (x€I):

0=\ (—Autcu)udx= { vtopurax
(5] o
und damit u (x) = 0 (x € G).
Wenn also ' gendigend glait isi, gilt (3.6) fir die Operatoren in(3.12)
unter der Voraussetzung (3.13).

Ein solches Ergebnis bewies R. Bellman [4] mit Methoden der
Variationsrechnung.
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3.3. Positiv_definite selbstadjungierte Probleme.
adjungierte Probleme g e. Fir selbst-

(3.14) Llu)(x)=r(x) (x€G), Rul(x)=0 (x¢cI),

bewiesen Aronszajn und Smith einen Satz, dessen (in diesem Zusam-

menhang) wesentlichste Aussage unter i
folgendermaBen lautet, g geeigneten Voraussetzungen

Satz 3.5 [l]. Ein selbstad jungiertes Problem (3.14) i

rgn - - i St d
p!?Sll:J':ﬂ r:g;fm:z, wenn dazu eine Greensche Funkﬁﬂil exz‘sf;'ar?ﬂt:fr; d?g
positiv ist:

(3.15) K(x 8 =0 (xE€q)

Dabei wird insbesondere vorausgesetzt, dal I' und di fi-
zienten in L und R “geniigend glatt” sind, um v.a. die Exi:teﬁgedelr
:ijz}qer_ltscl}erli] Funktion zu sichern. Das Problem heifit hier positiv
efinit, falls

SL[uJudxgp Su*dx mit p=10
i

o

fir alle geniigend glatten « (x), welche die Randbedingungen erfii
] ger ¢ ' erfiillen.
Die schwierigere Richtung des Beweises, namlich Ederggewei: \E‘:Ir]n
(3.15), geht bei Aronszajn und Smith Gber die Thecrie der reproduzie-
renden (und pseudoreproduzierenden) Kerne. Line enisprechende
Aussage kann man jedoch recht einfach mit Hilfe des Satzes 3.4
erhalten. Wir skizzieren den Verlauf des Beweises, ohne alle erforder-
imhﬁn Glattgmtwgriléssetzungen genau zu formulieren.
as gegebeme Problem (3.14) sei selbstadjungiert und itiv
dei}nxt, R}'}d :j, hedeu}e dNie Ableitung in Richtul:]régder innereﬂmrﬂ}c:;
malen. Wir konnen als Normierungsvorschrift an :
aufEI‘ néjr die Werte 0 und 1 annimnglt. nehmen, daf B (x)
s bedeute ¢; = 0 eine Konstante, derart daB c(x) =¢. (x £ G
o [t,x} = €, (x €T), und es bezeichne M, den Dperatui ;lf?:ﬂ{[{,ueﬁii
mi '
Lolal=L{u]+cot, Ry [u)=Rlu]+ cou,

wobei L und R durch (3.10) mit den Koeffizienten von L und
definilert sind. Dieser Operator M, ist inverspositiv, denn z.B. gé]nijgi
ED—E-E den Ungleichungen (3.7).
rch Anwendung der Ergebnisse von Abschnitt 3.2 schiiefen wi
dafl dann auch alle Operatoren M, — (L,, R)(0=t¢ 551] ;]rileit o

Lolul=L [u]+[(1—1)co4te(x)]u
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inverspositiv sind, denn die Menge 9 = {M,:0=t= 1} hat
(unter geeigneten Glattheitsvoraussetzungen) alle geforderten Eigen-
schaften. Insbesondere ist die Voraussetzung c) eriillt, da alle Opera-
toren (L R;) positiv definite Probleme bestimmen.

Insbesondere ist also M, = (L, Ry) inverspositiv, und wir
betrachten nun die M, enthaltende Menge

M= {M,=(L,R): 0=5=1}
mit :
Rs[u] =R [u] 4 1(1—s) o+ s (x)] u.

Auch fiir diese Menge 90 statt M gilt die Aussage des Satzes 3.4.
Zwar braucht die zugehérige Vektormenge & kein B — (¢, ¢;) mit
¢, =0 zu enthalten, jedoch enthilt & den Vektor (c(x), ¢), fir
welchen das Problem (3.11) eine Ldsung z (x) = 0 besitzt, und dies
ist hinreichend.

Insbesondere ist also M, — (L, R) inverspositiv. Firr die betrach-
teten L und R gilt also (3.6), und daraus folgt u.a. (3.15).

9.4, Parabolische Differentialoperatoren. Statt (3.3) sollen jetzt
allgemeinere Randoperatoren zugelassen werden, derart daBl auch
parabolische Probleme erfalit werden. ;

Es sei etwa xy € I, derart daB I' in einer Umgebung von x, eine
C.-Mannigfaltigkeit bildet. D.h. T habe dort eine zweimal stetig
differenzierbare Parameterdarstellung » = x (§,, ..., E—). Dann
darf R [u] in x = x, die verallgemeinerte Form

n—1
(316) Rl ()=— 3 oV gesg+
k. =1
n=1i
£ B0 J—B() G el
j=1

haben, wobei (ez;;) eine positiv semidefinite Matrix bedeutet und
weiterhin (3.4) gefordert wird.

Wir betrachten nun Probleme, bei denen L [ul wie bisher definiert
ist und R [ul auf T' die verallgemeinerte Form (3.16) hat. In Punkten
x € I, fiir welche alle Koeifizienten o, fi; verschwinden, braucht die
oben beschriebene Glattheit des Randes nicht verlangt zu werden.

Dic Definition des Raumes % in Abschnitt mufl dann dahingehend
abhgeindert werden, dab von u € M auch die Existenz aller Ablei-
tungen verlangt wird, welche in (3.16) vorkommen.

Dann beweist man den folgenden Hilfssatz 3.2 mit entsprechenden
Mitteln wie Hilfssalz 3.1.
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Hilfssatz 3.9, Der durch (3.1), (3.16) und ini
Operator M geniigt der Voraussefzung | t}es {Safzgs ;HE Ll

lj:in Spezialfall ist nun das folgende parabolische Probiem. Es sei

ein  beschrinktes . Gebiet des (%, ..., %.)-Raumes, [ —

= {6 0<%, < T} mit 0< T -G bedeiife

ol <o und G =G X [. T, bedeute
Pom{a: (% 000y Xna) €6, 23 =T},

Auf G UTy sei ein Differentialoperator

=1

n—1{
L=~ 3 au(un+ 3 by(hu, +utc(x)u

mit positiv semidefiniter (n— 1) x (n — 1)-Matri
auf T — Ty ein Randoperator dt:;:r Al{‘t (3.3)]. POl ) st
Dann hat man also auf G einen Differentialo i
. perator L [u]l = L
der Ar_t (3.1), auf I' —TI'; einen Randoperator (3.3) und I‘}Erner ;’ﬂ_
dem restlichen Randteil T, einen Randoperator der Art (3.16). Man

kann auf Ty ndmlich =1 [ i
s it 1 tdl:fim'ert: R [ul = L [u] setzen. [ [ul hat die Form (3.16),

fi=x (=12 .,.,n=1), 0= —X,, '
Gy = dy (k. f=],.-..ﬂ-ﬂ—1], leb_} (f==1, 2+--7,ﬂ—-]}.
B=T, =0 '

_ fDiz Wa:‘;{ einer Funktion z ist in diesem Spezialfall erheblich
einfacher, ir verwenden z = &M% mit genii
und setzen noch voraus, daf in xEI‘ — ls 1 ﬁﬁfng [ch;-ﬂf:g] fgr}dig
Kurve y = g (o) gilt: dx,/00 = 0. (Das isl z.B. der Fall, wenn u
fiir x>0 die Normalen-Ableitung bedeutet und f (x) =0 fiir x, — 0.)
Satz 3.6 [21). Ist c(x) auf GUT, nach unten beschrinkt und
= inf {a (x): x€T—Ty) >0,
50 gilt fir u € ®:
Liul(x)=0 (xeGUTy)
= 1 e
R {u] (x) = 0 (eT—T,) }=—-} uix) =0 (xcaq).

4. Ungleichungen mit nichtlinearen Operatoren

_ Es seien % und & wie in Abschnitt 2, jedoch bedeute A |
einen nichtlinegfen Operator, welcher eine eilmenge %u g 5’{}4 i];izﬁj
abbildet. Der E:genschaftl (2.1) entspricht jetzt die folgende:

(4.1) MesMr=w=rv (v, wER)
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Gilt diese Implikation fiir alle w, v €D, so 1aBt sich wieder die
Existenz von M™ und auBierdem die Monotonie dieses Operators
beweisen. Fir Zwecke der Fehlerabschitzung braucht man (4.1)
jedoch oft nur fiir bekanntes w oder bekanntes v zu beweisen. Ohne
Beschriinkung der Allgemeinheit nehmen wir im folgenden an, daB das

rechtsstehende Element v gegeben sei.
Eine einfache Verallgemeinerung des Satzes 2.2 ist dann der

folgende Satz.

Satz 4.1 [21]. Die folgenden zwei Vorausselzungen seien erfilll,
1.

=
(4.2) -

Mu < Mu
11. Es existieren eine Zahl vy > 0 und ein z € N, derart daf
z=0, v+ A2zeD fur 0=r=y,

}:»u <u (u,ueD).

(4.3) Mo < M(v+22) fir 0k =y,
Dann gilt fiir w € %:

W=U—+Yy2 o
(4.4) MMy |ZP=Y

Bemer kung. Gilt Voraussetzung Il fiir alle y=0, so

kann w = v +-yz in (4.4) wegfallen. :

Wir konnen insbesondere folgenden Spezialfall betrachten.

Spezialfall. M ist die Differenz
(4.5) : M=A—B
eines linearen Operators A: ® — & und eines nichtlinearen Opera-
tors B: @ — &.

Hilfssatz 4.1. Erfilli*A die Voraussefzung 1 des Safzes 2.2
(oder 4.1) und gilt

u=u=Bu=Bu (4 ued),

so-erfﬂﬂf M in (4.5) die Voraussetzung 1 des Satzes 4.1.

Um die folgende hinreichende Bedingung fiir Voraussetzung I1
formulieren zu kénnen, setzen wir nun ferner voraus, dafi i und @
halbgeordnete Banachraume (oder lineare Teilmengen solcher Rdume)
sind und M eine stetige Fréchet-Ableitung besitzt. (Was genau wir
an Axiomen bendtigen, entnehme man dem kurzen Beweis des fol-
genden Hilfssatzes.) -
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Hilfssatz 42 Die Voraussetz Il von Satz 4.1 ist erfiill
falls M der folgenden Voraussetzung I[@nﬁgf. i ettt

I1". Es existieren eine Zah! v = O und ein Element z € R, derart dap
z2=0, v+hzeD (0=15y),
Mv < M (v + yz2),
M) z=M @)z fir vEu=E=uv+yz
Beweis. Fir 0< A<y gilt:

i
0< 5 (M ©+v2)— Mo} =M (0) 2 a-g (M (v+ty2)— M’ (0)) 2 dt =

=M @2+ \ (M 0+ ) — M (@) 2l = (M (0 4-22)— M.
I

Im S];gegm]fal! (4.5) brauchen wir nur vorauszusetzen, daf B sine
stetige Fréchet-Ableitung besitzt und erhalten ein Hilfssatz 4.2
entsprechendes Ergebnis, indem wir M" (u) — A — B’ (4) einsetzen.
Dies Ergebnis liefert zusammen mit Hilfssatz 4.1 das folgende Resultat,

Satz 4.2. Der Operator A erfiille die Voraussetzung 1 des Saizes 1
und es sei :

O0=B'(u)=B (u) fir u=u (u,a€D).

Ferner existiere eine Zah! v 0 und ein Element z € R, derart dap
220, vi22e® (0= =),

(4.6) Az >--:,—[B{u—|-~,=zj—~ﬂu].

Dann gilt fir w € &

W=v+yz
(A—Bljw=(A—Bv

= W =r.

5. Nichtlineare elliptische Differentialoperatoren

5.1. Anwendung dés abstrakten Satzes. Fs sei G wie in Ab-

schnitt 3.1, Statt (3.1) betrachlen wir jetzt einen nichtlinearen Diffe-
rentialausdruck

1 Fylul (x)=Fy(x, u, ug, up),
der fiir x €G und alle Werte der «, u;, uy; (jol =1, 2, .. w R
erklart sei (wir sehen x, &, uj, 4y der Einfachheit halber auch als
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unabhéingige Variablen der “Funktion™ F; an). Die Forderung (3.2)
wird verallgemeinert zu: :

Fy(x, u, ujy g +Tu)=Fy (2, u, uy, Ln)

fir jede Matrix () = O.
Ferner wird auf I' statt R ein Ausdruck

Falu)=Fa(x, u, ug)
mit
FE(II u, H;-E—E)E-Fg(lf, i, uﬂ] fir =0

betrachtet, wobei F,(x, u, u,) fiir x £1" und alle Werte der u, u,
erklirt sei.

M und & seien definiert wie in Abschnitt 3.1, und M bedeute
nun den auf ® = N erklirten Operator

(5.1) : Mu = (Fy (1), Fslul).
Dann bedeutet (4.1):
Fqlwl(x)=F;[v](x) (x€0) :
5.2 = w(x)=v(x) (xcG).
i4) Folw](x) = Fa[v](x) (x€T) ) ( )

Hilfssatz 51 [21]. Der Operator M in (5.1) geniigt der Vor-
aussetzung 1 des Safzes 4.1. c

Beispiel L. Wir betrachten die in den numerischen Beispie-
len des Abschnittes 7 vorkommenden Operatoren

Lu]=—Au+e" Rlul=u
im Falle n = 2. Dabei sei ¢ das Quadrat
G::{x: ].t‘t[-‘:l‘ !Jﬁgl*il}.

Fir 2z =2+ & — % — 2; mit & > 0 ist die Voraussetzung 1I
des Satzes 4.1 bei beliebigem v = 0 erfiillt.

Beispiel 2. Im Falle
Llul=—Au—e", Rlu|=u
kann man Satz 4.2 mit
("0 m=(5)
u 0
anwenden. Die Bedingung (4.6) lautet dann
—Az> ¢ fer—1] (x€G), z(x)>0 (x€D).

§—1220
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k]

5.2, Zuriickfiihrung auf lineare Probleme. Sind etwa die Funktio- -
nen Fy und F. fir jedes x € G bzw. x € I' nach den iibrigen Variablen

stetig differenzierbar; so kann man die Theorie fiir lineare Operatoren
heranziehen, um hinreichende Bedingungen fiir die Aussage (5.2)
zu erhalten,
Seien z.B. w, v feste Funktionen aus & mit F, [w] (x) = F; [v] (x)
(x € G), so folgt fiir u —v—w
L{u](x)=0 (x£G)

mit einem Operator L der Form (3.1) und

1
= a‘(.. —~—
Qnr = 5 P (x, w, wy, ws)dl,
L]
: aF daF :
(5.3) b;= S 2y (6w Wy v dt, c==S 2 (%, , v, ) dt.
0 i]

Dabei ist z.B. w = tw + (1 — #) v, und wy, wy; sind entsprechend
definiert.
Ist insbesondere F; ein quasilinearer Operator:

(5.4) Folul = — 3 An(x, w, us)up +C(x, u, u),

k, I=1
so ergibt sich
(5.5) ant (%) = A (%, w, w;).

In entsprechender Weise 14t sich die zweite Ungleichung
Fglwl (¥) == Folvl(x) (x€T) auf eine lineare Ungleichung
Rlul () =0 (x €'} zuriickiiihren. :

Beispiel. Fir
Fylul= — (1 +ug) tyy + 204ttty — (1 1) oo
erhilt man: :

wwn=(3 )+( G 6 Y

und damit & (x) = 1, und ferner
by _{x}={“’= + vg) Vg — (w4 - 04) g,
by (x) = — (s + Us) Uy + (W + Uy) Uyo,
c(x)=0.
Um also etwa den Zusatz zu Saiz 3.3 anwenden zu kénnen, miiBte

man wissen, dal diese Koeifizienten b, (x), by (x) auf G be-
schrinkt sind.
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Im Falle Fglul — u genigt es aber bei diesem Beispiel—wie in
anderen Fillen auch,statt G abgeschlossene Teilgebiete B = G
zu betrachten (sieche etwa den letzten Absatz von Abschnitt 5.4).
Auf solchen Mengen B ist die Beschrinktheit der b; gesichert.

5.3. Eine andere Behandlung quasilinearer Aufgaben. Die Ergeb-
nisse, welche man mit dem Verfahren von Abschnitt 5.2 erhilt, kann
man auch herleiten, indem man die Beweisidee des Satzes 4.1 direkt
auf die nichtlinearen Probleme anwendet, dabei jedoch die speziellen
Eigenschaften der Differentialoperatoren starker beriicksichtigt als in
Satz 4.1. Gleichzeitig bekommt man in dieser Weise auch andere
Resultate, wenn man nidmlich auflerdem statt einer Funktionenschar
v (x) + Az (x) eine in A nichtlineare Schar v (A, ¥) = v (x) + 2 (A, x)
betrachtet *). Wir beschreiben dies fiir den Fall, dafl F; ein quasiline-
arer Operator (5.4) ist und F, [ul = R [u] die Form (3.3}, (3.4) hat.

Es bedeuten v, w wieder zwei feste Funktionen aus W, wobei

(5.6) (A (¥, @, w)) =0 (x€G).
Man berechnet
(5.7)  Fylwl—Fylv] = — i‘, A (%, w, wj) (wh— )+

I
+ [Fy (x, w, wj, uk;)-F{(x, w, Uy, f-';‘nl)]“‘,
+[Fy(x w, vy, vm)—Fy(x, v, v, om)l.
Mit 2 (A, x) € (0D = ) < &0) bezeichnen wir eine in A stetige
Funktionenschar mit folgenden Eigenschaften:
=0 fiir A=0

A G),

A ””[ =0 fiir A=0 Ve

(5.8) z(h N =z(V, %) fir A=A (¥€0),
lim 2 (h, x)==co gleichmiBig aui G.
=300

Es seien nun die beiden Ungleichungen auf der linken Seite vorr
(5.2) erfiillt, jedoch sei w (x) =v(x} (x € G) nicht richtig. Dann
gibt es eine kleinste Zahl A, >0 mit w(x) =v (x) + 2 (h, ¥}
(x €G) und ein x, CG mit w(x) = v (x) + 2 (A, Xp)- ;

Nimmt man an, dafl )

Riz(k, x))==0 fir A==0 und xeT

1) Eine solche in A nichtlineare Schar v(A} kann man auch in der abstrakie
Theorie benutzes und so den Satz 4.1 verallgemeinern, ;

H*
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ilt, so ist x; €I" nicht mdglich. Man beweist dies wie bei den linearen
mb'!;ﬂmer;. Daher ist x, € G, und man erhalt fiir x = x, mit 2° (x} =
=2z (hg, 2):

(5.9) w=v+2 wy=v;+2; (W)= U+ ).

Aus den Beziehungen (5.7), (5.9) mochte man nun einen Wider-
spruch fiir eine geeignete Funktionenschar z (A, x) herleiten.

Sind die Funktionen Ay, C bei festem x nach den dbrigen
Argumenten stetig differenzierbar, so erhilt man mit (5.6), (5.7),
und (5.9) fiir x = x;:

Fyfw]—Fy[v] = = IE’ An (x, w, wy) 2k + _E! bi(x)y 2} +c(x)2°
yi= =

mit den in (5.3) genannten Koeffizienten. Man bekommt alse einen
Widerspruch, wenn die rechte Seite in der letzten Ungleichung ffir
jedes x € G positiv ausfallt. Setzt man etwa 2z (&, x) =4z (x), so
ergibt sich die Bedingung L [2) (x) = 0 (x € (), wobei L der lineare
Operator mit den Koeffizienten (5.3), (5.5) ist. Auf diese Bedingung
kommt man auch, wenn man wie in Abschnitt 5.2 linearisiert und
dann etwa Satz 3.1 anwendet.

Eine andere Anwendung der hier beschriebenen Idee bringt der
folgende Abschnitt.

5.4. Abschwiichung der Differenzierbarkeitsvorausseizungen. Wir
betrachien nun einen quasilinearen Operator der speziellen Form

n
(5.10) Fm%rxgﬂMmMMwﬂme

und auf I' wieder den linearen Randoperator Falu]l = R [u] in
(3.3), (3.4). |
Es bedeuten w, v zwei feste Funktionen aus %M, derart daf} (5.6)

gilt und die Ableitungen vy, auf G beschrinkt sind: | oy, (x) =K.

Wir setzen K = n®*K 4 1.
Ferner nehmen wir an, daf es zwei fiir 0 = f = oo stetige isotone
Funktionen ¥, () und ; (f) mit folgenden Eigenschaifen gibt:

¥4 (0) =42 (0) =0,
inM {xl i, Uj +§J] o AM {x: w, Uj) | = ‘PI I:” ;j ”}

{5.]1] |G{x, w, U‘_l"r' g;}-—c‘:x, o, Uj} |§‘h(l|‘;1 “}l

mit .
1€ |l“=‘___.2|1'1 | & 1%
(5.12) C(x, v+ v)—Clx v, v)=—1:(5) fir {=0.

i
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Ist z.B. 4y ({) streng monoton und gilt

L —
§hm_'

so heifit ¢, eine Osgood-Funktion,

Satz 5.1. Es gebe eine in A sletige Schar z (M) =z (b, X) ER
(0 = ) =< o0) mit den Eigenschaften (5.8), derart daf Fiir L = 0 die
folgenden Ungleichungen erfiillt sind:

= Ei Anr (x, @) 20 (A)— Kby (| 2; W ) — b2 (2 (M) >0 (x€G),

RIz(MI(x)>0  (xeI).
Dann gilt die Aussage (5.2) fir die befrachieten Funktionen w, v.

Beweis. Essei x; der in den Ausfithrungen von Abschnitt'5.3
erwihnte Punkt aus G. Schitzt man dann die rechte Seite in (5.7)
mit Hilfe von (5.11), (5.12) ab und benutzt dabei (5.6) und (5.9),
so ergibt sich F lwl (xy) = F vl (x;). (Widerspruch!)

Satz 5.2. Esseien folgende Voraussetzungen erfiillt:

a) Wy, (f) ist eine Osgood-Funktion, )

b} ¢z (f) = 0,

¢) P (x) ist auf I' beschrinkl,

d) es existieren eine Funktion o (x) € C,(G)NC2(G) und eine
Konstante » == 0, derart dafi auf G gilt:

k 1

n T
[5]3:' ;E_ A_H (-.x, w;}{l}hmg} 1, - iz:i Aj,; {x, w;} Qg < H.

Dann gilt die Aussage (5.2) fir die befrachielen Funkiionen w, v.

‘Beweis. Esgeniigt zu zeigen, dab eine Funktionenschar z (A, x)
existierl, welche die in Satz 5.1 verlangten Eigenschalten besitzt.
Eine solche Schar ist hier

2(h, x) =k (A, ©()
mit
;
kmn=m+SMLﬂ%
a
i

ds ' | .
MS :}m=i_“TT fir A>0, A(0,7)=0,
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wobei b eine positive Konstante, a eine geniigend kleine Konstanté !

und || 0, (x) || = p(r€0) ist.

Fiir den Fall R [u]l = u wurde der Satz 5.2 von R. Redheffer [18] -

mit Hilfe eines von ihm hergeleiteten Randmaximumsatzes [17]
bewiesen. Redheffer fordert statt d) lediglich, daRl fiir jedes abge-

schlossene Teilgebiet B — G eine Funktion o € C,(B) und eine °

Konstante x mit den Eigenschaften (5.13) existieren. Damit kommen
wir auch hier aus, wie im folgenden gezeigt wird.

Es sei etwa w (x) = v (x) + m mit m = 0 auf dem Rand einer
solchen Teilmenge B und F, lw] (x) = F; vl (x) auf G. Dann ist
auch Fylwl (x) = Fylv - ml(x) aul B, und die Anwendung des
Satzes auf B stalt G ergibt: w (%) = v (x) + m auf B. Es gelte nun
w (x) = v (x) auf I', und es bedeute {B,} eine Folge abgeschlossener
Gebiete mit B, © B,yy < G, limB, =G und w(x) =ov(x) + n?
“auf dem Rand von B,. Dann hat man also auf B,: w (x) =v(x) 4 —:]
und damit aul ganz G: w (x) = o (¥).

9.5. Randmaximumsatz. Wihrend . sich die Monotonie-Eigen-
schaft (5.2) unter bestimmten Annahmen auch aus dem Randmaxi-
mum-Satz folgern 148t, erhilt man umgekehrt aus der Monotonie-
Eigenschaft I%ae;dmaximumsiitze,

Im folgenden sei Filul — u, und wir nehimen der Einfachheit
halber an, dafl die Aussage (5.2) fiir alle v,w € R richtig sei. Dann
gilt der folgende Satz.

Satz 5.3, Es seien vw € R zwei Funkiionen mit der Eigm«
schaft

Filw) (x) = F, [v](x) (x€G).
Ferner gebe es eine Funktion z (x) € R, derart dap-
2()>0 (x€0), |
G-14)  FlI0=Filv+iz (] (x€6, 0= < oo).

Ist dann A
(5.15) m=0
fiir d
v (x) —awix) | :
m—=qnax {—?{EI——.IEF},
so gilt
(5.16) 2wl (€5,

z(x)
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Hat man statt (5.14) sogar
Filvl|=Filv+hz] (x£G; — o0 <<h<Ioo),
so gilt (5.16) ohne die einschrinkende Voraussetzung (5.15).

Dieses Ergebnis erhalt man, wenn man die Aussage (5.2) auf w
und v 4 mz statt v anwendet.

Fiir z (x) = 1 ergibt sich der iibliche schwache Randmaximumsatz.
Um den starken Randmaximumsatz zu beweisen, nach dem das
Maximum nur aufI' angenommen wird, mifte man stirkere Monoto-
nie Aussagen benutzen. In diesem Zusammenhang sei darauf auimerk-
sam gemacht, dafl man die zweite Ordnungsrelation in € auch etwa
folgendermafien definieren kann:

X)) =0, g(x)==0 (xeQ),

U"w'm]}{]:ﬁlm{x}}ﬂ (xeT).

6. Gewohnliche Randwertaufgaben vierter Ordnung

Das Monotonie-Verhalten von Differentialoperatoren vierter
Ordnung ist erheblich komplizierter als das von Operatoren zweiter
Ordnung, und dementsprechend schwieriger ist auch die Anwendung
des Satzes 2.2. Wir wollen hier nun einen gewissen Eindruck wver-
mitteln, wie man vorgehen kann [24].

Wir hetrachten Differentialoperatoren

L (] -~ (au’)"— (bu’) + But +cu

auf dem Intervall [0, 1] und (der Einfachheit halber) nur Randbedin-
gungen der Form
& [ 1 (0) =0, et (0) 4 e’ (0) =0 mit |ey| 4|z | =0,
OD 1w (1) =0, B’ 1)+ P’ (1) =0 mit [By|+|Bs] 0.
(Die Uberlegungen lassen sich aber weitgehend aui allgemeinere
Randbedingungen ﬁbertraﬁen.] Ebenfalls zur Vereinfachung wird
angenommer, dafi alle in diesem Abschnitt vorkommenden Funktio-
nen von x auf [0, 1] reellanalytisch sind.
Es bezeichne @ die Menge dieser analytischen Funktionen und
R die Teilmenge der Funktionén aus &, welche die Randbedingungen
(6.1) eridillen. :
Wir fragen nach hinreichenden Bedingungen fir die iglgende
Aussage: AR
G.ALu)=00=x=N=ux)=00=x=1) fir v € R.

Diese Aussage ist gleichbedeutend damit, dabl eine zugehirige Green-
sche Funktion existiert und positiv ist.



120 UACOBBIE JOKIANLE ONE-HOUR REPORTS

Um Satz 2.2 anwenden zu konnen, untersuchen wir zunidchst,
wann die folgende Eigenschaft vorliegt:
ulx)=0
(6.3) L [u (x}‘gﬂ{ﬂgxél-)-—;-[ O=x=1)furuecR.
Nlul(x)=0
Dabei bedeutet
(6.4) Nlul= —apu"+ap'a’+ Pu

einen Differentialoperator zweiter Ordnung mit geeigneten . Funk-
tionen p und P in den Koeffizienten.

Zur Anwendung der Theorie in Abschnitt 2 definieren wir R
und & wie oben beschrieben,

Mu=L [u],
u(x)=0
u=0: @[ D=x=1) fiir uch,
Nul(x)=0

U= =Ux=0 (0=x=1) fir UcS,

Ferner seien die jeweils zweiten Ordnungsrelationen in R und &
mit Hilfe der Eigenschaft o erklart. D.h. also z.B., daB u € R genau
dann = O ist, faﬁs 7u jederm v € M eine Nummer o mit v = nu exi-
stiert. In i hangt diese zweite Ordnungsrelation nicht nur von den
cgebenen Randbedingungen, sondern auch von den gewiihlten Funk-
ionen p, P ab. ;
Wihrend bei Differentialoperatoren zweiter Ordnung die in
Voraussetzung | geforderte Eigenschaft (2.2) unter schwachen Bedin-
ngen recht einfach bewiesen werden kann, macht Vorausselzung 1
ier am meisten Schwierigkeiten. Sie ist erfillt, falls p und P
bestimmte Eigenschaften haben. Ein Beispiel gibt der folgende Satz.

Satz 6.1 [24]. Es gebe zwei Funktionen p (x) und P (x), derart
daf folgende Gleichungen und Ungleichungen erfillt sind:

(@'Y — (bp) +Bp1 2P =0 (0=x=1),
=0 fir 0=x=E,
=0fir E=x=1,
px)=0 (0<x<l)
mit einer oberen Schranke C von c;
cW=Cly) D=zx=1)

.;;{JIIP”}" + 6P P —2aCp —(aC)'p {
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und einer Zahl &€ [0, 1;
(6.5) p=p=ap"+P=0, p =0 fiir x—-0 und x=1.
N lul bedeute dann den mit diesen Funktionen p, P definierten
Differentialausdruck (6.4).
Ferner existiere eine Funktion z € R, derast daf
z2(x)=0, NRzI®=0, Liz1(x)=0 (0=x=1).
Dann gilt (6.3) fiir alle u € R. ;

Bemerkung Bei allgemeineren Randbedingungen als (6.1)
erhilt man statt (6.5) kompliziertere Randbedingungen fiir p und P.

Wenn der Nachweis der Eigenschaft (6.2) das eigeniliche Ziel
der Untersuchungen ist, muff man nun fragen, ob es Funktionen p
und P gibt, derart daff (6.2) und (6.3) im wesentlichen unter den
gleichen Voraussetzungen lﬁ(:lten. Derartige Funktionen kann man
in der Tat konstruieren. Und zwar haben sie die Form

p=eV —¢'¥, = —a (@Y —¢Y),
wobei ¢ und 1 gewisse Losungen der homogenen Differentialgleichung
Lul (x) =0 sind, welche in notwendigen Bedingungen fiir die
Eigenschaft (6.2) vorkommen. Darauf im Einzelnen einzugehen,
wirde an dieser Stelle zu weit fithren.

Es sei darauf aufmerksam gemacht, da jedoch auch die stérkere
Eigenschaft (6.3) fiir einen festen Operator N [zl von unmittelbarem
Interesse sein kann. :

Levin [13] und Cickin [6] haben fiir Mehrpunkirandwertaufgaben
n-ter Ordnung gezeigt, wie die Positivitdt der Greenschen Funktion
mit dem oszillatorischen Verhalten der Differentialgleichung zusam-
menhdngt. Diese Ergebnisse sind auf den Spezialiall oy =z =0
der hier betrachteten Randbedingungen anwendbar.—Andere Bedin-
gu fiir die Positivitat der Greenschen Funktion werden fir spe-
zielle Fille von Problemen vierter Ordoung (auch mit partiellen
Differentialoperatoren) von Aronszajn u. Smith [1] hergeleitet.
Die abstrakte Theorie dieser Autoren bezieht sich allgemein auf
Hilbert-Riume mit reproduzierendem Kern. Numerische Beispiele
fiir die Anwendung der Monotonie-Eigenschaft bei Differentialglci-
chungen vierter Ordnung werden in [22] gegeben.

7. Fehlerabschitzung
7.1. Allgemeine Bemerkungen. Gegeben sei eine Gleichung
(7.1) Mu=r.

Dabei bedeutet M einen (nicht notwenclig linearen) Operator, welcher
eine Teilmenge ® eines halhgeordneten linearen Raumes R in einen
halbgeordneten linearen Raum & abbildet, und es sei r € &.
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Der Operator M habe die Eigenschaft, daf fiir zwei feste Elemente |

v, w €D und alle u € R folgendes gilt:
Mu=Mv=u=no, Me=sMu=w=u.

Hinreichende Bedingungen fiir die erste dieser Aussagen wurden in den

vorangehenden Abschnitten besprochen. Die zweite 148t sich auf

die erste zuriickfiihren, indem man zur entgegengesetzten Ordnu ngs- -

relation iibergeht.
Hat die Gleichung (7.1) eine Lésung u* € D, so gilt dann:
{7.2) Mosr=Mv=w=uy*=v. :

Solche oberen und unteren Schranken v, @ fiir die Losung u* kann
man oft mit Hilfe ciner Niherung ¢ € ® fiir «* konstruieren. Ist
V =9+ pz, w =0 —pz mit 2=0 aus R und reellem p, so geht
die Aussage (7.2) {iber in: '

7.3) !M{rpwpz}—MTéd[wléM{'+=+PE]-M¢——*:
1 :,—ngu'—-q:*__a'_pz,
wohei K
dg] = —Mqg+r

den “Defekl” der Naherung ¢ bedeutet. (Allgemeiner kann man den
Ansatz v = g + pz;, w = ¢ — pozs machen.) Hat insbesondere M
die Form (4.5) (mit linearem Operator A), so bedeutet (7.3):

(1.4 ‘—Ma—r [Be¢—B (¢ —p2)] =d gl = pAz— [B (¢} pz) — Bp]=
-4 =—pR=ut—g=ps.

Wir haben fir das in den Fehlerschranken aufiretende Element z
denselben Buchstaben verwendet, wie fiir das Element in der jeweils
‘zweiten Voraussetzung der Sitze 2.2 und 4.1. Das geschah deshalb,
weil man in der Tat in beiden Zusammenhiingen oft dasselbe Element
(oder doch sehr dhnliche Elemente) benutzen kann. Ist z.B. M linear,
so folgt aus (7.4), daB wenigstens Mz = O gilt, wihrend in (2.3)
Mz > 0, also “wenig mehr” gefordert wird.

Die Existenz einer Lésung «*€ D muB bei der obigen Fehlerab-
schatzung vorausgesetzt oder mit anderen Mitteln bewiesen werden.
Dazu machen wir nun noch einige Bemerkungen.

Die obigen Ungleichungen sind gewissen Formeln sehr ihnlich,
auf welche man kommt, wenn man einen Fixpunktsatz (ectwa den
Satz von Schauder) zum Existenzbeweis benutzt.

Gilt zB.: 4 = u = Bu = Bu (u, u € D), ist A inverspositiv und
Tu = A (Bu -+ r) fir u € D definiert, so hat (7.4) zur Folge, daB
der Operator 7' die Menge 8 — {u €9 —awz =u =9 -+ az} in
sich abbildet (sofern n§ — ®). Damit ist ecine der wesentlichen
Voraussetzungen der meisten Fixpunkisitze erfiillt.
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Ist B nicht isoton, jedoch B
—E{UZ}'%B&-—-—EIPEE{UE} fir —oz=u—y=oz
i i - B i leichen
it einem geeigneten Operator B, so bildet T (unter sonst g :
ﬁllr’l{;rausaetzu%gen) das Intervall {u€R: y —Z=u=9+ oz} in
sich ab, falls

(7.5) —0Az+ B (02) =d [g] = 0Az— B (02)

el i itiv ist, erfordert dabei oft
Die Voraussetzung, dall A inverspositiv ist, erfor bei
nur das Nachpriifen Iéga Voraussetzung 1 von Satz 2.2, dann ndmlich,
wenn aus (7.4) bzw. (7.5) bereits Az > O folgt. t'
Auch hinreichende Bedingungen fiir die Konvergenz des Itera mng—
veriahrens u,+; = Tu, konnten oft in der Gestalt (7.4) oder (7.5)

-hrieben werden. _ _ ‘ )
gHSLIEI“;I:‘3 :}:Ln nun auf irgendeine Art die Existenz einer Ldsung

u* <@ - oz mit o > p nachgewiesen, so Kann man in Satz 4.]
v = 0 — p setzen. _

.2, te Randwertanfgabe fiir die Differentialgleichung
—:uz#_?‘{]:,;?u}. [;l:s in AbsEhnilt 7.1 beschriebene allgemeine
Abschitzungsprinzip haben wir auf Randwertauigaben folgender Art
praktisch angewendet:

—Au=f(x, y, u) fir (x, y)€G,
u=s(x y) fur (x el

i ist (x,y) statt (xy, x;) geschrieben; sonst benutzen wir
23&% Ir:i ie l[}';!ﬂféi"f:ichmmt : éer vorangehenden Abschnitte (im
‘alle n = 2). Die Funktion [(x,y, u) sei etwa fir (x, y) Eh{.]‘*
— oo < u < oo stetig differenzierbar. Wir setzen zur Abkiirzung:

Agu— —Au, Bou=f(x, y, a), By(w)=[ulx, y, u).
Bedeutet nun ¢ eine Néherung fiir eine Lésung u* und
6 (@] = — A + Bow

so [aft sich (7.3) bzw. (7.4) in der folgenden Form schreiben.
Die Ungleichungen

(7.6) —pAgz+ [Boy— By (p—p2)| =8yl =
= pAgz— B, (9+ pz) — Byp] auf G,
(7.7) _ |lg—s|=pz auf T
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irplizieren die Fehlerabschitzung
(7.8) |u*—¢|=pz auf G.

Damit diese Abschitzung eine méglichs ii
. Dan i oglichst scharfe Auss
die Lasung macht, méchte man zundchst eine Niherun;geip u:?]?;

“mbglichst kleinem” Defekt d [p] = ( “'_T_L) und dann eine méglichst

kleine Konstante p mit der Eigenschaft (7.6), (7.7) ermi i
: 1 0), (7. rmitteln. B
Probleme sind nichtlinear und werden fiir dfe{pra{ctische E?irch?ﬁl‘?f

:[1;:_151 ;iﬁl&lﬂmﬂ Im Einzelnen verlduft das benutzte Verfahren folgen-

Schritt D (Differenzenverfahren; dieser Schritt i i
. € ; Lian
linearen Problemen): Mit dem Differenzenverfahren we:éianai:;( L'i]:fl!

r{(nntenpunkten (%1, yn) eines quadratischen Gitters Néherungswerte
4k berechnet. Die dabei auftretenden nichtlinearen Gleichungssysteme
werden iterativ geldst; und zwar haben wir eine Kombination aus dem

Eércired:;;?n Iterationsverfahren und der “Successive Overrelaxation”

Schritt A (Approximation): Statt des exakien De ektes
3 v :
8 l@] wird in den Knotenpunkien der in ¢ lineare Nﬁherungsdfef:kt

8 [¢1= — Ayg + Boa—+ By (@) (5 — )

betrachtet. Die Parameter a,, . . . fin .
chenden linearen Ansatz ! » @ 171 einemn dem Problem entspre-

P=PpT &P ... + Gt

werden so bestimmt, dag 3 [¢] und 3 [¢) = — im 5i
der Normen méglichst klein amt’al]eﬁ. Feream i talpens

Fall 1, diskrete Gauf-Approximation:

2

5 J i =
_ | 8 (x5, un) |2 |8 (xe, pn) |2
G) ‘ E’ wh ER wih

Dabei erstreckt sich die erste Summe tiber das In

; _ nere und d
des Glttc:r—(}ebietes und die zweite Summe iiber den GitteE:RRa?ﬂld
Als Gewichte W,, und w,, wurden benutzt: entweder ,

(7.10)  Wiu=1, wy,=1 (fiir alle vorkommenden Indices)
oder

(7.11) - Wi =(4oz— B, (1) 2) (x,, Uiy Wy =2 (%1, ya).

(7.9)
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Die letzten Gewichte enthalten bereits die in der Fehlerabschatzung
benutzte Funktion z.

Fall 2, diskrele Tschebyscheff-Approximation:

6 e =
a ¥ ﬁ‘{ 1 } J
IZ?. ]'2} :5 = max {mia]; % ; mf'x i -':nﬂ.ﬁ
wobei max die Punkte des Gittergebietes und mz;x die des Gitterrandes
i
betrifft.

Im 1. Fall ist ein lineares Gleichungssystem zu lésen, im 2. Falle

ein Problem der linearen Optimierung. )
Als Fall 3 wurde noch eine diskrefe Orthogonalifdtsmethode

verwendet. Dariiber wurde bereits an anderer Stelle [23] berichtet.

Schritt F (Fehlerabschdtzung): Mit einer geeignet ihlten
Funktion z wird zunichst eine Konstante p, bestimmt, derart daB

|6 (@] | = pe (Asz— By(w)2) aul G,
|p—s|=p2 auf T

Dann wird p = (1 4 ) po gesetzt mit einer kleinen Zahl e >0
(z.B. & = 0,01) und nachgepriift, ob die Ungleichungen (7.6) mit
dieser Zahl erfiillt sind. Ist dies der Falle, so gilt die Fehlerabschit-

zung (7.8). g

7.3. Numerische Beispiele. Bei den folgenden Beispielen wurde
das in Abschnitt 7.2 beschriebene Verfahren benutzt. Diese Beispiele
wurden bereits friiher in anderer Weise behandelt [23].

Beispiel la Essei G das Quadrat
(7.13) G—{(x, yy: [x| <1, Ty|<1},

und die Aufgabe laute
—Au= —e* (x€G), u=0 (x€I).

Es ist unzweckmiflig, die Abschitzungsmethode des Abschnittes 7.2
auf dies Problem direkt anzuwenden, da die zweiten Ableitungen der
Lésung in den Eckpunkten des Quadrates nicht beschrinkt bleiben.
Eine Transformation v = u — p mit geeigneter Funktion p (x, &)
behebt diese Singularitdten. Die Funktion p besteht aus vier Sum-
manden vom Typ n=! Im (2* log 2). Zu jeder Ecke gehért ein Summand;
z. B.ist z=1+ x + i (1 4+ ) fir die Ecke (x, ) = (— 1, — I).
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Die Abschitzungsmethode wurde auf das transformierte Problem
~Av= — ™ (2€G), v—p (x€T)

angewendet.
Im Schritt D wurde die Maschenweite h = 0,04 benutzt. ;
Im Schritt A wurde eine Ansatzfunktion gewdhlt, welche die
Randbedingungen erfiillt:

(7-14) @ = @0+ (1 —2%) (1 — ) [0y (X)+ @ (1) + ..« - Gt ()],
Dabei ist qq = — v, mit

o= [H () +Hy)—H (1), H(x)=h(x)+h(—x),
b (x) = 2 (14 %) 10g [4-+(1 = 2)?] - [4— (1 4 x)*] arctg + (1+ x)— =,

und die y; bedeuten Polynome mit geeigneten Symmetrie-Eigenschaf- -

ten: 1, x* - 47 X%, ... .
Im Schritt F wurde 2 = 2 — x* — y? benutzt. Es ergab sich die
Fehlerabschitzung:

[0*—q|=|u*—p—@|=<p@—xt—yp).

Dabei entnehme man p und @(0,0) der folgenden Tabelle. In dieser
Tabelle bedeutet “G-Appr.” bzw. “T-Appr.”, daB beim Schritt A im
Sinne der Norm (7.9) bzw. (7.12) approximiert wurde, und die Formel-
numinern (7.10), (7.11) zeigen an, welche Gewichte benutzl wurden.
m ist die Zahl der freien Parameter in der Ansatzfunktion ¢.

Numerizches Verfahrea ‘ f € (0,0)

3

G-Appr, (T.10) m=4 0,000729 | —1,127 690

T-Appr. (7.10) m=4 0,000 462 | —1,127 612
G-Appr. (7.10) m=6 | 0,000382 | —1,127 663
T-Appr. (7.10) m—6 | 0,000314 | —1I,127 684

In allen Fillen war: -
(7.15) v(0, 0)=—1,127655, p (0, 0) = 0,882 454.

Beispiel Ib. Dieses Beispiel unterscheidet sich vom Bei.
spiel la im wesentlichen dadurch, da8 ¢ nicht die Randhedingﬂﬂgfn
erfiillt. Es wurden verwendet: ) :

(7.16) P=oPs + %P+ .. | AnlPm
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mit den ; aus Beispiel la und
(7.17) z=2,1—x3—y9,
Numerische Resulfate:
for*—g|=u*—p—g|=p (21— 1 —p).

| Mumerisches Verfahren o Q@ (0,0)
G-Appr. (7.11) m=9 0,000 756 | —1,127 664
P T-Appr. (710} m=9 0,000 284 | —1,127 635

(0, 0) und p(0, 0) wie in (7.15).

Beispiel 2a Esseiwiein(7.13), jedoch laute die Randwert-
aufgabe jetzt:

— A e® (xE-G}k =0 (xel).
In diesem Falle wurde zunidchst die Transiormation v — u + p
durchia[ﬁhrt (p wie in Beispiel la). Im iibrigen unterschied sich das

Vorgehen ven dem in Beispiel 1a nyr dadurch, dafl in (7.14) ¢o =
gewahlt wurde.

Numerische Resultate:
|o*—o|=|u*+p—o|=p(2—x*—y*).

Mumerisches YVerfahren 1 I L

G-Appr. (7.10) m=4 0,001 935 | 1,278038
T-Appr. (7.10) m=4 0,003 644 1,277 976
G-Appr. (7.10) m=6 0,000 916 1,278 071
T-Appr. (7.10) m=6 |. 0,001 198 1,277953

(7.18) v (0, 0)=1,278103, p (0, 0)=0,882542.

Beispiel 2b. Hier handelte es sich um dieselbe Aufgabe wie
in Beispiel 2a. Es wurden jedech ¢ und z in (7.16), (7.17) verwendet.

-
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Numerische Resultate:

0" —|=|u*+p—g[=p (21— x—p). y

¢ (0,0)

Numericche: Verfahren ' P

G-Appr. (7.11) m=9 | 0,002931 | 1,277948
T-Appr. (7.11) m=9 0,001 267 | 1,277382

2 (0, 0) und p(0, 0) wie in (7.17).

Bemerkung 1. Im Schritt F wurde die Ungleichung (7.6)
lediglich fiir die Gitterpunkte eines Gitters mit der halben Maschen-
weite 0,002 nachgepriift, und es wurden Hohenlinien der Defeki-
Funktion &§ [g] (x, y) mit Hilfe der Maschine gezeichnet. Es ist jedoch
<in Programm in Vorbereitung, mit dessen Hilfe auch die Priifung der
Ungleichungen (7.6) unter Verwendung einer Intervallarithmetik fiir
das ganze Gebiel G exakt erfolgen soll.

Bemerkun ﬁ 2. Bei allen Beispielen war die fir Schritt A und
¥ erforderliche Rechenzeit geringer, z. T. wesentlich geringer, als die
fiir Schritt D bendligte.

Die numerischen Rechnungen wurden am “Institut firr Instru-
mentelle Mathematik des Landes Nordrhein Westfalen” in Bonn
durchgefiihrt. Ich danke meinen dortigen Mitarbeitern, den Herren
Lautenbach, Schock und Schiitz.

Mathematisches Institut
der Universitit zu Kiln,
Bundesrepublik Deutschiand
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NEUERE ERGEBNISSE DER BEWEISTHEORIE
KURT SCHUTTE

Die Beweistheorie wurde von David Hilbert begriindet, um die
klassische Mathematik als widerspruchsfrei nachzuweisen. Das
utspriingliche Ziel des Hilbertschen Programms, Widerspruchsfreiheits-
beweise mit den elementarsten Methoden einer finiten Mathematik
durchzuliihren, erwies sich allerdings fiir die nichttrivialen Teile der
Mathematik als grundsitzlich unerreichbar, seitdem die Unvoll-
stindigkeitssdtze von Godel bekannt wurden. Hiermit hat jedoch die
Beweistheorie keinesw ihre Bedeutung wverloren, sondern sie ist
vielmehr mnoch reichhaltiger in ihrer rfufgabenstellung geworden.
Gerade mit der von Godel stammenden Erkenntnis, dafi sich hohere
mathematische Theorien nicht mit den elementarsten Methoden als
widerspruchsfrei begriinden lassen, ergab sich fiir die Beweistheorie
die Aufgabe, die einzelnen Teile der Mathematik hinsichtlich ihrer
logischen Voraussetzungen und ihrer Beweiskraft gegeneinander
abzugrenzen. Auch hierfiir sind die Widerspruchsfreiheitsheweise
wichtig. :

Es liegen jetzt bereits fiir verhaltnismaBig starke Teile der Mathe-
matik Widerspruchsfreiheitsbeweise vor, die zwar nicht auf streng
finiten Methoden beruhen {wie es ja auch nach Gddel gar nicht méglich
sein kann), aber doch noch als mehr oder weniger konstruktiv anzuse-
hen sind. Solche Widerspruchsfreiheitsbeweise geben, wie insbeson-
dere Kreisel gezeigt hat, konstruktive Interpretationen fiir nichtkon-
struktive mathematische Theorien, und sie liefern konstruktive
Verscharfungen fiir nichtkonstruktiv bewiesene mathematische Satze.
Hierzu ist es wichtig, sich genau dariiber klar zu sein, auf welchen
Methoden ein Widerspruchsireiheitsbeweis beruht, um den Konstruk-
tivitdtsgrad dieses Beweises genau zu charakterisieren.

Ich méchte in diesem Vortrag versuchen, einen kurzen Uberblick
{iber beweistheoretische Abgrenzungen von einigen Teilen der Mathe-
matik zu geben, wie sie sich aus den vorliegenden Widerspruchsirei-
heitsbeweisen ergeben.

Lassen Sie mich von den Ergebnissen von Gentzen ausgehen, da
auch die neueren Widerspruchsireiheitsbeweise vielfach auf dhnlichen
Methoden beruhen und zu dhnlichen Ergebnissen fithren. Wie zuerst
Gentzen erkannt hat, geniigt es als methodisches Hilfsmittel zum
Widerspruchsireiheitsbeweis fiir die reine Zahlentheorie, neben streng
finiten Mitteln eine Induktion zu verwenden, die stirker als die
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gewohnliche wollstindige Induktion ist, ndmlich eine Induktion dber
eine elementar definierte abzdhlbare Wohlerdnung. Solche Wohlord-
nungen werden durch konstruktive Ordinalzahlen der 2. Zahlenklasse
charakterisiert. Dabei handelt es sich bei der von Gentzen benutzten
Induktion um die kleinste e-Zahl &;. Gentzen bewies fiir ein forma-
les System Z der reinen Zahlentheorie:

(1) Eine Wohlordnung R der natiirlichen Zahlen vom Ordnungstyp
ey lafit sich in primitiv-rekursiver Weise so definieren, dal‘igsdyie
Wohlordnung jedes echten Abschnittes von R im System Z beweis-
bar ist.

(2) Fiir keine Wohlordnung der natiirlichen Zahlen vom Ordnungs-
typ > e, ist die Wohlordnungseigenschaft im System Z beweisbar.

(3) Die Widerspruchsfreiheit des Systems Z ist durch Induktion
iiber die unter (1) angegebene Wohlordnung R beweisbar.

Dieser Widerspruchsfreiheitsbeweis ist konstruktiv, sogar im
strengsten Sinne pradikativ, da die hierzu benotigte Wohlordnung R
in primitiv-rekursiver Weise definiert isl und die Wohlordnungs-
eigenschaft von R zwar nicht mit streng finiten Mitteln, wohl aber
auf einem einfachen konstruktiven Wege beweisbar ist. Man kann
diesenn Wohlordnungsbeweis ohne Benutzung des tertium non datur.
in einer konstruktiven Logik der 2. Stufe fithren, in der nur in pradi-
kativer Weise {iber die arithmetischen Grundpriadikate quantifi=
ziert wird.

Offensichtlich benutzt der Widerspruchsireiheitsbeweis von Gen-
tzen in optimaler Weise nur die schwachste Induktion, die zu einem
solchen Beweis erforderlich ist. Die Induktion bis g, liefert den Wider-
spruchsireiheitsbeweis, und aus dem Unvollstindigkeitssatz von
Gddel geht hervor, dafl hierzu keine schwichere Induktion ausreichen
wiirde. Die reine Zahlentheorie wird somit beweistheoretisch durch
die Ordinalzahl e, charakterisiert. Ebenso werden stirkere mathe-
matische Theorien durch hohere Ordinalzahlen charakterisiert, die
sich zum Teil in dhnlicher Weise aus den betreffenden Widerspruchs-
Ireiheitsbeweisen ergeben. :

Bevor ich darauf eingehe, mochie ich jedoch noch weitere Methode
skizzieren, mit denen bisher komsiruktive Widerspruchsireiheitsbewei-
se durchgefiihrt wurden.

Die von Gentzen benutzte Zuordnung ven Ordinalzahlen zu den
formalen Beweisfiguren hat sich zwar als optimal erwiesen, ist aber
durchaus nicht naheliegend, sondern -verhiltnismalig kompliziert.
Die beweistheoretischen Untersuchungen werden grundsitzlich einfa-
cher und durchsichtiger, wenn man die zu untersuchenden endlichen
Beweisfiguren in unendliche Baume auflist, indem man die formali-
sierte vollstindige Induktion durch einen Schlufi mit unendlich vielen
Pramissen ersetzt, nimlich durch den Sehlufi von allen Formeln A(2)
fiir jede Ziffer z auf die Allformel VxA(x). Diese sogenarnte unendli-

g
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che Induktion, die bereits von Hilbert vorgeschlagen wurde und die
in ilwer nichtkonstruktiven Fassung als Carnap-l%igel bekannt ist,
wurde zuerst von Lorenzen zum Widerspruchsireiheitsheweis fiir die
verzweigte Typenlogik herangezogen. Bei den Widerspruchsfreiheits-
beweisen, die mit Benutzung der unendlichen Induktion erfolgen,
werden die endlichen Beweisfiguren in einer primitiv-rekursiven
Weise in unendliche Formelbdume umgeformt, fir die dann in keon-
struktiver Weise geeignete Rekursionen erklart werden, mit denen
sich die Widerspruchsfreiheit des zugrunde liegenden formalen Systems
ergibt. Ordnet man den Formeln der unendlichen Bdume in der Weise
Ordinalzahlen zu, dal jeder Konklusion die kleinste Ordinalzahl
zugeordnet wird, die grofler als alle Ordinalzahlen der Primissen
ist, so findet man fir das formale System der reinen Zahlentheorie die
kleinste e-Zahl e, als obere Grenze der bendtigten Ordinalzahlen.
Man kommt also auf dem Wege iiber die unendliche Induktion in
nattrlicher Weise zu denselben Ergebnissen, die Gentzen mit wesent-
lich komplizierteren Zuordnungen gefunden hat. Hiermit ist auch
die Moglichkeit gepeben, Widerspruchsfreiheitsbeweise fiir stirkere
Systeme als fiir die reine Zahlentheorie in verhiltnismiBig durch-
sichtiger Weise zu gewinnen.

So wurde von Ackermann ein formales System der typenfreien
Logik auf der Grundlage der unendlichen Induktion formuliert und
als widerspruchsfrei nachgewiesen. In diesem typenfreien Sysiem ist
das tertium rion datur nicht allgemein herleitbar. Jedenfalls ist es aber
fir alle diejenigen Formeln herleitbar, fiir die sich eine pradikative
[nterpretation angeben ld8t. Daher kann das gesamte System der
verzweigten Typenlogik, das schon vorher von Lorenzen als wider-
spruchsfrei nachgewiesen wurde, in das typenfreie System von Acker-
mann eingebettet werden, womit sich ein zweiter Widerspruchsfrei-
heitsbeweis fiir die verzweigte Typenlogik ergibt. In dem typenireien
System sind die Begriffe, die zu den logischen Antinomien fithren,
formulierbar. Die Antinomien kommen jedoch in dem System nicht
zustande, weil das tertium non datur fur die betreffenden Formeln
nicht herleitbar ist.

Um Teile der klassischen Analysis in dem typenireien System von
Ackermann darzustellen, mifite man solche Bereiche der Analysis
abgrenzen, fiir die sich das tertium non datur in dem typenfreien
System herleiten 1aBt. Wie weit dies iiber die Grenzen einer pridika-
tiven Analysis hinaus moglich ist, ist bisher noch nicht genau unter-
sucht worden. Ich mochie deshalb nicht ndher auf die typenfreie
Logik eingehen.

Es ist aber noch eine weitere Methede zu nennen, mit der konstruk-
tive Widerspruchsfreiheitsbeweise durchgefiihrt wurden. Ich meine
die Methode, die Gédel im Jahr 1958 zum Widerspruchsireiheitsbeweis
fiir die reine Zahlentheorie entwickelt hat. Die Uberschreitung des
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finiten Standpunktes erfolgt bei diesern Godelschen Beweis nicht durch
hohere Induktionen wie bei den bisher angegebenen Widerspruchs-
ireiheitsbeweisen, sondern durch Einflihrung von rekursiven Funk-
tionalen hoherer Typen. Es geniigt also, sich auf gewisse abstrakte
Objekte zu beziehen, die nicht mehr zum Gegenstand der finiten
Betrachtung gehiren, aber noch konstruktiv erklart sind, um die
reine Zahlentheorie als widerspruchsirei einzusehen, Wie aus diesem
Ergebnis hervorgeht, ist das Beweismitlel der Funktionale hoherer
Typen nicht schwicher als die von Genizen benutzte Induktion bis
£g, aber es ist von grundsdtzlich anderer Art und wohl auch einsich-
tiger als das Induktionsprinzip.

Zusammenfassend 18t sich sagen, dafl bisher im wesentlichen drei
verschiedene Methoden fiir konstruktive Widerspruchsireiheitsbe-
weise verwendet wurden:

1. Die von Gentzen stammende Methode der Zuerdnung wvon
Ordinalzahlen zu endlichen Beweisfiguren mit einer konstruktiven
Induktion iiber die betreffenden Ordinalzahlen.

2. Die Methode der unendlichen Induktion mit metamathemati-
schen Induktionen {iber konstruktiv definierte unendliche Formel-
haume.

3. Die Godelsche Methode der Einfiihrung von héheren Funktio-
nalen.

Alle drei Methoden wurden nicht nur auf die reine Zahlentheorie,
sondern auch auf wesentlich stérkere formale Systeme angewendet.
Ich werde bei Nennung der neueren Widerspruchsfreiheitsheweise im
einzelnen angeben, welche der drei genannten Methoden dabei haupt-
sichlich verwendet wurden.

Eine Abgrenzung der pradikativen Mathematik ergab sich im
wesentlichen mit der an zweiter Stelle genannten Methode der unend-
lichen Induktion. Feferman und ich fanden gleichzeitig und unab-
hangig voneinander eine Ordinalzahl, die fir die prédikative Mathe-
matik ebenso charakteristisch ist wie &, fiir die reine Zahlentheorie.
Diese Ordinalzahl, die ich als kleinste “stark kritische” Ordinalzahl
¥, bezeichne, lafit sich folgendermallen beschreiben:

(1) Es sei gy (n) =w%.

(2) Fir v == 0 sei ¢, die Ordnungsfunktion der Ordinalzahlen E mit
der Eigenschaft g, (£) =& fir alle p << v. Das heifit, g, sei eine
monoton wachsende Funktion mit dem Wertebereich :

{E: Vu<v (9 (B) =E)).

(3) Eine Ordinalzahl » heifle “stark kritisch”, wenn o, (0) = % ist.
Die Ordinalzahl wx,, die fiir die pridikative Mathematik charakte-
ristisch ist, ist die kleinste stark kritische Ordinalzahl.

Die entsprechenden Eigenschaften, die e, fiir die reine Zahlentheo-
rie besitzt, lassen sich fiir g beziiglich der pradikativen Mathematik
nachweisen, namlich:
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(1) Eine Wohlordnung W der natiirlichen Zahlen vom Ordnungs-
typ %, laBt sich in primitiv-rekursiver- Weise so definieren, daB die
Wohlordnung jedes echten Abschnittes von W mit pridikativen Mit-
teln beweishar ist.

(2) Fiir keine Wohlordnung vom Ordnungstyp >%, ist die
thlqrdnungsei%enschaft pradikativ nachweisbar.

Feferman hat weiterhin gezeigt, dafl sich diese Pradikativitat
ebenso wie durch die verzweigte Typenlogik auch durch eine unge-
schichtete Folge formaler Systeme der Arithmetik 2. Stufe charakte-
risieren 1403t, bei der die unendliche Induktion in pradikativer Weise
zugelassen ist. Dieser Formulierung liegt nach dpem Vorschlag von
Kreisel eine hyperarithmetische Komprehensionsregel zugrunde, die
die Anwendung des Komprehensionsaxioms in folgender Weise cin-
schrinkt: Angenommen, es sei in der Arithmetik 2. Stufe folgende
Aquivalenz beweisbar:

Vx[VYA(x, Y)+=3ZB(x, Z)].

Dabei sei x eine Zahlenvariable, ¥ und Z seien Pridikatenvariablen,
A(x,Y) und B (x, Z) seien arithmetische Formeln. Unter dieser
Voraussetzung darf das Komprehensionsaxiom angewendet werden:

IZVx [Z (x) VY A(x, V).

Schrinkt man das Komprehensionsaxiom in der Arithmetik 2. Stufe
in dieser Weise ein und nimmt man die unendliche Induktion nur
in pridikativer Weise hinzu, so erhdlt man eine priadikative Analysis
als-echten Teil der klassischen Analysis. Das heifi{: Die Sprache dieser
pradikativen Analysis ist diesclbe wie die der klassischen Analysis,
und jeder Satz, der in der pridikativen Analysis beweisbar ist, gilt
auch im Sinne der klassischen Analysis. Die kleinste stark kritische
Ordinalzahl x, hat fiir diese pridikative Analysis dieselbe Bedeutung
als Grenzzahl wie fiir die verzweigte Typenlogik.

Die Ordinalzahlen e, und x, sind aber durchaus nicht die grofiten
Ordinalzahlen, die sich in beweistheoretischen Untersuchungen als
charakteristische Grenzzahlen fiir gewisse Bereiche der Mathematik
ergeben haben. ' _

Kreisel formulierte ein Teilsystem der intuitionistischen Analysis
mit Bar-Induktion vom Typ 0 unter Zugrundelegung einer formalen
Fixierung freier Wahlfolgen. Fiir dieses formale Systemgab W. Howard
eine Interpretation durch Funktionale hoherer Typen in Verallge-
meinerung der von Godel entwickelten Methode zum Widerspruchs-
freiheitsbeweis der reinen Zahlentheorie. Hiermit fand Howard eine
Ordinalzahl, die das formale System von Kreisel ebenso abgrenzt, wie
die pridikative Analysis durch », abgegrenzt wird. Die von Howard
angegebene Ordinalzahl ist wesent!ic% grofler als ;. Benutzt man
nach H. Bachmann Ordinalzahlen der 3. Zahlenklasse zur Kennzeich-
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nung der Kritischkeitsgrade von Ordinalzahlen, so ergeben sich die
“stark kritischen” Ordinalzahlen als die Q-kritischen Zahlen, wobei @
die Aniangszahl der 3. Zahlenklasse ist. Es'ist also %, = gqa (0). Die
von Howard gefundene Grenzzehl des Teiles der intuitionistischen
Analysis ist die kleinste Ordinalzahl g.q,, (0), deren Kritischkeits-

rad gleich der ersten e-Zahl oberhalb Q ist. Natiirlich Iafit sich diese
%rdinalzah] nicht mehr pridikativ verstehen, wohl aber noch in einer
gewissen konstruktiven Weise, auf die ich noch zu sprechen kommen
werde.

Noch wesentlich hohere Ordinalzahlen werden in den Wider-
spruchsfreiheitsbeweisengebraucht, die Takeuti fiir Teilsystemeder klas-
sischen Analysis gegeben hat. Takeuti stellte die Fundamentalvermu-
tung auf, daB der Gentzensche Hauptzatz iiber die Schnitt-Eliminier-
barkeit auch in einem geeigneten System der einfachen Typenlogik
gilt, und er bewies, dafi aus dieser Fundamentalvermutung die
Widerspruchsfreiheit der klassischen Analysis folgt. Es war lange
Zeit unbekannt, ob auch umgekehrt die Fundamentalvermutung m_t
deri Mitteln der klassischen Analysis beweisbar ist. Es gelang mir
lediglich, ein semantisches Aquivalent fiir die syntakt_lsche ﬁusgage
der Fundamentalvermutung abzuleiten. Dieses semantische Aquu{a—
lent bezieht sich auf partielle Wertungen der einfachen Typenlogik.
Unter einer partiellen Wertung V verstehe ich eine Zuordnung von
Wahrheitswertern w oder f zu Formeln der einfachen Typenlogik,
bei der nicht jede Formel einen Wahrheitswert zu erhalten braucht.
Eine partielle Wertung V soll folgenden Bedingungen gentigen:

Vi0d=w <> VA=
VA=f<=VA-uw.

V(A By=w <> VA=w oder VB=uw (wobei nicht beide For-
meln A und B einen Wahrheitswert beziiglich V zu besitzen brauchen).

VAV B)—f<>VA—fund VB—J.
Fiir gebundene Variablen x vom Typ v soll gelten:
VVx*A (x) = w <= VA () = w fiir jeden Term #* vom Typ 7.
VV¥xtA (x%) = f <> VA (t7) = [ fiir mindestens einen Term i+
vom Typ T. ‘ _
Entsprechende Bedingungen sollen fir V(4 A B) und VIx*A (x7)
Iten. .
B Erilne solche Wertung V heifie fotal, wenn sie jeder Formel einen
Wahrheitswert zuordnet. Es 1iBt sich dann beweisen:
Die Fundamentalvermutung von Takeuti trifft genau dann zu,
wenn sich jede partielle Wertung zu einer totalen Wertung erweitern

latit. -



136 YACOBBIE ZOKJIAJBI ONE-HOUR REFORTS

Hiermit haben wir ein semanfisches Aquivalent fiir die syntakti-
sche Aussage der Fundamentalvermutung., Mit Hilfe dieses semanti-
schen Aquivalents konnte W. Tait neuerdings die Fundamentalver-
mulung fiir die Pradikatenlogik 2. Stufe mit nichtkonstruktiven
Methoden heweisen.

_ Fiir gewisse Teile der cinfachen Typenlogik hat Takeuti konstruk-
tive Beweise seiner Fundamentalvennutung egeben, um auf diesemn
Wege zu konstruktiven Widerspruchsireihe ta%ewei&en fiir Teilgebiete
der klassischen Analysis zu gelangen. Hiermit hat Takeuti diestark.
sten Widerspruchsfreiheitsbeweise geschaffen, die bisher iiberhaupt
fur Teile der Analysis gefunden wurden. Sie umfassen unter anderem
die Arithmetik 2. Stufe mit dem II}-Komprehensionsaxiom, das heilit
mit dem Komprehensionsaxiom

Vi Vi VY0 VYR32V0 (2 (%) <= A (2,5, ..., %0, Vs, .0 Yo)]

fiir Zahlenvariablen x,x,..., x,, und Pradikatenvariablen Yo ¥o 2
unter der Voraussetzung, daf} in der Formel A G N SR, TN L
In prianexer Normalform nur Allquantoren fiir Pridikatenvariablen
auitreten. Dieses Komprehensionsaxiom ist auflerordentlich stark.
Es gestattet, weite Teile der kiassischen Analysis zu entwickeln.

_Die Methoden von Takeuti schliefien sich an Gentzen an, das
heiBt, sie beruhen auf Zuordnungen von Ordinalzahlen zu endlichen
Beweisfiguren. Entsprechend der Stérke der behandelten formalen
Systeme werden fir die Widerspruchsfreiheitsbeweise Induktionen
tber aullerordentlich grofie Abschnitte der 2. Zahlenklasse gebraucht,
Takeuti verwendet hierzu die von ihm entwickelten “ordinal dia-
grams”, die sehr umfangreiche Abschnitte der 2. Zahlenklasse in pri-
mitiv-rekursiver Weise definieren, aber nur mit verhiltnismaBig
starken Mitteln als wohlgeordnet nachweisbar sind. Es ist natiirlich
unmiglich, diese Wohlordnungsbeweise pridikativ zu fithren. Viel-
mehr braucht man hierzu den Begriff der “Erreichbarkeit”, wie er
zuerst von Ackermann verwendet wurde, in einer impriidikativen
Weise. Das impréidikative Element, das bei den Wohlordnungsbewei-
sen benutzt wird, 1a8t sich nach Kreisel durch das Prinzip der
“verallgemeinerten induktiven Definition” kennzeichnen.

Dieses Definitionsprinzip 1B sich formal folgendermafen fixieren:
Angenommen, fiir eine Aussage A (x, ¥) gelte

Y=Z-sVrlA(x, Y)— Ax, Z)],

wobei x eine Zahlenvariable und Y, Z Mengenvariablen sind. Unter
dieser }forauaaetzung darf nach dem verallgemeinerten induktiven
Definitionsprinzip eine Menge M, definiert werden mit den Eigen-
schaften

(1) Vx[A(x, Ma) —Tee My],

() Yx[A(x, Y)—=xc¥V] =M, = V.
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Das heifit, M, soll die kleinste Menge mit der Eiﬁenscllaft (1) sein.
Fiir die Wohlord nungsbeweise der ordinal diagrams braucht man aufller
finiten Methoden nur dieses verallgemeinerte induktive Definitions-
prinzip. Man muf es aber in impradikativer Weise anwenden. Das
heifllt, man mufl die Eigenschaft (2) auch auf solche Mengen ¥ anwen-
den, deren Definition von der Menge M, abhidngt. Die Widerspruchs-
freiheifsbeweise von Takeuti, die auf diesem verallgemeinerten
induktiven Definitionsprinzip beruhen, sind also nicht mehr prédika-
tiv, aber doch noch in einem gewissen Sinne konstruktiv. Mehr
146t sich aber auch nicht erreichen, denn die Ergebnisse von Takeuti
sind fiir seine starken formalen Systeme ebenso optimal, wie es die
Frgebnisse von Gentzen fiir die reine Zahlentheorie sind. Das heift,
die fiir die Widerspruchsfreiheitsbeweise gebrauchten Induktionen
lassen sich durch keine schwicheren Induktionen ersetzen und kénnen
daher grundsatzlich nicht pradikativ begriindet werden,

Die Ordinalzahlen, die sich aus den Widerspruchsireiheitsbewei-
senn von Takeuti als charakteristisch fiir die von ihm bchandelten
Teile der klassischen Analysis ergeben, sind durch die ordinal diagrams
fixiert. Niher kénnen sie nicht angegeben werden, da sie sich einer
einfachen Beschreibung entziehen,

Zusammenfassung. Fur einzelne Teilgebiete der Mathematik haben
sich folgende Ordinalzahlen als charakteristisch erwiesen:

l. Reine Zahlentheorie: gy = (1) (G. Gentzen)
2. Pridikative Mathematik: #; = gg(0) (S. Feferman, K. Schiittey

‘3. Intuitionistische Arithmetik 2. Stufe mit Bar-Induktion vom Typ

0: e . ,(0) (W. Howard)

4. Klassische Arithmetik 2. Stufe mit I}-Komprehensionsaxiom:
Eine Ordinalzahl von G. Takeuti.
Entsprechend gehoren hohere Ordinalzahlen, die aber noch
unbekannt sind, zu folgenden Systemen:

5. Klassische Arithmethik 2. Stufe mit dem Prinzip der verallge-
meinerten induktiven Definition.

6. Formales System der klassischen Analysis, fiir das C. Spector einen
nichtkonstruktiven Widerspruchsfreiheitsheweis gefithrt hat.
Alle diese Ordinalzahlen liegen unterhalb Kleene's kleinster

Ordinalzahl ©,, die nicht mehr rekursiv definierbar ist.

Malhematisches Instifut
der Universitit Minchen,
Bundesrepublik Deutschland
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DIFFERENTIABLE DYNAMICAL SYSTEMS?)
5. SMALE

Although motivated ultimately by ordinary differential equations
and continuous flows, we concentrate mainly on studying the discrete
dynamical system generated by a diffeomorphism 7: M — M of
a smooth manifold. One way of expressing our framework is saying
that we aim to give a non-linear global spectral theory (finite dimen-
sional) for T. In fact, we show that under fairly general conditions, M
decomposes into a finite number of invariant indecomposable sub-
spaces. These subspaces form a lattice under a boundary relation and
generalize the cell decomposition of a generic gradient flow. The
further study of these spaces, most remarkably, forces the introduction
of group theory and compact homogeneous spaces.

Dept. of Mathematics,
University of California,
Berkeley, USA

" 1) This is a subset of survey article that will appear in the American Mathe-
matical Seciety Bulletin.



SOME RECENT DEVELOPMENTS
IN MATHEMATICAL STATISTICS

CHARLES M. STEIN

1. Introduction

In this report, I shall largely restrict my attention to statistical
tdecision theory and its applicationsz to classical statistics. 1 shall
also discuss the theory of similar tests, partly because of its intrinsic
interest, mathematical and at least potentially practical, but also
because some of the methods that have been used in it seem likely
to be applicable to the more decision-theoretic study of problems of
testing hypotheses. Large sample theory will also be considered because
its ideas are close lo those of statisticafrdecision theory, and it permits
us to get more explicit approximate results than we can hope for in
general problems without large samples.

Thus, somewhat unfortunately, I shall cover only a small part of
the mathematical apparatus relevant to statistical practice. Probabi-
listic models for physical, biological and social phenomena will not
be discussed although in serious statistical analysis of real data they
tend to dominate the more properly mathematical statistical elements.
See, for example, the applied papers in the Fourth and Fifth Berkeley
Symposia. Nonparametric statisties and time series analysis will also
be omitted. Both have been extensively studied in recent years, and
like the rest of statistics, present many interesting problems and
a few interesting results. However, their methods are so different from
those of the branches considered here that | have been unable to find
a way to include them in a reasonably short time, and o0 have omitted
them. The design of experiments, both combinatorial and decision-
theoretic, will not be considered ‘either. The decision-theoretic aspects
have been considered most recently by Karlin (1966) and Kiefer and
Wolfowitz (1965).

Statistical decision theory was introduced and extensively studied
by Abraham Waid (1950), inspired by the ideas of Neyman and
Pearson (1933, 1938) on testing hypotheses, and by the theory of

estimation in which decision-theoretic ideas can be traced back at .

least to Laplace and Gauss.

2, The theory of games
in statistical decision theory

Wald, in his most extensive exposition of statistical decision theary
(Wald, 1950) based his development on the more general framework
of von Neumann's (1944) theory of games. It will be convenient to
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follow the same path here, because it will enable me to indicate two
of the basic tools, the minimax theorem and the notion of admissi-
bility without the elaborate notation that is unavoidable in a precise
formulation of the statistical applications. For brevity of presentation,
1 shall first discuss admissibility, reversing the historical and logical
order. 3

Let K be a hounded real valued function on the Cartesian product
2 % Y of two sets. A point y, € ¥ is said to be admissible if it is
minimal in the partial order determined by the functions K (¥, -).
In other words, y, is admissible if, for every x, € &', the function
y— K (x,, y) is minimized, subject to K (x, y) s;'_Kjx, g,!g.} for all x,
by y = y,. One way to prove admissibility of a point g, is by a Lag-
range multiplier argument. Suppose K is pseudo-convex in its second
argument in the sense that for every g, ¥, €% and a € (0, 1) there
exists g such that, for all x € &

K (x, y)< oK (x, y)+(1—o) K (x, y2).
Suppose also that the space ¥ is compact in the smallest topology in
which all the K (x, -} are lower semicontinuous. Then, in order that
4, minimize K (%, y) subject to K (x, y) < K (x, yo) for all x it is
necessary and sufficient ghat for every & =0, there exist a finite
positive measure E concentrated on a finite subset of .2 such that

Exg) =1

and
K* (& wa)<<inf K* (E, y) ¢
¥

where

K* (& y)= E;] K (x, 9) & (x).

In statistical applications it is convenient to divide through by
the total measure. Then § is required to be a probability measure, the
condition § (x,) = 1 is replaced b}rEEj{xn) = {, and the other condition
becomes

K* &, o)< inf K* (& ) -+ €8 (x0).

We call a y, satisfying this inequality for particular £ and e, an
£E(x,)-Bayes solution with respect to E.

This is a sharpening of results of Wald. The sufficiency of this
condition, which, as far as I know, is the only pari that has been
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applied in statistics, is essentially a formalization of a method first
used in a very special case by Blyth (1951). It is easy to prove and
does not use the compactness or the boundedness above of K. The
necessity of the condition is not completely trivial and requires an
application of the minimax theorem to the function (x, y) - K (x, y) —
— K (x. o). In the present context, the minimax theorem (due in
its original form to von Neumann but generalized by others to results
much better than any mentioned here) asserts that, subject to the
same conditions of boundedness, pseudo-convexity, and compactness

sup inf K* (€, y) = inf 5EupK*{§. U)s
E v u

where E ranges over the set of probability measures concentrated om
finite subsets of &', and the infima are attained. In many applications
the function K is not bounded above and, especially in the necessity
part of the condition for admissibility, this seems to lead to complica-
tions that have not been fully explored.

As far as 1 know, no results very close to the necessary and suffi-
cient condition for admissibility (or for conditional minimization)
has appeared in the general maghematical literature, although it is
certainly close to the Hahn-Banach theorem. Roughly speaking, it
seems to be useful in analysis in the following way. It frequently
happens that a property Il of a mathematical object is expressible
zither by definition or by a simple argument, at the inadmissibility
{or failure of conditional minimization) of a certain g, with respect
to a certain K. The condition of the first-mentioned theorem them
transforms the negation of II, into a condition that does not explicitly
use negation. For example, a well-known condition for a connected
stationary Markov process (with discrete time and denumerable state
space) to be transient. is thus transformed into a condition for the
process to be recurrent. Such a process is reccurent if and only if for
some state s, and every & > O there exisis a probability measure &

concentrated on a finite set such that &, >0and ) | §;— X Eipy | <<
]

F]
<< ek, where the p,; are the transition probabilities. In particular,
the discrete case of a result of Chung and Fuchs on recurrence of sums
of independently identically distributed random wvariables can be
proved in this way by taking £ to have an isosceles triangle with small
slope as its graph, and it becomes clear that it is only required that
the Markov process is qualitatively something like a sum of indepen-

dent identically distributed random wariables with nearly a first -

moment nearly equal to 0.

In statistical problems, the sufficient condition for admissibility
is usually applied in a slightly different form because probability
distributions concentrated on finite sets do not seem easy to handle.
Let us look at an example.
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3. Estimation with quadratic loss.
Let p be a probability density on the real line such that

4.1y Szp{z}dzzﬂ, { 2p(2) dz < oo.

It is not difficult to prove, by a slight variant of the above method,
that there does not exist a measurable function g such that ¢ (2) 5= =
on a set of positive measure and

(49 (e —erpe—od<|z—0'pE—0)d,

for all real 0. In statistical language, if we observe a random variable
Z distributed according to the density p (z — 0) with 8 unknown,
Z is an admissible estimate of 8 with squared error as less. The left-
hand side of the above inequality plays the role of the function K (8, g}
in the earlier general discussion. The proof is accomplished by showing
that g, defined by g (2) = z is for constant ¢ and sufficiently large o,

;—,,-Buyes with respect to the prior density =, defined by

(13 - o ®) = T

o2

that is, that ¢y comes within ufi of minimizing
(4.4) S x (0) K (0, ¢)de,

with m = m,.

This seems like a lot of work to prove an intuitively obvious result.
However, it turns out that the result does not generalize lo the extent
that at first seemed likely. If we consider the case where Z and 6 are
p-dimensional coordinate vectors and interpret the squared errors
as sums of squares of errors, the result is no longer true for p> 3. The
difficulty in the proof is that as we vary the scale o in the prion density

m, we can still prove that Z is E%—Ba}fes for some ¢, but need it to be

£ Bayes for all ¢. For p = 2, the proof can be modified to go through
aP auk

under slightly slronger hypothesis on p, but the result fails for p > 3.
It is trivial that the ¢ that minimizes (4.4) is given by

- { 8p (x—8) m (8) 4O
)= [ p{x—8)n (0) 40
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the expectation of 8 under the posterior distribution determined by n.
1i n is a probability density, it iseasy tosee that this ¢, is admissible
However, the formula for g, makes sense in many cases where n is
an improper prior density, that is, where an is not integrable. In parti-
cular n (2) = | yields g (z) =2 [t then turns out that in the
I-dimensional case if p has enough moments and n is sufficiently regu-
lar (e.g., monotonic at o), ¢, is admissible if (and presumably only
if}s—'= oo and S%— oo for all a.

% - O

4, General statistical decision theory

In describing the general statistical decision problem, which is not
really a problem but rather a framework within which various prob-

lems related to statistical E»ractice can be discussed, [ shall postpone -

the treatment of sequential problems and the design of experiments.
1 shall also omit any mention of the o-algebras involved since measure-
theoretic subtleties seem not to be important in most of the problems
considered here. Of course, it is not claimed that the statistical deci-
sion problem, as described here or elsewhere, is a realistic description
of statistical practice, nor of the way statistics ought to be practiced.
However, intuitive understanding of the basic notions is improved
by pretending that we are talking about a real statistical problem.

We consider twosets 2 and ¢ and a function P on ¥ to the set
ol probabilily measures in Z. The triple (2, &, P) is called an expe-
riment. Its interpretation is that we are going to observe a random
point Z of the sample space % distributeg according to Pg where 8
is an unknown element of the parameter space &¥. If I have time 1
shall talk later about the study of experiments without further
structure, a subject which has many contacts with other branches
of mathematics, and is of basic theoretical importance but limited
immediate practical importance in statistics. To complete the des-
cription of a statistical decision problem, we add an action space 4
and a loss function L, a non-negative valued function on &% x A4 x Z.
The intuitive interpretation is that after observing Z the statistician
is required to choose an action a £ 4 and suffer the loss L (0, a, Z).
In order to be prepared to do this he chooses a.decision function,
that is, a function ¢ on Z to .+ and then, when he observes Z, takes
ihe action ¢ (Z). The statistician's aim is, roughly speaking, to choose
¢ so as to keep the expected loss

(4.1) K (B, ¢)=E.L (B, ¢(Z), Z)

small. Since he does not know 6, this aim is vague. More generally,
he may choose a randomized decision function, that is, a function A
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on  to the set of probability measures in o and then, when he obser-
ves Z, choose a random action in - distributed according to A (Z).
His expected loss is then _

(4.2) K (8, A) = Eq { L@ a 2)2¢) (@a).

An important role in statistical decision theory is played by the
notion of posterior distribution. A probability measure IT in 5, called
a prior distribution, induces a joint distribution of 0 and Z in which 0
is distributed according to 11, and Z, given 0, according to Pe. The
conditional distribution of 6 given ¥, denoted here by II; is called
the posterior distribution of 0. If, as we shall assume

(1.3) dPy (2) = po (2) dp (2),
then
: { e (2) I (d6)
4.4 80|y g A et
4] d A= e
&

The right-hand side of this formula is meaningful as a probabi-
lity measure in many cases in which II is an infinite measure.
In such a case we call T} the formal posterior distribution corres-
ponding to the prior distribution IT. Confining our atiention, for
brevity of presentation, to non-randomized decision procedures, we
define a Bayes solution with respect to the prior distribution II te
he a ¢ thal minimizes

(4.5) ETp (8, q)=EVEGL (0, q(2), Z)=
T EHEI[ IL [:Br ‘I"(z]! Z} EZ] e
i E“S L(®, ¢(2), Z)dit} (0).

Thus, gy {2} is to be chosen such that minimizes

(4.6) { L@ ¢@, 2ant @),
If the risk, that is, expected loss

il

(4.7) | § L6 (). 2)dPo@el () < oo, _
then qp is almost admissible (with respect fo II) in the sense that
if @ is any decision functien for which

(4.8) ) p(0, ¢)<p(B, ¢n),

then strict inequality holds in (4.8) only on a set of 1l measure 0.

10—122¢
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More generally, as suggested dy the .necessary and sufficient
condition for admissibility, if, instead of (4.7) it is true that for

each set C in a countable family of sets covering &£ and every -

g0 there exists a function r such that
(4.9) : r(8)=1 for BEC
- (4.10) S [S L (6, 9n(2), 2)dPo(z) | r (8)dI1 (8) < oo

.11 § (1L® on @) 2—L@®, on.(2), )1 dPo (@) r @) dTI @) <e
where )

(4.12) : dil, — ¢ dII,

then qp is almost admissible. By an argument that has not been
made precise, under suitable regularity conditions if §¢ is a diffe-
rentiable manifold and dIl—nd6 where 40 is the produel of the
coordinate differentials, the condition for admissibility becomes the
following, related to an L, version of a general exterior Dirichlet

problem: There should exist for every compact set C and every
e~>0 a continuously differentiable function ¢ such that

g(@)=1 for BEC
S 7 (B) % (8)dB < oo

ii dq (6) dq (0)
Sg (6) 22 228D 5 (6) d <.

Here g'' is a positive definite contravariant tensor field, deter-
mined by the problem in a complicated way, and & transforms as
a scalar densify. The one-dimensional case is trivial, leading to
the conditions '

(i) Sﬁﬂ_ﬁﬁzm it {n(@)d0—o
a (4]

and 1

(i) Sﬁﬁamif { =0 do=co.

5. Problems invariant under
a group of transformations

in statistics, as in many branches of mathematics, it is often pos-
sible to make considerable progress toward the solution of a special
problem by observing that it is invariant under a certain group of
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transformations. The experiment (Z, &, P) is said to be invariant

under the.1-1 transformation g: @ “™% 2" if there exists g: & — ¥
such that

'PEE-__ P’H {lg_l.

A statistical decision problem, where we also have an action space
< and a loss function L on §¥ % - % % is said to be invariant under

g if there also exists g: o« — o such that

L{gt, ga, g2)=1L (9, a, 2).
The pure decision function ¢: &— A is invariant il ¢ (g2) =
—=glg ()] and the randomized decision function A invariant if
A (gz, gA) — A (2, A). At least three fairly distinet problems
arise in conneclion with these notions.

(i) How do we obtain good invariant procedures?

(ij) What justification is there for restricting our attention to

invariant procedures? ; ; :

(iii) Given a statlistical problem, what are the transformations

leaving it invariant? :

Suppose we have a locally compact group & of transformations
leaving a problem invariant, with the topological and measure theore-
tic aspects hanging together properly. In talking about Problem (i),
| shall confine my attention to problems where the group ¥ of all g:
& — &% corresponding to g€ § operates transitively on g and the
subgroup leaving a particular 0 invariant is compact. In this case,
at least under regularity conditions that are commonly satisfied, the
best invariant procedure is a formal Baves procedure with respect
lo the prior measure Il'in % induced by the right invariant measure
in §. Since II enters only through the formal posterior distribution
[I; which is homogeneous of degree 0, this I is invariant in the only
sense relevant here, that is, relatively invariant.

Now let us look at the question of the justification for restrictin
our attention to invariant procedures. First we ask: If an invarian
procedure is minimax among invariant procedures, is it necessarily
minimax among all procedures? If & is finite, the affirmative answer
is easily obtained by averaging over §. Of course, we are talking
about invariant randomized procedures, not only mixtures of pure
invariant procedures. If ¥ is compact, we get the same result by
averaging with respect to the invariant probability measure in &
If % is abelian, a limit of averages under Haar measure restricted
to large compact sets works for testing problems and most other pro-
blems that arise. Examples can be found, somewhat artificial, where
the result does not hold for the additive group of real numbers. Since
a step by-step reduction is possible, at least for testing problems,

10+
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the result also holds for solvable groups and for groups like the group
of rigid motions in Euclidean space (or even similitudes). No other
affirmative results are known to me. Numerous examples are known
in multivariate analysis of problems invariant under the real or com-
plex full linear group even in two dimensions, that do not possess
an invariant minimax solution. There are, however, special problems
invariant under the full linear group, where invariant minimax solu-
tions do exist. In other problems, including Hotelling’s T3-test the
answer is, as far as I know, still unknown. Even for simple, nonpara-
metric problems, invariant under the group of all increasing homeo-
morphisms, the answer is unknown. Curiously, for the group of all
homeomorphisms of the circle a negative answer is easy.

Next, we look at the question of whether an invariant procedure
admissible in the class of invariant procedures is necessarily admissi-
ble in the class of all procedures. If the group § is finite, or more
generally compact, an affirmative answer is obtained as before by

averaging over %. If the group ¥ is the additive group of the real -

line and operates transitively on the parameter space, and the formal
Bayes procedure with respect to IT is unique, and if, roughly speaking,
the translation parameter has one more moment than is needed for
the problem to be meaninfi‘ ul, the answer is again affirmative. This
is not a precise result but a summary of many special results. For
the additive group of the two-dimensional real linear space, a similar
result holds, under sironger restrictions. Beyond this, results are
negative except for very special problems.

Both the minimax problem and the admissibility problem conside-
red here can sometimes be solved positively or negatively by consider-
ing procedures invariant under a proper subgroup of the given group
%. However, it seems likely that it will be more useful in the long
run to study statistical problems having group theoretical aspects
by the general methods of statistical decision theory, using the groups
only to obtain more nearly explicit and understandable results.

6. Similar tests

Let £ and » be sets, # a o-algebra of subsets of Z and P a func-
tion on @ to the set of probability measures on %. A #-measurable
function ¢ on Z to [0,1] will be called a test and this test will be
called a similar test of size u, where « is a real number between 0
and 1, if

a = Eop {Z}_.-Sqﬁ{z}Pg{dz} for all 8¢

The intenl:-retati-::n is that, being interested in testing the hypothesis
that an observable rardom point Z of 3 is distributed according to
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some P, with 8 € @, we reject this hypothesis with conditional proba-
bility ¢ (Z), and then our probability of rejecting the hypothesis
if it is true is the constant a.

We shall need the notions of sufficient sub o-algebra and suifi-
cient statistic. A sub o-algebra % of # is said to be sufficient with
respect to the indexed family {P,}, 0 € w, introduced above, if there
exists a determination of the conditional probability P% that does not
depend on 0. A measurable mapping T: (%, #)— (%y, #i) where
%, is a.set and &, is a o-algebra of subsets of Z, is called a statistic.
If the o-algebra T-'#, is sufficient, the statistic T is said to be suffi-
cient. It was observed, and successfully applied by Neyman, that
if E€q —a then @ is similar of size @ and, if the family of
{Ps|8}, BE ®, is complete in the sense that there exists no bounded
€-measurable function differing essentially from 0 whose expectation
is 0 for all 8 ¢ o, the condition E¥p = a is also necessary for ¢ to
be similar.

In many common statistical problems, in particular, all those
dealing with the normal distribution, we are concerned with an expo-
nential family in {he following sense. The sample space % is a finite
dimensional real linear space, the parameler space ¢ is an open subset -
of the dual space %', and

Py (d2) = e~ 4O+ (d2),

where p is a o-finite measure and ¥ is the logarithm of the Laplace
transform of u. We may be interested in testing the hypothesis 6 € o
where ® is a given subsel of §. 1f o is an open subsel of an affline
subspace ¥ of ', the class of all similar tests is easily characterized
by the method of Neyman described above. The natural mapping T
of Z onto the quotient space of £ modulo the annihilator of the linear
space parallel to ¥ is a complete sufficient statistic for the family

Pgyl, €@, so that the condition for ¢ to be similar s
E(p{Z)| T (Z)) = =, where the left-hand side is an alternative nota-
tion for E€p, with the sub o-algebra induced by T. It'is then not dif-
ficult to find, for example (by another Lemma of Neyman and Pear-
son), the similar test having maximum expectation at a given Py
with 0 & w.

Except for a theorem of Lyapunov and similar tests obtained by
considerations of group invariance, both of which will be considered
later, this was essentially the status of the theory of similar tests until
some recent work of Wijsman (1958) and more recent, more nearly
definitive work of Linnik and his associates. In discussing this work
in the case where o is a curved submanifold of ' it will be convenient
to use the notion of npemkorect introduced by Linnik. We suppose
the o-finite measure p in the exponential family considered has the -
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form
p(dz) = [ (2) dz.

A measurable function p on £ is called a npemxotecr if its Lapl

: dace
transform is absolutely cnnva}ent and vanishesono. If g is a sir[::ilar
test of size @ for @, then p defined by

p)=Ip(2)—alf(2)
is a npeakoTect. It was observed by Wijsman that if @ = {0 : 17 (8, ,. .
.. 8,) =0} where II is a polynomial, then p deﬁnéd by e

001 (. 5 )a

is a npeakorect, provided G is such that the appropriate i i
by parts can be performed. In an interesting sggciapi ca'se";higrl'la;ri:?g—]
{Lhe_s;‘s thqt the raiioi of the st-:;uared mean of a normal {'lfstribution
o its variance is a given constant, he was ab i
interpreted, this }rigelds all similar tests. AR
Linnik studied Ithe class of npeakorect as an ideal in the convolution
algebra of functions pussessing absolutely convergent Laplace
transforms. In particular, he obtained in this way some interesting
results about the Behrens-Fisher problem which I shall describe next.
Let X,, ..., Xy, ¥y, ..., Y, beindependently normally distri-
buted with unknown means and variances: EX; =&, EY; = v, and
E(X; — E!’ =o*, E(¥Y; —n)® = 1% The Behrens-Fisher problem is
that of testing the hypolhesis that & = . It was recognized by Neyman
that the solution proposed by Behrens and later independentiy by
Fisher does not have Lhe property of similarity imposed here. For
a long time it was an unsolved problem, attracting the attention of
many statlst'lcmns_, including Wilks and Wald, whether there existed
non-randomized similar tests based only on the minimal sufficient

statistic for the over-all problem which is 3 X,, ﬁy,,'mg Xi, é Y}-
1 1 |

Linnik has shown, roughly speaking that there do exi :

| ¥ " o exist =uch -

randomized tests (at least for a large class of pairs m, n} but no rea]::gﬁ-

able ones. The precise form of the latter result is as follows. We con-

fine onr aitention to tests invariant under location and scale change
5 4

that is, tests of the form ¢ [{‘fs_?}* " _‘ﬁ) where
2

=%}1X“ ?EI:E }’J
Sy =X (X=X, S;=Y (¥,—7).

Linnik showed that there exists no similar test of thj :
there exists & >0 such that ¢ (¢, £) =0 for atlTlsfif?c;ms_mr which
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: 7. Large sample theory

Classical large sample theory is concerned with the following sort
of situation. There is an unknown parameter point 0 whose value
lies in a piven differentiable manifold §, a sample space 2" together
with a g-finite measure p in 2, and a function p on g# x & which is,
for fixed 6 a probability density function with respect to p, and satis-
fies certain regularity conditioris as a function on & to the set of prob-
ability density functions with resfect to p. We observe Xy, . . ., X
independently identically distributed according to pe. Heren is large
and we are interested in making inferences about 8. A positive definite
covariant tensor field, Fisher's information matrix, is introduced by

i Xy al X
-’;_{ (ﬂ) :En Iugd.i".l:{ ',I} Dga';j‘[ i] ,

and uzed to make £ a Riemannian manifold. Then it is proved that

there exist estimates 6t (X,, . . ., X,) which, for large n are, in an
appropriate local coordinate system approximately normally distribu-

ted with mean 0 and mvariénce% [ (0), for example, Bayes estima-

tes with respect to a smooth prior density and, under stronger condi-
tions, maximum likelihood estimation. Also, it is proved that there
do not exist estimates much better than these. Problems such as testing
the hypothesis that 0 lies in a smooth submanifold are treated in the
obvious wav, but with considerable technical diificulties, by using
the fact that the Riemannian geometry is to a first approximation
Euclidean. Recent work in classical large sample theory has taken
various directions. First, even when the problem is of the above sort,
considerable ingenuity may be required to compute the estimates
™ for real data. Second, we may have independent but non-identically
distributed observations, or observations forming a Markov process,
or some still more general situation, where classical large sample
methods are still applicable. It was recognized by LeCam that this
is the.case, very roughly speaking, if the following conditions are
satisfied. Let X be the entire sample and ps its density. If the random

variability of —3'%1 log pe(X) is small, and its variation as a
gt

function of @ is also small over appreciable distances in the Rieman-
nian metric determined by

113 (8) = Eo | 5 108 Po (X)55-log po (X) | =

a2
= — Eum log pe (X),
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the usual large sample results hold. Le Cam did not use second deriva-
tives. Some- interesting work on estimates and tests based on order
statistics is also close in spirit to classical large sample theory.

Recently it has been recognized that there are many reasonable
problems concerning lar?e samples that are not included in the above
framework. Hoeffding #(1965) in “Asymptotically optimum tests for
multinomial distributions”, studies the behavior of fests at fixed
alternatives when the sample size tends to eo. Here classical large
sample theory is useless because the normal approximation does not
give an as:,’mpiuiita]lf correct evaluation of small probabilities.
I_nst:ea::h the Kullback-Leibler information numbers, related to Shan-
non's information, and the theory of large deviations, studied recently
by Sanov (1957) and others, are important tools. '

We consider Xy, ..., X, independently identically distributed
according to a multinomial distribution
P{X,=j)=py, for j=1,..., k (k fixed)
with

2p=1,

Z}“}u—-% (number of { for which X;=).

and let

Suppose we are interested in testing the hypothesis Hy: p; = -:? for

j=1, ..., kwith a very small level of significance a, (probabilit
of rejecting fy if true). Hoeffding considers a much n::gre gvanrera:}r
prob‘le:p, but the main ideas are brought out by this special case.
Hoeifding shows that the likelihood ratio iest, which in this case
rejects Hy, when

2 ZMlogZ" = ¢, (an appropriate constant)

has, for most alternatives p, a probability of rejecting /7, that is about
as large as you could hope for, even if you knew the p at which you
were trying to approximate this probability. The y*-fest, rejecfing
Hy when i

R

. 12 §

2 (z§ }""”}z"') = Cny

=1
is for almost all p, quite poor if n is large. In classical large sample
theory, which studies alternatives close to H, the tikeliﬁgnd-ral:in
ieast and the y*-test are asymptotically equivalent. Curiously, the
x*-test is definitely superior to the likelihood-ratio test if & is large

and % moderate, for tests at moderate significance levels against not-
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too-distant alternatives. It is also true that for all k and n both the
?-test and the likelihood-ratio test are Bayes tests against many prior
distributions covering the alternatives thoroughly. This and other
results were obtained by a student, Carl Morris, in a dissertation writ-
ten at Stanford. It would be desirable to have a good over-all picture
of the behavior of symmetric tests for the hypothesis considered here
subject only to the condition that a is large.

8. Muitivariate analysis

Statisticians in both practical and theoretical work have long been
interested in statistical procedures cornected with the muliivariate
normal distribution. A random real coordinate vector X has a multi-
variate normal distribution with mean £ and positive definite covari-
ance matrix ¥ if its density with respect to Lebesgue measure is given by

i
1 - tr E-1 {x—E) (x—E}
1 = _ 2 2
(1) p(x) @2 (det T)' 72

For a combination of reasons, it is interesting to try to apply the gene-
ral ideas of statistical decision theory to this class of problems. The
class of non-singular multivariate normal distributions is an exponen-
tial family, thal is, the exponential in the density is a bilinear form
in the parameter (Z71, £71§) and the sample point (x'x, x). The
class of such distributions is also invariant under the full affine group
(linear transformations combined with translations). Thus, we have -
a fair amount of general theory available for studying these problems.
On the other hand, these problems are frequently non-trivial because
of the large number of unkrnown parameters if the dimension p is
large. A survey paper by Kiefer (1966) on optimality results in mul-
tivariate analysis will soon be published. For simplicity and defini-
teness, | shall speak only about Hotelling’s T*-test.

If we have a sample Xy, ..., X, (withn>p 1) random vectors
independently identically distributed according to (1) we may be
interested in testing the hypothesis Hq: &= 0. The standard

test is Hotelling’s T-test which rejects H, if T* = X'S$7X = ¢ where

X =13 X §= D (X,—X) (Xi~X).
1 1

[t is trivial that Hotelling's T*-test is uniformly most powerful
among tests invariant under the full linear group. We have seen that
the full linear group is too large to be any assurance that Hotelling’s
T* has any absolute optimum properties. However, il is known that
this, test is admissible. The first prool by the author was obtainad
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as an extension of a result of Allen Birnbaum, who showed that any
compact acceptance region is admissible for testing a simple hypothesis
concerning an exponential family with unrestricted parameter space.

This proof, although correct, is unsatisfactory because, roughly speak-

ing, it shows that Hotelling’s T*-test cannot be improved upon for
those parameter values where it is so powerful that we do not care
much whether we can improve upon it. A recent proof by Kiefer and
Schwartz is much more satisfactory. They observe tha Hotelling's
T*®-test is a Bayes test with respect to the prior distribution AIl, -
+ (1 —3) II,, where both I, and I, assign probability 1 to 2's of
the form (1 + nn’)-? with n ranging over the set of p-dimensional
vectors, and

(i) Under Iy, £ = 0 and v is distributed according to the density
S =)

{ii) Under Iy, 8 = (1 +nn')'n and ¢ is distributed according to
the density

i . =1

ty (0) == (1 oq) ™22 TV UTI
Other prior distributions that work can be obtained by applying linear
transformations to these, by using analogous formulas with 1 + eny’
rather than 1 4 ww" and by takipg convex combinations. Kiefer and
Schwartz have extended both methods to a large class of problems.

It is still not known whether Hotelling's T*-test is minimax against
the alternatives E'27'E = 1? (a positive constant), except for the case
p =2, n = 3, where Giri, Kiefer, and the author proved that it is
minimax. The proof was obtained by showing that among all tests
invariant under the {solvable) multiplicative group of lower triangular
matrices, Hotelling's T*-test is Bayes with respeci to a rather compli-
cated explicitly computed prior disiribution. Some approximate
results on the more general problem have been obtained by Giri and
Kiefer and by Linnik and his associates. It seems likely that methods
analogous to those used by Linnik in the problem of similar regions
for exponential families, but with the role of the sample and para-
meter point interchanged will be useful here. _

A contrasting result for a problem that seems at first to be similar
to the above concerns the problem of finding confidence sets for .

If, after observing Xy,. .., X, as above we assert that E is in the

ellipsoid (8 — Xy &1 (£ — X)<e, with ¢ suitably chosen depending
on p and n, we can achieve a constant probability a of covering &,

independent of £ and £. However, it can be shown that the same pro-
bability of covering ¥ can be obtained by a procedure that is not

invariant under all affine transformations, but has an expected volume
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‘smaller by a constant factor than that of the above random set based

on Hotelling's T? This other procedure is obtainable as the optimum
among all procedures invariant under affine transformations having
a linear part whose matrix in a fixed coordinate system is lower
triangular. This has not been brought to the point where it is appli-
cable in practice.

People have recently starled to study the complex analo%ues of the
real multivariate normal distribution, which arise naturally in the
spectral analysis of multiple time series. Complex analnﬁuaﬁ of all
the common problems in the real case exist, and it is usually routine
to develop the theory to the point that has been reached in the real
theory. There is some indication that optimal properties of the complex
analogues may be easier to study than the original real problems,
because, for example, the distribution of the maximal invariant under
the lower triangular group for the complex analogue of Hotelling’s
T? involves only polynomials times exponentials. Also, in the complex
case, there are problems that have mo real analogue.

A great deal of work has been done on devising tests and estimates
for complicated practical problems in multivariate analysis. The work
of Anderson and Rubin (1949) and others on structural equations is
especially important. Also, I should mention the work of Alan James
(1864), Constantine, and others using the theory of group representa-
tions to derive the distributions of certain multivariate statistics.
Another interesting direction in multivariate analysis is suggested -
by some work of Wigner and other physicists, collected in Porter.
Suppose we observe X,. ... X; independently normally distributed
with mean 0 and the identity matrix as covariance matrix, and let
L be the empirical cumulative distribution function of the roots of
the equation

det (3X,X; —AT) = 0.

Then, if I have not made a mistake, for p large and % moderate (but
azp), L will, with high probability, be close to the integral of

( 0 for x<a or x=b

PO=Y Ly E=ae—2

where @ = (Vn—Vp)t, b = (V' n+ Vp)E The prooi follows the
method used by Wigner in an analogous, butu:i;ﬁhtiy simpler problem.
The assumption of normality is not really . I believe it will be
useful to make a systematic study of multivariate problems of high
dimension. -

hl
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9. Sequential problems

In sequential analysis, the mathematical treatment takes into
account the possibility that the statistician may take observations,
one at a time, deciding after each observation whether to take another
observation or make a final decision. We shall consider only the case
of independent identically distributed observations. We have a para-
meter space ¥, a terminal action space A and a non-negative loss
function L on & » 4, and we let Z be the space of the individual
observations and P, the distribution of an observation when 8 is the
true parameter point. We have to decide on a rule for when to stop,
which determines a random wvariable N, the number of observations
taken, and we must also choose a sequence ¢, of functions, ¢, : 2.

After taking N observations X, . .., Xy we take the terminal action
¢x (X, ..., Xy). Our aim is lo choose the stopping rule so as to
kEEp .EﬂN and EQL l:ﬂ, s {Xi' e X}\.}I) small.

Again the Lagrange muliiplier argument suggesis that we look
at the problem of minimizing

¢ Q EgN dTl, {ﬂH—E EoL (8, @x (X1 ..., Xx))dIls (8)

where ¢ is a constant and II, and TI. are measures in @ for which
the imegrals exist for some choice of stopping rule and {¢.}. For
simplicity we consider only the case where II; = II, = II, say,
a probability measure. Thus, we are interested in minimizing

EfeN+L (0, ox(Xy ... X))

where 0 is distributed according to IT and the X; given 8 are iridepen-
dently identically distributed according to Pg. [ shall assume the
Pg are dominated by a o-finite measure p: dPg = py du.

The sequence of posterior distributions I1%, .  x, is a vector-
valued martingale and a Markov process with temporally stationary
fransition probabilities. It is also spatially stationary with respect
to the group of projective transformations of the simplex of prior
probability measures leaving the wertices invariant. Subject to
a continuity condition it seems to be the most general process
with all these properties.

[t has been proved under fairly general conditions that the
Bayes procedures and the Bayes risk function

p* (T1) — inf EVEq [eN +-L (8, ‘on (X4, - -5 Xn))],

the infimum being over all stopping rules and ferminal decision
functions, are obtainable as follows. The function p* safisiies the
integral equation

p* (T1) = min [E"p* (TTx,) +¢, ¥ (1D)]

CH. M. STEIN 6T

where
¢ {I1) = min E"L (8, a)

and the rule is to take another observation if
1|* ‘n“] --‘fn){:_::"} F'* H}l Wi -"fn}

and otherwise to stop and take an action a, such that

HTE ..-Jl'll * * &
E 1 Lo, ﬂﬂ]2¢(ﬂm,.,xn1{gp (%, .. xn)-

The formalism can easily be extended to include some aspects of
the design problem, allowing the statistician to choose at each
stage among a number of different kinds of observaticns. _
The basic equation has been solved explicitly in only a few special
cases. Some limiting results have been obtained in the case cy 0 with
other features remaining fixed. Another case that can sometimes be
handled is that where each observation provides very little information
and ¢ is reduced accordingly; in the limit the continuous time case.
Under certain conditions the basic inte%ral equalion becomes a simple
linear differential equation with a rather complicated iree boundary
condition. One example has been considered extensively by Chernoff.

Stanford University, USA



CHARACTERIZATIONS OF FINITE SIMPLE GROUPS

JOHN G. THOMPSON

1. Introduction

In the last four years, several results about finite groups have
been obtained. The methods of proof are not easy to master, though
in large measure they bear a striking fidelity to the foundations laid
at the turn of the century by Frobenius, Schur, Burnside and Sylow.

At the moment we have no idea how much further effort will be
necessary to classify the finite simple groups. Considering the time
which has elapsed since Mathieu discovered his groups, and conside-
ring that no one prelends to understand ihese groups, any optimism
must be guarded. )

However, it may also be said that recent techniques have led to
results which ten years ago seemed impenetrable, and that the power
of these techniques is not yet exhausted.

2, Characterizations

Let & = {L;(g), Ls fti_:h S: (g}, Us(g), Ay, My}, Most,-but not
all, of the recent characterization theorems deal with &. For example,

Theorem. IfGisa non abelian simple group and G & &, then

(1) G contains a solvable subgroup - | with non solvable normalizer.

(2) (Gorenstein-Walter) [5). Sylow 2-subgroups of G are nof
dihedral. ;

(3) (Suzuki) [9]. G confains an involufion whose cenitralizer does
nof have a normal Sylow 2-subgroup. '

In 1963, I announced that (1) held with finitely mang‘ exceptions.
The complete proof of {1) has not yet appeared. The proof is complica-
ted and it will take several years to determine the extent to which
the various arguments admit of useful generalization.

One of the pregnant and technical parts of the proof of (1) is gi-
ven by

Theorem ES. EJ3) and 5,(3) are the only simple groups G
such that

() 2.3€mn, @G).

(i) If p€{23), Gy is a Sp-subgroup of G and A € Feny(Gy).

then U{(A) confains only 1.

(iii) The normalizer of every non identity 3-subgroup of G is solvable.

(iv) The centralizer of every involution of G is solvable.

v} 2~3.
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Gorénstein [4] has substantially generalized a portion of this
theorem by characterizing the groups £ (37).

To explain the meaning of the various statements of the theorem
requires a bit of notation. If n is a set of primes, a" is the complemen-
tary set of primes. A n-signalizer of a group X is a subgroup A sucly
that | A | and | X : N (4) | are n’-numbers. Let Fen(X) be the set
of self centralizing normal subgroups of X and let m (X) be the mini-
mal number of generators of X. Let
d"cn,..{X]:}A | A € &Fen(X), m (A) > m}. Let

7 (X)={p| a Sy-subgroup of X is a cyclic group == 1}.

o X) = ﬁu | a Sp-subgroup Xy of. X is non cyclic and

Feny(X)p = @} :
ni(X) = {p |if Xp is a Sp-subgroup of X, then Feny(X,)+* &
and 1 is not the only p-signalizer of G}.
(X)) = {p | if Xp is a Sp-subgroup of X, then Feny(Xp) = &
. and 1 is the onf} p-signalizer of X}.
If H is a subgroup of X, M (H) = Hx (H) is the set of all subgroups K
of X such that KN H = 1and H = N(K). If X is a p-group, define
q¢ (X) as follows: if Z (X) is non cyclic, U (X) is the set of non cyclic
subgroups of 2 (X) of order p% if Z(X) is cyclic, U (X) is the set
of non cvelic normal subgroups of X of order p® For general X, let
91 (p) = Ux (p) = U9 (X,), where X, ranges over all the Sy-sub-
groups of X. If p is an odd prime, write 2 ~ p if and only if i has
a solvable subgroup which contains a non cyclic abelian subgroup
of order 8 and a non eyclic p-subgroup each element of which centrz-
lizes an element of 9 (p). These definitions explain the hypotheses
of Theoremn ES and serve to introduce some of the objects of current
interest.
Another result deals with the groups E7 (g} of Ree.

Theorem R.(Ward-Janko-Thompson) [10), [7). /f G isasimpie
group with abelian Sysubgroups and if G contains an involution i such
that C (i) = (i) » L, where L s~ L,(g) and q=> 5, then

(a) g is an odd power of 3. :

(b) [G[=¢(g— 1@+ 1) o | ‘

(¢) If P is a Sysubgroup of G and N is ifs normalizer, then G is

doubly transitive on the cosets of N in G and G = N (J NtP where
f is an involution of G which inverts a Sa-subgroup of N.

We would Tike to conclude that, G ~ E} (g). This is still open and

gives rise to the conjecture -

(C,) The character table of a group determines the Brauer characters.
If the hypothesis g = 5 is replaced by g= 35 in Theorem R, Janko

[6] has shown that precisely one further group arises. This group is
new and is another tantalizing reason for studying simple groups.
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Janke's work disclosed a lamentable error in one of my announcements

which vitiates some results of Sah [8]. Janko's work contains a lovely
application of the results of Brauer for blocks of defegi 1.

' Brauer and Fong [1] have characterized M,z and Wo (111 has

characterized A;. The isomorphism Ag >~ L, (2) places A; in the family

of Chevalley groups. We have yet to take our first steps toward the

characterization of A, for n> 9,

3. Corollaries

(1) The group G is solvable if and only if every pair of elements
generates a solvable subgmu‘f. . 1 _

(11} G is nonsolvableif and only if there are non identity elements
a, b, ¢ of G of pairwise coprime orders with abc = 1. _

(111) (Gallagher [2]) G is non solvable if and only if there is a non
principal irreducible character of G whose restriction fo each Sylow
subgroup contains the principal character. )

(IV) 1f G is non solvable of order p%g*r®, then one of the following
groups is a subquotient of G

Lz {q‘], q=5, ?1 8, I?, L;(Bﬂ].
We may mention the mnjecturés

(C,) There are only finitely many simple non abelian groups of order
g

(Cs) 1i G is a non abelian simple group and 31| G |, then G is a Suzu-
ki group.

4. Techniques

If Ny, Na, N3 aresubgroups of a group X and if for every permutation
o of {11, 2, 3}, Naiy = NoyNow), then N!N;_:s a Eubgmup._Tlus
elementary observation has numerous applications. When stripped
of their group theoretic significance, these applications somf:'hmgs
depend on the fact that the proposition (p \/ g) /\ (g V) Ary p)is
equivalent to the proposition obtained b% interchanging \/ and /\.
1 can illustrate this symmetry rather easily. Suppose P is a Sp-subgroup
of a group X, A;, A, As are weakly closed subgroups of P, and
N, = N (A,). Suppose also that

{(a) N(P) is a maximal subgroup of X.

(b) X = NiNg e Ngjﬂirﬂ — J"ur,;]Ni. i
Then at Jeast 2 of Ay, Az Ay are normal in X.

There are many variations of this theme, and taken together, they
are quite helpful. The difficulty is in finding subgroups A; of P. This
requires some discussion.
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In working on the problem so brilliantly solved by Shafarevich
and Golod, I was led to consider the following invariant of a p-group
P: d —d(P) — max {m(A)}, where A ranges over all the abelian
subgroups of P. This invariant leads into thickets which 1 could not
penetrate. However, my efforts were not without value, for I even-
tually realized that the related group J(P) =(A |A" =1,
m {A) — d (P)) plays an exploitablé role in the structure of p-solvable
gmups. In particular, if X is a p-solvable group, QO (X) =1 and

L (2, p) is not .a subquotient of X, then X = N;N2, N; = N(A4)),
Ay =Z(Xp), Az = Jd (Xp), and where X, is a S;-subgroup of X.

When one considers the above result one is led to try to find
a uniformly normal subgroup. This term requires some elaboration.
Suppose P is a p-group == 1. Let o (P) be the set of all p-solvable
groups X such that Oy (X) =1 and P is a Sy-subgroup of X. The
subgroup H of P is said to be uniformly normalpprovid 1 = HX
for all X in o (P). It is a remarkable result of Glauberman [3] that
if p=5, Z(J(P)) is uniformly normal. This result has already led
to a subtheory of finite groups with substantial ramifications.
If p=<3, the “old” factorizatlions still appear indispensable, though
much remains to be done.

A second technique involves transitivity theorems. As these have
been discussed elsewhere, I need not elaborate.

The object of the factorizations and the transitivity theorems is
to obtain information about #%G). To define #*(G), we let #Fol (G)
be the set of solvable subgroups of G. & ol (G) is partially ordered by
inclusion; «#J ((J) is the set of maximal elements of ol (G) and
o *((G) is the set of elements of ofol (G) which are contained in just
1 element of - (G). Thus, there is a map M : o&* (G) = HF (C)
defined by M (H) = the unique element of «#<f (G) which contains H.
Several difficult results in the proof of (1) are of the shape H € o * (G).

A third technique has been introduced by Suzuki and has its roots
in work of Zassenhaus. So far this technique has been used only for
a limited class of doubly transitive groups. Suppose G is doubly tran-
sitive on © and x € Q. Let H — G, and suppose H = QK, where
Q g H, QNK =1, and where @ is regular and transitive on 2 —a."
Suppose also that { is an involution SFUG which normalizes K. Then
G — HUH!Q and if x € Q — {1}, txt = h (%) #f (x), where h (x) € H,
j(x) € Q. These equations are lhe structure eguations for G and G
is completely derelmined by H, the structure equations and the auto-
morphism of K induced by ¢. The groups L. (g), Us(g), S: (g) and
E? (g) satisfy these hypotheses. :

Elegant and subile arguments of Suzuki deal with the structure
equations. In the hope of extending Suzuki’s ideas to obtain a characte-
rization of £7 (g), | have studied the structure equations of the groups
which appear in Theorem R. Oneof the difficulties is that the structure-
| 1=1220
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uvations for E} (g) have never been determined. If (Cy) is true,
the difficulties can probably be avoided.

Dept. of Mathematics,
University of Chicago, USA
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0 PA3BHTHH 3A NOGJIEAHHE roabl
AHAJIMTHYECKOH TEOPMH YHCEN

H M BUHHOTPAINOB, AT NIOCTHHKOBRB

Beepenne

lieas namero Joknaida COCTOMT B TOM, uToGLl HAa NPUMEPe HOBEIX
HCCTIEOBANHI B TEOPHH WHCET MOKA33Th HEKOTOPHIE CBA3H 3TOH HAVKH
C IPYrHMH OOJACTAMH MATEMATHKH, a TaKie B3aHMONEHCTBHE DAsJHu-
HEIX HAMPABIEHHE BHYTPH Hee camMon.

Ham pokman ne ssnasercs noanbiv oGsopom. Paga wanpapaenmi
aHaMUTHYECKOR TeOPHH UMcen Mbl He 34TPOHEM COBCEM, a MO IPYTHM
AajuM JHWE Oeribie cBefelus. B sToM Her HMKAKOH NpHULHNUATLEON
YCTAHOBKH, [€N0 B JHMHTE BDEMEHH, OTNYIIeHHOM Ha JoKAal.

B rnoarotomke moknaga wam oxasanu GONBIIYI TNOMOUL MHOTHE
copeTcKHe MatemaTHKH. Mbl npuimocHm MM mawry cepieunyio Gmaro-
JAPHOCTh. '

ABoaHTORK NPHONHKEHHS H NPHMeHeHHA
METOAA TPHICHOMCTPHYECKAX CYMM

Knaccuveckoi 3amaveii, OTHOCALIEHCH K TEOPHH [IHO(QAHTOBHIX
NpHONHIKeHHi, SBIACTCA OMEHKA KOJNHYECTBA NENHX TOUEK (TOuek
¢ UeJHMH KOOPIHHATAMH) B oOnacTAX eBRAHADBA TNPOCTpaHCTHA.
TIpH WHPOKHX orpaHHYedHa X Ha olIACTh 3TO KOAHYECTBO NpHENHKEEHD
paBHo ofwemy ofimactu. TlosToMy nNpeiMeroM Hcc/efoBaHHs ABHANCE

" OleHKH MOTPRITHOCTH B 3TOM cooTHOWerHH. Ha 31ix sanavax dopunpo-

panca H GOPMHPYETCS METO] TPHIOHOMCTPHYECKHX CYMM.

Mur ocraHomuMes ceffuac Ha €BAZAX 3aJaull O NOJCUETE KOMHUECTEA
UEIBIX TOYEK B 0f1acTAX ¢ HCC/elOBAHHEM aCHMITOTHYECKOrO MOBeAeHHS
cOOCTREHHLIX MHCEN Kpaepoil 3amauu

Aut+-hu=0, weD, (1)

du

an |p
rae D ecth KoweyHas ofitacth m-wepHoro npocTpaxctsa, B — ee rpa-
HHaua, Au — oneparop Jlanaaca. Peub 6yaer uaTh o6 acHMITOTHYECKOM
NOBeIeHHH BeJHUYHHBL ) B 3aBHCHMOCTH OT ee HOMepa (cOGCTReHNLE
JHAYEHHS PacnojiaraeM B NOPAAKE BO3PACTaHHA). DTy 3a1auy MOMKHO
d)OpM}rJIHPUBHTb EaK HCCICNOBAHHC MpPH T — oo aCHMITOTHYCCKOTO
TIOBCJIENHA BEJIHUHHE

N(T)= > 1.
£ l..%"!‘

u|lp=0  nam 0, (2) nm {2')

1=
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Orpanuuinmen naockiM ciydaem. [ Befias noaydun cBolO acHMNITOTH-

HecKy1o hopMyay
N(T)~T52T,

annpokcHmupys o6aacTs D xkeapparamu. Jian KBajpaTa co CTOPOHOM,
paBHOft efuHHle, coGCTBENHEE 4ucaa b = n2(n? + m¥), rae n o m—
HaTypadbibie uucaa. Beiny storo K usyuenmio Bennuns N(T) MOHHO
NPUMEHHTL TEOPHI0 LRABIX TOUEK B KpYyre. Ilas ypaenenun {1} npu
yenoswu (2) noayuaeres

N(T) =~ XL (V).

Hamuuue B 5T0fi AcHMNTOTHYECKOH (OPMYJie ABYX WICHOB, NO-BHAHMOMY,
nano nosoa . Befinio BuCKa3aTe THOoTesy, 4TO B «OOmEM cayuaes
dopmyna ans N(T') lonxna HMETe BHL

N(T)="22 7 2O YT +o(VT)

(L (D) — neprmerp o6racTu). 3Ta rHNOTE3a A0 CHX MOp HE LOKa3aHa.
H. B. Kyaueuon (nepsas pafora, cosmectHas ¢ B. @. @enoconhiv)
Aokasan runoresy I'. Beiins gns ofwacrefi, B KOTOpPEIX KPACBaR 3ajava

NOMyCcKaeT pasjeneHHe NepeMeHHbLIX. Tawgux THNOB ofsacTefi KOHeUHoe .

Mo, W BCe OWM omucaHH JiaeHxaprom. Chenys onuoi miee THry-
Mapiia, coGCTBEHHbiE HHCAa MOXKNO 3aHYMEpOBaTh JIBYMSA LeNOUHCTen-
HBIMH HHIEKCAMH & == A (n, m) Takum ofpasom, YTO KOHYECTBO (EAbIX
Touex B obmacTH

Wi, m)=T

paBHseTCH KOJHYecTBY cOGCTBeHHLIX 4HCeN, HE TPCBOCXOAALLNX ;o
Nna oueHEH KoAHUecTBa NEMHX TOYEK B 3THX obiacTAX TPHMeHAKTCR
peayabratht M. M. Buworpazosa u Ban aep Kopnyra. Ilpn uccaenosa-
HHE KPHBOH

' An, m)=T

IpHMEHSeTcs TaKk HashiBaeMbli MOAETbHBIH METOL TeopHi O0BIKHOBEH-
HbIX AuddpepeHIHaNbHBIX yPaBHEHHN.

Fanaun Ha HENbIE TOYKH HMEIOT CBA3H H ¢ HITErPAIbHOH reoMeTpHed.
B 1948 roay Kennann onyfuinkoean paGoTy o NONANaHHy NEJBIX TOWEK
B cayuaiino Gpomennsd kpyr. Myere 4 (¢, o, ) — KOMMUECTBO LEMEIX
Touex, MONABLIHX B KPyr ¢ UEHTpOM B Touke (a, B) paanyca V x. TpyGo
rosops, pesyavrar Kenjgania Takos: AAS TONTH BCEX TOUEK

|
A(x, a, B)—mx=0(x% ).
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Peaynerar Kenpanna we AONycKaer CYWIECTBEHHOrO YAyYILEHHSA,
a uMenno Jlannay nokasan, wro infA J06oro NOMOMERHs UeHTpa

-ﬁﬁ | A (x, u,le:;-—nrl :::-t:‘} 0.

X—po0 - X
Hemapuo A. A. KOnun, npumeHHB B 9TOH 3anaue cOOBpaMEHHs TeOPHH
MOuTH TEPHONMYECKHX (YHKIHA, A4l HOBOE AOKA3aTeNbCTBO 9TOR
Teopemul Jlauaay.

IMepexonEy K BOMPOCY O pacnpeAeicHHM APOCHHX Aoned (yHKUHA.
AnanurHyeckas TeOpPHA -UHCEN MMEeT TAKXe BIAHMHO [OAOTBOPHLIE
CBA3H ¢ TeopHeli BepoATHOCTeH (KaK ¢ METPHYeCKHM, TaK H CO CTaTH-
cTEYeCKHM RanpasjienusMu). OcofieHHO OTUETAHBO BHAHL 3TH CBA3H
B 3ajaye O pacnpenencHuH ApobHEIX noael moxasarenbHOR QYHKIHH.
Mycrs g2 — QukcipoBannoe uenoe uncao, 0 << a << 1 — seme-
CTBEHHOE YHCAO, PaCCMAaTPHBAETCA NOCTEIOBATEILHOCTE APOCHEIX Tovied
{ag=), x=20,1,2, ... . Tlpencrasim a GeckoHeyHOil g-HUHOI

apobeo
ay fy
bo=—t—=—=...
z . 5 7 ' (3}
O<a;<g— 1, H TeM caMLM CONOCTABHM ¢ OBCKOHEWHYIO NoCaefoBa-
TeNLHOCTh, COCTABJAEHHYK H3 3nako 0, 1, ..., g—1It
gy oy o - (4}

Bonpot o pacnpelesieHHH ApoOHbIX noveft {Gg*) MOMET TPAKTOBaTBCA
KaK HCCAENOBAHHE pacnpeleenHsi SHAKOB H FPynn 3HAKOB B TNOCHERO-
patenbHoctH (4). Tawxoir meton OyjaeM nasHBaTh MeTO/OM 3HEKOB.
TMycTL NPOHIBOAMTCH HEOTPAHHYEHHOE KOMMMECTRO HE3ABHCHMBIX
HCMWITANAR, TPH KAMKIOM H3 KOTODHIX ¢ paBHoi BEPOATHOCTLIO MOMeT
MPOUSOATH OfHH H3 g BO3MOMHLIX Hexopos 0, 1, . .., g — 1. Peayae-
TaT STOM CEPHH HCTILITAKME 3anMiueM B Buge crpokn (4). EctecTsento
BOAHHKAET BOOPOC O TOM, KakHe TPe(OBaHHS HYMHO HAJIOMHTL HA
nocaenosaTenkHocTs (4), 9T06H HMETh OCHOBAHHE CKA3aTh, YTO B Hed
OTpaMeno THOHYHOE TeueHHe cayuainoro npouecca. Kak HasecTHo,
Musec TmoTpeGoBaj, YTOGH B NocaejoBaTelbHOCTH (4) Bee 3HawM

0, 1, ..., g — 1 BcTpevanuch Gbl ¢ OfHHaKOBOH wactotofi (paBHON
1/g). Ho storo Tpefosanus, OHEBHIHO, Mano: TEUEHHe NPOLECCa
0, 1, 000, =1, 0, 1, 000, g—1,0, 1, suvs @—1s +--

yioeaeTeopaer TpebosanHio Museca, Ho Taxoe TewenHe Mponecca
HeAb3s HAa3BaTh THNHYHEIM. BTopoe ycioede Museca COCTOHT B TOM,
yroOel B AGOi a priori sajaHHOH TNOANOCAENOBATENbHOCTH. COXPAHH-
nace 6W uactora noseaeHus anakos 0, 1, ..., g — |. 310 ycnoshe
HEML3A CYMTATH TOYHO CPOPMYNHPOBANHBIM, TOCKOJLKY He YTOYHEH
KJace paccMaTpHBaeMBix nofnocaesoparentrocteir. Ileppoe, uro npu-
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XOHT 1a YM,—3TO oTHecTH Tpebopanue Muzeca JHIIbL K ToAMocAenopa-
TENBHOCTAM, HOMEPA KOTOPHX 06pa3yior apudMeTHUecKHE NPOrpeccHH,
T. €. pPaCCMaTPHBATL NOCAEAOBATENILHOCTH (1), ¢CAy4YaiHOCTEY KOTOPHIX
HM@eT, TaK CKasaTh, JIHHeANLli XapakTep. Taxkwe noelefoBaTelinHOCTH
GyoeM HA3LIBATh JHHEAHBIMH KOJMJICKTHBEamMH Mwuieca.

ITyers uncnio a safano paanoxenrem (3). Jlerko aoKasats, 4to Aas
Toro, yrobu apobuwe nonn {ag*}, x = 0, 1, .. ., GHAH paBHOMEpHO
pacnpeieneHsl, HepOXOQHMO H JOCTarovio, 4TOOW COOTBETCTEYIOULAS
nocjenonaTenbioeT (4) 6blla nuHEAHLIM KoniekTHeOoM Museca. Takum
ofpazoM, 3ajava o pacnpeaenenuy apoGHEIX Jlodell NokasaTeAbLHON
$VHKuHH OKa3HBaeTCA CBA3AHHOA C TPAaAHIHOHHO HarypdunocoheKoi
TEMOH: AHAMHA0M NOHATHA CAYYalHOA TOCAefoBATENBHOCTH.

Metpuueckre pesyabTaThl, OTHOCHIUMECA K PACTIPefefeHHI0 Apob-
HBLX JOMel MOKasaTensnofd QyHKIHH, MOXKHO NOAYYATH KAk CHencTeHe
KJACCHYECKHX TeOpeM TeopuH BepoaTHocTed, Hanpumep, Ank TpakToBKHM
TEOpPEM O PABHOMEDHOM pacmpeleleHHH APoOHLEIX JoA€H NoKasaTelbHOll
GyHKUHH HANO PACCMOTPETh KaK BEPOATHOCTHOE NPOCTPAHCTBO OTpe-
sok [0, 1], Ha stom orpeake o-anrefpy namepumeix no JleGery Muoxects
u mepy JleGera B Kauectee BeposiTHocTH. [lyeTn 4

_ ey (@) | as(w)
o= - +_gi_'+“- ‘

Octosoit Teopun aBAReTcA coolpamenwe, uTo GyHKWEH a; (@),
i=1, 2, ..., ssngworcs He3asHcHMbiMH. [losTomMy B MeTpuueckod
TEOPHH pacnpefenenua ApoOHBEIX JOJeH MoKasaTenvHoll QyHKIHH
MOKHO NPHMERHTh TeOopHIO CYMMHDOBAHHA He3aBMCHMMIX W cialo
3aBHCHMEIX ¢lyyallHLIX penHynH. B KavecTse npHMepa TaKOro pesyiib-
Tara NpHBELEM Teopemy, npuuagnexamyio Dopre (NeHTpankHas npe-
OeMbHAR TeopeMa s JpoOHbiX JodeH TIOKalaTelbHOR (GYHKIHH).
ITyers f (x) — BémecTBeHHO3HAYHAA MepHOIMYecKas ¢ MNeprogom |
YHKLMS, YIOBETBOPSIOULAA ONPEIeTeHHLIM OrPpaHHUEHHAM HA MOaVIb
HenpepuBHocTH. Torja npu Aw6GOM BellleCTBEHHOM L

Py

Ilin;mes {cﬁ: D<al, Eﬂ flag®y—P

g R

'Hnm{lVﬁ}—

=L

F1

- A
I. 5 Zﬁ}

S —— =4 dz
) Vonoy

-y

(BesHuMHa Oy onpenensiercs 10 PyHKUHH f).

OBwny MeToaoM HecleoBaHus paBHOMEPHOTO pacnpeleenus apob-
HbIX JAOJIEf SIBJAeTCA METOA TPHTOHOMeTpHYeCKHX cyMM. B npumenennn
K 3alayc O papHOMEpPHOM PpacHpefeneiuH ApobHHX Aotel Nokasa-
TCABHOH (PYHKUHH ©OH COCTOHT B H3YYEHHH TPHIOHOMETPHYCCKHX

-
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M EBHIZ
ke A P

E Priity o

z=l
W CBSAAIHON ¢ STHM BONPOCOM 3afade of oluenke KOAHIECTBA PelleHH
IAohAHTORA YpaBHEHHS

g gt .. f g =g g L g
D Xsisss S Yis voey e P11,

u Gosee CIOKNLIX ypasHenuil Takoro e Tuna, llo-punumomy, nepenex-
THBHA paboTa Mo CPaBHEHWIO METOJA 3HAKOB H METOAa TPHTOHOMETpHYE-
cKHX cymm. UtoGbl npounnocTprpoBarh paboTy MeTola TPHIOHOMETPH-
yecKHX CyMM B 3ajavax C MNOKa3aTeIbHOH thyHELUMHeH, NpHBeLEM HABE
reopemsl, Aokasannsie Hefasho JI. I1. Ycombuessiv. Tlepsas Teopema
Kacaercs ONEHKH TPHIrOHOMETpHUECKOR CYMMbI ¢ NoKadatelbHod QYHK-
uweli; mycth g >4 — duKcHpoBanHoe neaoe, P >3 — HaTypaAbHoe
YHeno, o — BelIeCTBEHHOe YHMJIO, TaKoe, HTO

1 1
P g£lal< e
CrpaBeiuB0 HEpaBelCTBO

P-—1
|3 <P (1 -ghr).
=)
OrMeTHM, UTO 9TO HepaBeHCTBO GAH3KO K IOCTHXUMOM TpaHHie. M3 sToi
ONEHKH BBHIBOAMTCH alquTHBHAA Teopema. [lyets g4 — dukcupo-
panioe HatypasbHoe ukcao, A, (P) — koanyectso pemendi JHodan-
TOBa YpaBHEHHS

it =gt g

B uensx 0<xy, ..., Yo <P — 1. [lycts & — o0, P — 00, npHueM

P =o (y#). Torna
1 3

_ Sht3 -
1 1 p 2 1 VFInfk
e =Bt — (1o (5 + 570

Teopemy. Gopte MeTofoM TPHFOHOMETPHUYECKHX CYMM JIOKasan
M. IT. Muuees. Metos TPHrOHOMETPHYECKHX cyMm yfolen TeM, uTo
oM NPHMEHHM K HCC/AEJOBAHHIO paclpefeienus ApPOOHbIX JoJcH mat-

PUYHOA NOKa3aTeNbHOH (YHKLHH {A%a}, rne A — HeBHIPOXKASHHAS

LeOUMCeHHas MaTPHNA, @ — BEIeCTBCHHHI BeKTOp, IpobGHas ons
Geperca nokommonentHo. B 1964 rony onyGaxKoBano HCCaIelOBaHHE
B. TI1. Jleowosa, B KOTOpPOM METOAOM TPHIOHOMETPHYECKHX CYMM
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(IBAMOWHMES pasBuTaeM meToma M. [T Muueepa) TokasmBaercs o06o6-
HieHHe ynoOMARYTOR Bbille Teopemn Popre ma gpoGHbe doan MaTpHY-
HOM mnoxasarenpuol GyukipH. [anbHeliliHe HCCAe10BAHHA B ITOM
nanpapiesyd GeUH nposeaern P. X. MyXyTAHHOBEIM,

A HOBOTO PA3BHTHA TEOPHH AHOPAHTOBBIX MPHOIHMEHWA Xapak-
TEPHO TNPOHHKHOBEHHe 3proguvecKHx MeromoB, [lon SprogH4ecKoi
TEOPHEH Ml pasymeeM He TOMBKO MeTPHYeCKHE Teopems, HO H TEOPEMH,
OTHOCAILLHECS K OTACMBHBIM TPAGKTOPHAM AHNAMHUYECKHX CHCTCM.

Sproguueckasn TeOPHs NO3BOANCT OGLEAMHHTL B ONHON CXEME KAk
3alauM, OTHOCHIIHECA K JIPOGHLIM JOJSIM MHOrOY/Iena, T8k W 3afadH,
OTHOCHINHECA K pacrpefesedmio 1pofHmX Aoviell noKasaTeqbHoll PyHK-
unn. Pacemorpum nenounciennyio HEBLIPORKJEHNYIO MaTpriy A ¥ pex-

TOp & € BEIECTBEHHLIMH KOMIIOHEHTAMY. Onpeaenum Ha n-Meprom
Tope npeoGpasoBaHHe

Ta = { Az + b).
Jlerko moxasate, uTo oHO coxpanser mepy Jlefera, Tak 410 c© Tmo-
MOIOBHY STOMO npmﬁpaausanuﬂ MOMHO NoOCTPOHTE AHHAMHYECKYHY CH-

cremy. Mul Gylem Mayuath noclefosarenbHOCTH cTemeneli T, T. e.
MOCJAeA0BATENLHOCTL  BEKTOPOB

o Ta, T, ... .

Quesngno, yro BOMpoC o ApolHBIX AOAAX MATPHYHOR NOKasaTeJbHOl
dyHRIMH conepxuTen B STOH cxeme: HYHHO NOAoHHTL b = (. Myers

¥ — (pHKCHpOBaHHOE HppauNONANbHOE YHCIO. Onpenennyu Ha aBymep-
HOM TOpe npeobpazoBanne
|1

2
T (o4, aﬂ=(|u | (e o)+, *r})-

[NpeoSpasosanue T, nosropennoe x pas, naer
T (o o) = ({oy + 2005 + yx?), {02 +y}).

Mut BuAMM, uTo nepraa KoopaHHaTa OMHCHBACTCH APOOHBIMH 1041 AMH
MHOIOYJIEHA BTOPOH CTenmeHyu.

3HA4YeHHe SProIHYecKoro NOAXOAA COCTONT B TOM, YTO OH TO3BOIM/
PAcnpoCTPAaHHTL METONN, MPHMEHAIOUIHECH B 3afaUe O PACTpe/e/eHHH
ApOGHBIX Joell MHOTOWAEHA Ha JIPYrHe OGBEKTH: B YACTHOCTH, 3Profu-
HeCKas mies Obuta Bejymedl NpH J0KA3aTeNbCTBE PAJA PE3VALTATOR
0 CIyuaHHbIX TIOCTEOBATEIBHOCTAX K APOGHLIX AOMAX NOKA3aTEAbHOM
pyuriHm. : .

Merouu Teopun uncen maunH mpHMeneHne B sajavax NpHETHKEH-
HOTO aHalH3a, B YACTHOCTH B BONPOCAX O KBaApaTYpPHEIX dopMyiax
Aas MHOTOMEPHEKWX HHTerpanoB. 3rd paboThl CBAIAHM ¢ HMeHaMH
C. JI. CoBonepa, H. M. Kopobosa, E. masxu. Hameemcsi, wro ma
Konrpecce 310 manpasnenue Gyzer ocpemeHo s AOCTATOUHON Mepe.
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Teopus MYALTHIJIHKATHBHLIX  dyHKLHH

MyabTHnAHKaTHBHLIME YHKIMAME HasuBaloTes (yHKUHM HaTy-
PaNbHOrG @prymMenTa, KOTODHE VIOBIETBOPSIOT (GyHKUHOHAILHOMY
VpaBHeHHIo

f(ny, ng) =f(ny) f (ng)

1A B3AUMHO HPOCTHIX YHCEN Mty H Nz, ITH DYHKUKK BOIHHKAIOT B BoMpo-
CaX, CBA3SaHHBIX C pPasoMeHHEM UHCEN Ha MPOCTHE MHOMHTENH.
C noMouwe® MYJNbTHMAHKATHBHEIX (DYHKUHI MOTYT OLITh H3YYEHH
MHOTHe BOHPOCH O PacmpefesieHHH UebiX TOUeK Ha KPHBBIX M 1NOBEpX-
HOCTSIX, BOMPOCH paclpefecieHds MNPOCTHX YHCEN.

Mb1 ocTaHOBHMCS Ha Tpex CBS3aHHHX Mex1y cobofi acmexTax
TEOPHH MYALTHIIHKATHBHBIX (YHKUHKIL

a) Beposmuocmuan meopus wuces. Io-supuMony, Typan Bnepsue
oOpaTH BHHMaHHe Ha NADAANCIHSM MEKIY JOKa3aTENbCTBOM Hepa-
sencTea UeOpinena B TeopHH BeposTHOCTE W HepaBeHCTBa Pamany-
JxaHa, Kacalomerocs pacnpefesiends sHauveHuii dynkuue o (n) —
KOJIHIECTBA PasTHYHEIX TIPOCTHIX AenuTeNel uueaa n. ShoT napanne-
MU3M, KOTOPHH MH OyaeM HashiBaTh BEPOATHOCTHON HHTepnpeTalHed,
00HADYKHBAETCA B Pa3HOOGPasHBIX 33jauaX TEODHH HHCET H CAVIKHT
KauBoH, Ha KOTOPOH pasBHBaeTcsi GOMBINOE HANpABJIEHWEe AHAJHTHYE-
ckofi Teopun unces. B CCCP BepostnocTHas Teopus 4Hcel NpejcTas-
Jdena autoBcKofi wxonod H. I1. Kyb6unwoca.

3a MCXONNLIT TYHKT BO3bMEM 2HAMOTHIO MEANY AHATHIOM H TEOPHER
uncesi. TouHee rosops, sflech CYLIECTBYeT NENAs CHCTEMA aHalorHi,
H Mbl OCTAHOBHMCH HA 0AHOH M3 HUX. BLINHIIEM aHANOrHUHKE TTOHSTHS:

Apaanz Teoprs wucen
§
)
Hurepean ApupmeTnueckan nporpeccHs
Di+4-1, D=>0
Mepa Mnomecrsa ACHMATOTHYSCKAH  MAOTHOCTR  MHO-

MECTED HATYPANLHEY 4HCRd

nEPHDJIH'IECKHE C Ledkid NMepHoioM
DYHKIWHH HaTy paJdsHOro _APryMenTa

Kycoumo nocronssste hyuKium

N
1
Hurerpafibhas cyMMa c paBhky | - Bupamende Buja T M fm
pasOHenHeEM =1
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Oyuknuio f (n) HA30BeM LETOYHCJAEHHO HeNpepuiBHOM, eclH Als
aobore & >0 Hafigerca Takoe N, uyro npH ¢ = b (mod N)

|Fla)—F (b} [<e

Jlerko pokasatb, YTO AJS  UEJOUHCHNEHHO HENpephiBHHX (QYHKIHA
CyMecTByer penei

N
lim - ) f (n)

Nsvsa
n=1

310 aHManor Teopembl O cYLIECTBOBAHHH HHTErpaja.
B knacce nenouncaeHo HelpepuiBHEX QyHKI#HA, TOYHee, B HECKOJb-
Ko 6ollee WHPOKOM Kiacce, coAepmaTes HEKOTOpPBIE monyaapiule GyHK-

LHH TeoprH ukces. Hampumep, q’—{“—}. rae ¢ (n) — dyuxuna Sfnepa, u

"{“] y TAE @ (n) — cyMMa JenHTeNed YHCIa #, YKasaHHad Bblle aHano-
FHH ABIAETCA BEAYILEH HIeell NPH H3IYUSHHH pacnpefeieHHs 3HauenHH
MHOrHX apHMmerHdeckux (pymruMfi. YKameM B KauecTBe NPHMEpa Ha

caenyioinyio teopemy. Ilyers -.-_..;('P—f;:";jcg L) O3HAYaeT YacToTy HaTy-

padbHLX 4ucenr m, m< N, Ana  KoropuX ﬂéﬂj = N C}rm.ecmye'fr
HerpepbiBHasi (YHKUMA pacnpenenenHs o (M), Takas, uto

W(—{%’lgl]nn{l}+ﬂ(m] ’

B cBfan ¢ MeTpHUeCKHMH TeopeMaMu o pacrpegedesHu ApolHbix
fomed NoKasaTeablol GYHKIHE M TOBOPHAH O «TEOPHH BEpPOSTHOCTER»
Ha orpeaxe [0, 1]. Hexkoropeie cTOpOHLL BEpOATHOCTHON HHTEPNPETALHH,
0 KOTOpOIl La peyb, MEl MOMKeM TPAKTOBaTh KaK aHaNOTHYHYIO TEOPHIO,
B KOTOpO# BEPOATHOCTHLIM NPOCTPAHCTEOM ARJIAETCH HATYPanbHblil PAX
YHCen, HAH Jyullle KOJbLo LedblX 4HCel, a B KadecTse Mephl OepeTcd
ACHMNTOTHYECKAs MMOTHOCTD MHOMecTBa. [llna kamfgoro npocroro p
onpefeauM QyHKUHI0 UETOYHCAEHHOrO aprymedra

1, ecnu p|n,
&y (1) = 0, ecmu p t n.

(Dyuxuny &, (1) H gy (1) BAA PasHLIX p u § ABIHOTCH He3aBHCHMBIMH,

[MnorHocTy ABAACTCA JHIIL KOHEYHO ANJIHTHBHOH, HO He CHEeTHO

AMMHTHBHOH QVHKIHEA MHOAeCTE. Hanpumep, MoMHO pasnomiTh HaTy-

panbHE paj B GECKOHEUHYH) CyMMY HenepeceKalounuxcs apudmeruue-
X 1

CcKHX Oporpeccuii {Dx - l;} rak, uro 2'1'3_:{ g. Ha-1a sroro oficros-

TeNRCTEA TIPH NpejefbHLIX NepeXofaxX Helb3f ToML30BATBCSH OOIIHMH
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TEOpEMAMH TEOPHH BEPOATHOCTEM M NPUXOAHTCS NPOBOAHTE BHIKAAN-
kH. Ecre HecKoneko cnocoGoB A npeglofielHs  STOH TP YAHOCTH.
E. B. Hosocenos npeanoxun cnocob, 0CHOBAHHLIA HA BAOMEHHH KOMh-
Ua UENHX paWOHANbHBLIX 4HCea B HeKotopoe Goabluee Koablo. Pac-
CMATPHBEETCH IPAMOE NPOHIBENEHHe

e=[lH,.
T

rae M, — KOMABLO UEIALIX P-aOHYECKEX YHCENI, B B & HBOAWTCA THXOHOB-
cKasi Tononorus. Mepa Xaapa ua agauruaHoil rpynine @ ecth CYETHO-
aAIHTHBHAA (PYHKUHH MHOMecTs. B Koible uenblXx panMoHaJbHBIX
UKCes 5Ta Mepa WHAYIHpYyeT moTHocTh. Meroa Hosocenosa noaposasier
faTe HOBHe NOKA3aTEJbCTBA OCHOBHBIX TEOPEM BePOATHOCTHOH TEOPHH
YHCE ; ¢ MOMOLIBIO STOTO MeTofa ObLTH YeTaHOBAeHk HOBBIE ACHMITOTH-
UeCKHE 3AKOHBL TEOPHH YHCEN H MOACYHTAHEl OCTATOMHBIE WieHkl B HEKO-
TOpHIX QopMynax.

3awmerwm, uto koHcTpykuws E. B. Hoeocenmoma poacteexna Kou-
CTPYKUNH ajeIel, NpeaoKen ol esanne (Gosiee TOWHO, KOHCTPYKUHA
anen;an copepxut koHeTpykumio E. B. Hosocenora Kak npomesyTtounsti
3Tan

6) Memod npouseodsuyux ymnsyud. Kax nspecTio, anaiuTHYyecK:m
METOAOM B BOTpPOCAX CYMMHPOBAHHA MYJBTHNJIHKATHBHBIX (GYHKuHE
H B BONpPOCE © PacnpefedeHHE TPOCTBIX YHCEN ABASETCH METOA MPOH3BO-
AAWHX GyHKUMA, cBR3ANHKT ¢ HONDAR30BaHHEM J3eTa-pyHKuEE PuMana

L(s)= L—, npu Res>> |

T

H L-byukuui JIupuxiae

Lisn= 2] : 2

(% (n) — xapakTep [lnpuxae). C noMOLLBIO 3TOrO annapara yeTaHaBAHBa-
WTCA aCHMOTOTHYeCKHe (OPMYIL /6 BEJHUMHEL 7 (¥) — KoJuuecTea
NPOCTEIX YHC&N, He TIPeBOCXOAMIMHX x, anad n (x, D, ) — xoawuectsa
NPOCTHIX *IHCEN, 11€ NPEBOCXOAALULHX X H CPaBHHMEIX ¢ [ no monynwo D,

4 TaK:e acHMITOTHUeCKHe (OPMYJIR IR CYMM 3HAYEHHIt MYNLTHIAH-
Haﬂmﬂux dhynxumh

M@= 3 fo) npu x—co.

ENEX

Kal{ H3RECTHO, Xapakrtep j (n) ecTh BNOJNHE MYJIBTHNAHKATHRHAS
GyHRuHg, T. e, poA Jobbix ABYX HaTypaabHBIX YHCEN n W 1

¥, (nm) = x (n) x (m).
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310 cooTHOWEHHE Oonpeneasier nekoropule cBofictea L-pamos. Ycnexwn,
JOCTHTHYTHE C NOMOWBID anpapara TeopHH L-panos, noGyamad pag
MaTeMaTHKOB, B NepByio ouepens H. I'. Uynakosa, uccnenoBath Bonpoc
O TOM, IJIf KAKHX elle BNOMHE MYAbTHIMIHKATHBHHEX dyuxuui h (n)
MOMKHO [OCTPOHTL CONEPIKATEAbHYIO TEOPHIO DPAACB BHIA

o hn)

E n* -

fim=]

B sT0ii cBA3M OTMeTHM TeopeMy [Jaskopa: mycrs A (1) — Bnonne
MYJbTHIAHKATHBHAR GVHKUHA, NPHHAMANINAS KOHEYHOe KOJHYECTBO
FHAUEHHA H ’
M h(n)=aN-+0 (1),
=i
rae a == 0. Torna k (r) ectb rnasuelil Xapaxtep Jlupuxie no HeKoTOpo-
MY MOLYJINO.
OCHOBHYIO pOldb B TEOPHH L-pAfoB HrpawoT OLEHKH LA CYMM
XapakTepoB
5
Ni£nsNg

% (n).

Mzl cefiqac OCTaHOBHMCH Ha ONHCAHHH NpOrpecca, KoTopWH JOCTHrHYT

B 3TOM BOMpOCE.

[lpexxne Bcero B Bompoce o6 OlieHKe CYMM XapakTepoB CHIrPaxo
posb A0KA3aTENLCTBO MHNoTesst ApTiHa — Prmana gus psera-QyHKuH#
KPHBHX HaJl KOHeUHHM nodeM (teopema A. Beiinsg). C nomownio Teopemul
Beiing Bepuxece nonyunn onenku cymm xapakrepos. Onenku bepnxecca
HAXOAAT HOBLIE NPHMMEHEHHS B analHTHYecKol TecpuH uHcen. Hepasio
A. H. Bunorpagos u 0. B. JIHuuHk nonydHnu npHaoHeHHs oleHoK
Bepmecca ans CyMM BelllecTBeHHbx Xapaktepop [upaxne. Hapectna
Teopema MHHKOBCKOro: BO BCAKOM [1oJie anreSpaHuecKiX YHCEd €CTh
uenndi Wiean, HOpMa KOTOPOIo He MPeBOCXOAHT KOPHSA KBAIPATHOI'O
H3 JHCKpHMHHAHTA noas. OKasHBaeTcs, YTo AAA KBaAPaTHUHKX PacluH-
pennii noas panponansubix whcea R () D) stor pesyaprar yeraupaer-
ca, Hmenno gns moGoro e =0 u awboro |D |=Dgy () B none
R (V' D) ectb ueani nuean, HopMa Kotoporo ne npesocxogrr | D | Vi+e,
OuenkH KOJMHYECTBE  HAEANOB ¢ MaJoli HOpMoOH, TOJAYYEHHHE
A. Y. Bruorpazosum u 10, B. JTusnukom, uMel0T 3HaueHHe 1A BOnpo-
ca O pacrpeneneHHH UeAblX ToueK Ha aarefpaHduecKHX NOBEPXHOCTAX.
Kaxk napectHo, 0. B. JIuHHHK N0Ka3an, 4TO HEJBLE TOUKH HA TPexmep-
noft chepe

1’-{—5{!1—22&—-”
pacnpejieieHsl PABHOMEPHO 110 TeAecHbiM yryaM, Yvenuxu 10, B. Jluu-
nuka A. B. Maaswes u B. @, CryGenko passunu viaen JIHAHKKE; Tem
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caMuiM -6blia CO3JAHA TEOPHS PAcHpelejeHHs UeNBX TOYEK HA HEBHl-
OHCIEHHEIX NOBEPXHOCTAX BTOPOrD MOPSAKA. 310 — TPYAHASA TeOpHd.
oewe peaynabrathl A. H. Bunorpanora  10. B. JInnKHKa 110380715107
JHAUMTENLHO YTIPOCTHTL TEOPHIO. -
Hanee, coverad oueHkn DBepmiecca ¢ oueHKamH Jurena uHcaa
waaccos, A. M. Bunorpamos u [O. B. Jlunnuk nonyunas OueHKY
HaMMEHbITIETo NPOCTOT0 KBAAPATHUHOCO BHUETA 110 MPOCTOMY MOAYaio D)
Pmn (D): npu moGom & > 0

e
(D) =0 (DV ).

Onpofl M3 OCHOBHHMX TBOPYECKHX Hieii B reopiH L-psgos Jlupuxne
sEafeTcA aHanoris (samevennas Jlaunay u JIHTTABYAOM) MEXIy nobe-
neHueM n3era-pyHKunu Pumana

L) =L (0 +if)

TIpH pocTe MHHMOI uacTu aprymenta | f | = oo W Teopemamu O noseje-
HHH L-psiloB, KOraa cTpemHTes K GeCKOHeTHOCTH MOAYJML Xapakrepa D.
Teopnsi ana | { | - oo paspaborana ayuime, ueM fas [) — oo; Hecae-
JOBaT&H CTAPAIOTCA Teopembl [-acnexkTa MepeHecTH Ha [ -acriexT.
4f-D» aHaNOrH# NoMoraer H B Bonpoce 00 OLEHKAX CYMM XapakTepos
B CJYyuae, KOLja MOAYJb €CTh CTenelb NpOCTOrO HHCAA D = p~
B TeopHm H3eTa-}yHKUMA CYIECTBENHYIO POdb HTPAlOT OUEHKH CYMM

Ny

E g—ilnn,
n=Ny

s Mosy4eHHH STHX OLEHOK GYHKUHIO In X npHOIMAKAIOT ¢ NOMOIIbIO
crpoku Tefiaopa MHOrowneHoM, H BONPOC CBOARTCH K OLEHKE TPHTOHO-
MeTpuueckoil cymMul THna Befian — anech MOMHO NPHMEHATH OLEHKH,
noxyuennse no merony H. M. Buworpagosa. C apyroii cropom,
B C/Iyuae MoAYAA, PARHOIO CTEMEeHH NPOCTOro Ykcia, CyMMa XapaKTepos

HMeeT BHI
) indn

- Sy=Se¢ Pl

C noMoueio ofphBa B NOLXOAALIEM MECTE PAia ANG pP-aAHYeCKoro Jora-
pudMa noayuaeTcsl TNOAMHOMHANbHOE BhLIpAMEHHE JUIA  HHJIEKCOB,
H BONPOC O CYMMe XapaKTepoB ONATh peayuHpyercd K OlUeHKaM cymM

- Befins. Aunatorus Jlanfay — JIMTIIBYAa OKassiBacTCHd  CBA3AHHOH

¢ aHaorHefl MeXK1y BEIeCTBEHHEIMH # p-anueckumy uncnamu. OcoGen-
110 iCHO TPAKTVETCH 374 HAeA B OfiHOR HeflaBHed paGote H. I'. Hynaxopa.
IMonyuenisie OUEHKH CyMM XapakTepop B clydae MOAY/dA, PABHONO
CTeNCHH NPOCTOre 4HCAA, HMEIOT apH(METHIeCKHE CJIGACTRHSA.
Kak mupoko uspectno, 0. B. JIHHHHK YCTAHOBHA CYUIECTBOBaHKE
afcomorHofi noctomunofi C, TaKo#d, YTO AN HAMMEHBILEro OPOCTOrO

1l
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HHCIA (min, TPHHAAIEKAUIETO ApHPMETHYECKOH NpOrpeccHH
De+l, (D, D=1, lgigDh~—1,
CTpaBe/IHBA OlEHKA
Grain € D°.

Hueaennwit nogcuer nocroaunoi C, nponsrejernnlit Yen Dxnn Panow,
dan HepaBeHCTEO

C<T777,

Covetas meTox JIMHIMKA © omenkamu CymM Xapaxrepa 1o MOAYIO,
paBHOMY CTeNeHH npocroro uwcaa, M. B. Bap@an, 10. B. JIuEnnk

i H. T. Uynakos fajn ia HaMeHLIIEro NMpocToro ueda, Jemaliero
B MPOrpeccHH ¢ pasHocteio D = pk, ouenky

ok

B
gmin € D* f
Tunotesa Pumana naer ans peex Mogymeft OUEHKY

P % 119,

B paGorax 0. B. JTunnuuka nokasawo, uto reopus L-psgop nweer
NPHAOKENHS K AUTHTHBHLIM 3ala9aM ¢ TPOCTRHMH YHCAEMH: ocolelnoe
3HA4CHHE TPH STOM TIPHOGPETAKOT IUIOTHOCTHLIE TEOPEMbl: MOL STHM
NORHMAIOT TEOpEMLl, OTHOCHWMECH X OLEHKAM KomuvecTBa HyJjefl
L-pynxumii, nexainx 8 kputTHueckoll moioce. 10. B. JInHHHEK OTKPHI,
HTO AAF MHOTHX AJAHTHBHBIX MPHIOKEHHH HeT HeolXOIHMOCTH B Teo-

PeMax,, OTHOCAWMXCH K L-pAnaM c HHAMBHIYAMbHEIM Mopyaem [),'

AOCTATOYHO TEOPEM, B KOTOPWIX IIPOH3BOAHTCA ocpedHenHe mo ). Dro
HanpapJienye TeopHu GyleM HaswiBaTh TeopHedl L-psagos 8 cpepmen.
10. B. JIunuuk cosfan ocHopnod METOM 3TOrO HaNpasleHHA, TAK HA3L-
BaeMbll MeTo Gonbioro pemera. Xapaktep noiyueHybix afech peayJin-
TATOB MOMKHO NPOACMOHCTPHPOBATL HA TAK HASHIRAGMOM YCpeAHEeHHOM
SaKOHE pacnpeieNenus NPOCTHX YHCed B apH(METHYEeCKOR NporpeccHn
N

S max law, b, By b 2 -_-cr[—""__)

o T @(D) ) Tni In*y /'

DNV B (1, Dasy 2
rae st (N, D, I) — konuuecTEBo npocTHIX 4WHCEd, NpPHHALIEKALLHX npo-
rpeccid Dx + | ¥ He NpPeBOCXOAAWMX rpaHuus N, ¢ (D) — ofioana-
uende AnA gynkupn Jiaepa. M. B. Bapban noayuma 3Ty TeDpemy
¢v=—=. A. A. Byxwraf, Buecs yayumeuue B meroa pelneTa

u Henonbays teopemy M. B. Bap6aua, gokasan, uro sesikoe pocrarouno.
Gonbinoe YerHoe MHCNO TNPENCTABHMO B BHAE CyMMI MpocToroe 4HcIa
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M uyWeaa, HMelomero He Gonbme TPeX MPOCTHIX  COMHOMHTEJEN.
A. M. Busorpagos u nanee 3. BoMObepH AoBeH HeCJAelOBaHHE B HIBe-
CTHOM CMEICJE A0 KOHIA, 3TO O3HAYaeT, YTO A4MKe CNpaBelTHBOCTh
paclHpenHof runoress PHMana Mano yTo NpHOABHT K CHJE pesyabTata.

A. M. BunorpajioB NoAyYHJI 33HOH C ¥ =% , 4 B patore 3. BomObepu

nm{yqeno, rpy6o rosops, cuarne e. Cieayer OTMETHTE, UTO HCCHIENOBa-
nue 2. BomGhepH BHOCHT ynpomwenhe B Meroist. Teopema A. H. Buno-
rpasosa — 3. BoMmObepH no3poiser ¢ €IHHOH TOYKH 3PeHUA pellaTh
WHPOKHI KJace 3a1ad, KOTOPLIE TpeGOBANY sl CBOCTO PelleHH s PAsHEIX
MeToloB. HanpuMep, NOMYYeHO HOBOe peweHue npobGaeMsr Xapaw
u JIHTTaByAa 0 MpeAcTABHMOCTH JOCTATOUHO GOJIBUIHX YHCENX n B BHAE
CYMMBL npocTOrd H JABYX KEEUIPETDB HeMblx YHCEM:

n=p++yt,

H HEKOTOPLIX APYIHX 32j@4, KOTOpbIC Gl panee pemenl AHCnepeHon-
HMM MeToaoM JIMHHHKA, W 140 HOBOE JOKA3aTENbCTBO YIOMSHYTOMH

suie TeopevMsl Byxmraa.

B) Teopus xapaxmepos [@exxe. I[l10g0TBOPHBIM AHATHTHYECKHM
annapaTtoM TeOPHH UHCEe] HBJASIOTCH XapakTepbl BEMHUHHH HIH Xapak-
repn Dexke. [ToscHnM o uem et peus. IlycTb Ml HMeem nofe rayc-
coBhix umcen R (i), T. e. noae uncea suja @ -+ bi, rae a u b — pauno-
HalbHBIE uucaa. Xapaxrep [exke nepsoro poja B JagHOM Ciaytdae
HMeeT BHJ

; a-+bi yh
Eg [ﬂ‘{"bl] = (;a—ib:._l) 1
rie k — (HUECHPOBAHHOE HATYpPaibHOE WHCIO.
C noMoliblo OUeHOK TPHTOHOMETPHUECKHX CYyMM BHIA
E Ei’- ()( =] !'-ﬁl'}
ad e
I'. BaBaes noayuun Teopemy, Koropylo, rpyGo ropops, MOMKHO Bbipa-
AHTh TAK: €CVH HA OKPYMHOCTH MHOrO UETHX TOYEK, TO OHH NpuGiH-
3UTEILHO PABHOMEDHO pacllpefefeHsl no yriam.

KoauuecTno UeAuX TOYeK, JeKAUIMX HE OKPYIKHOCTH, 3aBHCHT OT
pasfomenns umcaa N Ha mpocThe MHoxurenn. OTMerHM cnemyioumee
oBCTOATENMLCTBO, KOTOPOE B cBoe BpeMs Gu10 3ameseno B. M. Ceranom:
ecny padtomenHe N COCTOMT W3 cTerncnei (GHKCHPOBAHHBIX MPOCTHIX

. gHCEa, TO MOMKHO mpumenuTh Teopemy A, O. Ieabdonna o npuGamxe-

HHH OTHOWIGHHA JorapugMoB anreGpaMueckKHX WHCEN, YTO BEXET K 3Ha-
YHTEALHOMY VCHIICHHIO OUEHOK; 3TO HOBBIE NPHMEHENHA TEOPHH TpaHc-

HEHAEHTHBIX THCR.
Xapakrepsl ['eKxe HaXOfAT NpHMEHeHHMe u B alIMTHBHEIX 3anauax

¢ MPOCTEIMH YrCAaMH. Mul yae rosopuan o Tom, wro [O. B. Jlmimnk
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NOMYUHA ACHMITOTHYECKYIO QOPMYJY JJla KOMHUEcTBa npeacraBneHud
YHC/IA A B BHJlE CYMMEI IPOCTOTO H JBYX KBALpaToB:

n=p+xt+4 gyt

{mﬁnm’.ru'-m:xym opmyay Xapau # JIMTIABYAA), rAABHBI WIeH KOTO-
po

& __ an L (p =1 e
Q@ () =7 [::I [] '#p{pfl}) I!I mp*—};i—xﬁﬁ}}
n/n

(xa(n) — mernasnbifi xapaktep no Moxymo 4).

enasio 6. M. Bpemuxuu u 10. B. Jlunuuk paspaboraam meror

ROKA3aTeNLCTBA TOrO, 4TO peweHHs ypaBHedHs Xapiu — Jlurmisyaa
ACHMITOTHYECKH DABHOMEDHO DaCnpenefieHsl Mo yriaam; ObJIo JOKARE-

HO, UTO N7 YHCTIA pewicHuil ypasuenusn Xapam — JIHTTasyna, B KOTo-

 PHIX TOYKA X + (¥ JEHHT B NpEIIHCAHHOM Yrie Ap, Q (n, Ag), cnpa-
BEe[THBA . ACHMNTOTHYeCKan dopmyaa

Q. Ag)—AqQ* (n) (1 + 0 (—Lrr)) .
{loInm) i-e
JlokasaTeAbCTBO TOTO COOTHOIICHHS MOMET OWTb NPOBELEHO B IBYX
PENAKLHAX: 3TO MOMHO CASIATL IPTOIHYECKHM METoIOM, 8 MOMHO npo-
BECTH /IOKA3aTENLCTEO C MOMONIBLIO Xapakrtepor [exke.
Meron xapakrepos lekke, Kak nokasan I'. BaGaes, pacnpocrpa-
HAETCH H Ha HCCAENOBaHHE pacnpenefteHHsi pelleHHs oBoGLIEHHOrO
YpaBHeHHs Xapan H JIdTTABYA2

r=p+q(x y) ’

no yraaM, rae ¢ (x, y) — uenouHMcNenHas KpagpaTHuHas QopMa, He
0053aTeJIbHO OAHOKAACCHAR.

Mamemamuseckud uncmumym um. B A. Cmexaosa.
Mocksa, CCCP

FHNEPBOMHYECKHE 3AJAYH TEOPHH NOBEPXHOCTEH
H B.EODHMOB

1. MpeaveToM aoKJaja ABAAKTCH 3ajJaUH O CBR3AX MEXY BHYT-
peHneii METPHKOH H BHEWHHMH CBOHCTBAMH NOBEPXHOCTENR Tpexmep-
Horo npocrpanctsa E;. Ilpu stom nmeiores B BHAy TONBKO T CAYYaH,
KOrjd rayccoBa KPHBH3HA NOBEPXHOCTH BCONY OTpHOaTensHa. Ecau
CYHTaTh, YTO METPHKA H3BeCTHA, 4 Cama MOBEPXHOCTh HILETCH HIH H3y-
YaeTcA, TO 3a[a4H, O KOTOPEIX MBI OyIEM rOBOPHTb, HAa3HBAIOT TaKMe
3afa4aMH O MOTPyMKeHWH Janiofi METPUKH B mpocTpadcTRO Ej 3TH
3a/la4H MOMHO BbIPA3HTh C MOMOWBID CHCTEMB! ABYX KBasHIHHeRHuIX
muhdepeHuuanbiEX  ypaBrenui. JLia MeTpHKH OTDHUATENBHOH KpH-
BU3HBI OHH NPHBOXATCA K TEneplonHueckofi cHcreme. CooTBeTCTBEHHO
3TOMY Mbl HasLIBaeM HX TMMepGONHYeCKHMH 3aladyaMy TEOpHH NOBepx-
HOCTe#H. : :

2. B HepaeHH{ nepHol BechMa HHTEHCHRHO pa3pabaTHBATHCE AN~
THYECKHE 3a0ayd, OTBEHMAILIHE CAYYald NOJOKATENLHOR KPHBH3IHH.
3nech AOCTHPHYTH 3aBepllaloiiHe ycmexH (TAaBHEM o0pasoM B Hecie-
nosanuax A. J1. Anexcanfiposa H A. B. [loropenosa).

[anepboniueckue 3ajaul, COCTAaBIAIMEE APYTYI MOMOBHHY Teo-
pPHH TNoBepXHocTell, paspaGoTaHH B ropasfic MeHbIIEH CTENEeHM.

Ofnako TeNeps W 348Ch HAMETHIHCH 3aMeTHwle caBuri. B paGotax
Amcaepa, Crorepa, Occepmara, Edmmona, [losuaxa, Poasenpopna,
Bepuepa, ledens u gpyrix asTopoB NoAyyeil pajl KOHKPETHLX Peayin-
TaTOB, KOTO[bIE, KK HaM HaxeTcs, sacaymHeaioT sHManus. [loxa-
Ayi, nade NONYYCHHHR MATEPHAN YMKE HACTOALKO BEJHE, YTO CHCTE-
MartHuecKHil ero olzop TPYAHO CAENATH XOTA Obl H B UacOBOM JOKJIAJe.
[Mostomy Mbi Gynem roBOPHThH TOMEKO O HEMHOTHX BeulaXx. 3apaHee oro-
BOPHMCH, YTO HX BHIOOp CYLIECTBEHHO CBA3AH C MATEMATHUYECKHMH HNTe-
pecamy mokjanduxka. Ha xapaxrtep Joknana MOBAHSET TAKME M Hallle
CTpeMIeHHe CAEnaTh €ro BOSMOMKHO Gonee QOCTYNHEM.

Mu XorHmM elie 3aMETHTh, HTO HANaraeMhbie Janee PEAYALTATH Yiad-.
JoCL TONYHHTE Gaarojlapst H3BeCTHOMY TNPOABHXXEHHIO B paspaboTke
O0IIHX METONOB, KOTOPHE MO3BOJAMIOT NOJYYATh H ApYrue BuBoisl. Ho
[aTh NPeACTaBACHHE O METONAX TPYAHO, W K 3TOMY MLl GVIeM CTPeMHTL-
¢l B HaHMeHbllel Mepe.

* 3. B reomMeTpHH WHPOKOE H3yUeHHe TeX WJAM Humx oflacTeft uacto
ONpeAeIAIoch HEKOTOPHM KOHKPETHLIM BONPOCOM, KOTOPLIH KOHueH-
TPHPOBAJ YCHJAMA W HHTEpec MaTeMaTHKoB. [lna snaHNTHuUeCKHX 3alay
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Takum Bonpocom Gulna npobaema Befian. B runepGonnueckom cayuae
aHAJMOTHYHAN POMb TPHHALIEKHT npofaeme obofiuenus Teopemel [Hab-
tepra. '

Kak nssectno, TuanGeprom poKasano, 4To. perynapHag TNMoBepx-
HOCTh NOCTORHHOH OTPHNATENLHON KPHBH3HBL HE MOMeT ObTb NOAHORN.
Huaue rosops, ecin neorpanH4eHHO NPOAOVIKATL PEryiApHbI Kycok
NOBEPXHOCTH C OTPHILATEALHOR H NMOCTORHHOA rayccoBOH KpHBH3HOM,
COXPaHAS KPHBHIHY MOCTOSHHOH, TO MH HEH3IOEKHO HATOJKHEMCH Ha
0COGEHHOCTh B BHIE OCTPHH, WIH pepa RO3BPATA, WIH Kpas, 3a KOTo-
pLlit MOBEPXHOCTL JANbIIE HElb3d MPONOMKHTL, HAH Kakoe-nHGo0 Hioe
HapywexHe peryaspHocTH. Yro KacaeTca ycI0BAS pPeryaspHocTH, T0
nocsie pafor XapTMaHa H YHHTHEpa OHO AOBEEHO A0 Kaacca C? (T. e.
NPeanoNaraeTc HENPEPMBIOCTh BTOPHIX [IPOHIBOJHKX).

Teopema I'mabGepra Aasno npuRnexana x cefe BuMMAlHe MaTe-
mMaTHkos. BmecTe ¢ TeM JaRHO BOSHHKJO NPEANOJIOHENHE, ST0 B Teo-
peme T'niwfiepra ycAoRHE NOCTOAHCTBA KPHBW3HBL HE CYUIECTBEHHO.
B camom mene, ecam oGparuTbeAa K J1I0ObIM NPHMEDAM HOJHEIX pery-
JAPHHEX NOBEpXHOCTell OTPHUATENLHOH rayccosofi KpHBHakm K (K <
<Z 0), To Ha Kaxmoi TAKOH NMOBEPXHOCTH JErkKO yCMATpHBARTCS Noc/e-
NoBaTENLHOCTE TOUEK, No Kotopoi K — 0. Ilpeacraeasiercs BeposT-
HLIM, YTO 3TO OGCTOATENLCTEO HMEET MECTO BOOGIIE H 4TO HMEHHO OHO
sanaeTca cymecTseHHnM. Taxum ofpasom, pedyb HAET O TOM, TO B Npo-
crpancrtse E; nepoamMoMKina nosanas peryifpHas NOBEPXHOCTL ¢ Nepe-
MeHHOH rayccoBofl kpHBHaHoH K <Zconst <2 (0. To me MOXKHO Bricka-
3aTL B BUJE Caenywed obilled TeopeMul: @ npocmpancmee E g wa ecakod
noAnot pezyaspHod nosepxrocmu SUpK < 0. Mbl OyieM HaswBaTh ee
teopemoii A. Tlpeanoaoxenwe o6 sroii Teopeme nyGamkosasock Kow-
®occerom u gpyrumm aBropamu. [oaroe speMs oHO He NOAAABAJOCH
NOKAa3aTeNbeTBY H OLII0 OCHOBHHM OPHEHTHPOM B pafoTax, KOTODBIM
NOCBALIEH Hall JOKJIal.

Jamerm, 4TO B JAHHOM ClyWae CJAOKHOCTE TOMOMOTHYECKOH NpH-
POl NOBEPXHOCTH HE HOPAET HHKAKON POaH, MOCKOJILKY BCET1a MOKEO
OT MPOHIBONLHON NOBEPXHOCTH NEpeliTH K ee YHHBEpCaJbHON HaKph-
Bawomieil. Tem caMbiv ACHO, YTO BOMpOC JAOCTATOUNO PEIIHTh, [TPEITond-
rag nosepxHocTs ofvoceaaHoit. Ero moxuo dopMmynuposats raime
B 'TCPMHHAX TEOPHH H3OMETPHUECKHX norpymenufi. Bygem paccmarpu-
BATH ILIOCKOCTH (X, 4) H 3a]314M Ha3 Hefl NPOH3IBOILHYIO TAYCCOBY MeT-
pHRY ds* ¢ kpuBH3HOA K < 0; MAOCKOCTh © 3TOf MeTpHKOH 0503HAUMM
uepes R, [Tpennonoxnm, uro MeTpHKa ds® noJiEa Ha NJOCKOCTH, T. €, UTO
mHoroofpasne R, ABAAETCH NOJAHLIM METPHUCCKHM NPOCTPAHCTBOM.
Torma rteopema A paBuOCHALHA YTBEPRAEHHI: ecad K < const <=
< 0, mo R, we donyckaem pezyAApHO20 UIOMEMPUIECKO20 NO2PYNEHUR
g Ea

Teopema I'mabGepTa coOTBETCTBYET uacTHoMy caydaw, Korda Ra
ecTh MoMHAaA MAOCKOCTL JlobauescKoro.
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4. KospuuueHTl MeTpHkH ds® spagiorca GVHkUMAMEH or (%, y).
Stu pYHKUHK cneayer cukTath H3pectHeMH. OHM BXOAHT B OCHOBHYIO
CHCTEMY An(epeHiHalbHBIX YpaBHeHni 3a4aun of H30METpHYeCKoM
MOFPYMKEHHA B KAYECTBE ONpPENeJsionlHX napaMeTpoB. 1akHM obpa-
30M, N0 CBOAHTCH K CHCTEME ypaBHeHHH, sagannoil Ha ofnuHO# nuioc-
KOCTH (x, ). Kak Mul yxe roBOpuIH, 312 CHcTema, GYIYYH KBa3HAKHE -
HOlt, umeer B cayuae K << 0 rumepSonuueckuii THN.

Kawaoe pewenue ocHOBHOM CHCTEMbI, DeryiasipHOE B HEKOTOPOF
ofiacti D niockocTH (x, y), onpenenseT HIOMETPHYECKOE NMOrpyHeHHe
370l o6iactH B E, OnsospemenHo no akHomy pemesmio B D yera-
HABJTHBAETCHA CEThb XAPaKTEPHCTHK OCHOBHOH CHCTEMHE.

5. Ecly KpHBHIHA NOBEPXHOCTH NOCTORHHA, TO OCHOBHAS CHCTEMa
YpaBHEHHI NPHBOAMTCS K OU€HL MPOCTOMY BHAY B JOKAJBHEIX KOOPAH-
natax {u, v) cetm XapaxktepucTux. Ho npa nepexone K noBepxHoCTH
nepeMeHHON KDHBH3HH JeJ0 BechbMa 3aTpynnsercd. B ofiem cnyuae
NOJYYaeTca cHcreMa BHAA

eo=filu v, e g 0), gui=F(u v e g o)
mll:i-'-—-F{ui u e g, o, 8;;, LR ) ':'J;‘t}'l

rae e, g — MeTPHYeCKHE [lapaMeTpnl CeTH XapaKTepPHCTHK, @ — cere-
Boit yroa. [IpaBele 4acTH STOH CHCTEMB COMHBL H MIOX0 06O3DPHM.
Henats HEMOCPEACTBEHHO H3 TAKOI CHCTEMB KAKHe-THEO BHBO/N Npak-
THYECKH HeJbasi. [103ToMy eCTeCTBEeHHO ObLIO Npemie BCEro HANpPaBHTD
ycunus K ee ofpaGotke. Mbl cynTaeM ceDbesHofi yjiauefl, 4To AnA Hee
OKa32a/0Ch BOIMOMHLIM HAHTH BROAHe 0DO3PHMHE KaHOHHYeCKHe (op-
MEL 3aNHCH. CYLIECTREHIIO IPH 3TOM, YTo ANA HEKOTOPHX BAMKHBIX BHELl-
HHX BeTHUMH, BXOANMLWIHX B YPaBHEHHSA, TOJAVIYHAHCE BOYTPEHHHE OIIeH-
Ki (T. € OLEHKH, 3aBHCALLHE TONBKO OT BHYTPeHHed MeTpuku). OG
stom cm. H. B. Ecdumos [11, H. B. Edumon n 3. T. TTosuax |2], [3],
H. B. Edumos [4], 3. P. Posernopn I5l, 16], [7], [8]. Kpome Toro, cn.
b. JI. Pomnectsenckuit [9], . T. TTosusx [10], rae ocoBubie ypas-
HeHHA NPHBELEHH K PHMAHOBLIM HHBADHAHTAM r, § B KOOpaHHaTax (x, y).
B pumanosux wnbapHaHTax OHM NOJIyYalOT BED

retsry=Ff(x, y, r, s),
s;—i-rs; _-f{x: Wy 8y I)y

rie f — MHOTOWIeH OTHOCHTENLHO I, 5, KOS(QHIHEHTH KOTOPOrD SBJAIOT-
sl QYHKIHAMH OT (X, ¥) H CIPeNensioTCA METPHKOM.

¥aaunaa o0paGoTKa OCHOBHBIX YpaBHEHHiT NpPOABHHYJa obuiHe
METOABI AN PHIepOo/iHIecKuX 3ajlay TeopHH nosepxHoctedt. B unthpo-
BAHHHX CTATHAX COACPHHATCA MHOTO KOHKDCTHRIX PEAYIbTATOR, KOTOpHE
NONYUEHH ¢ NOMOLIO QHppepeHuHANbHEX ypaBHenuii, Hekoropue
H3 HHX Mbl cefiuac cooBuiuM. ;
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6. Mul Gyaem roBopHTL O TPEX UHKIAX TEOPEM.

Il. Teopemuw runesbeproBa THNa. 3peck peus Gyaer
HATH O HEKOTOPHX rM00GAJbHEIX ABMCHHAX, CBA3AHHEIX C MENICHHBIM
H3MeHEeHHeM rayccoBoff KpHeHaHel. ECIH NHTAThCA BHPasHTb HX B ca-
Mbix OOIHX 4epTax, TO MOMKHO CKA3aTh, YTO MELJICHHOEC H3MCHCHHE
KPHBH3HE NpPELbABIAET BHCOKHE TPpeGOBAHHA K CTPYKTYPE CETH Xapak-
TEPHCTHE H O0peMeHHTEbHO AMA NOBEPXHOCTH. ITH ABRJEHHA B Moj-
HOli Mepe WpOABNAIOTCS H NErko yCMATPHBAIOTCSH, KOrAA KPHBH3HA
nocroanHa. OHY NPofABIAIOTCS TAKKE H B Cyvade nepé’memwﬁ. Menney-
HO B3MEHTIONISHCH KPHBHINE, HO JHIIbL J0 H3BECTHOrO NMopora, T. &, ec-
NH KDHBH3Ha HM3MEHSeTCH B HEKOTOPOM CMBICJIE O4EHb MELIEHHO.

[lyers gns npoctoTH H3nomenus eewoay B D Gyner K< —1. Tlyers,
kpoMe Toro, |K'|<C; = const, |K"|«< C, = const, rae npouaeog-
Hhe Gepytca no Avre mwofoft reogeandeckodi. IlocnennHe apa Hepa-
BeHcTBa caMM Mo cefe 03HAYAT MENICHHOC HAMEHENHE KPHBH3HAI.
Ho Mt paccMaTpHpaeM HEKOTOPHI Kiacc METpHK [pH VCJAOBHH, 4TO
Cy v C; NOMYHHEHH ONDENENEHHOMY AOTIONHHTEILHOMY OrPaHHUYEHHH.
[IpuBOAMTL ero 31ech Mbl He CTAHEM, OrPAHMUHRANCH CCHLIKOH HA cTa-
oo [4]; ecan ne cTpeMHTBCA K OGLIHOCTH, TO MOMHO CUMTATh, HANPH-
mep, G, = 1/2, C; = 1. 310t Knace MeTPHK NoJIe3HO Kak-HHGYIL Has-
BaTh; OyAeM rOBOPHTD, HATIPHMEpP, YTO OH COCTOHT H3 METPHK ¢ Bechma
MeITeHHO H3MEHFIOWEHCE KPHBHIHOM.

YelloBHMCH €E HaseBaTe o6aactk D ¢ meTpukofi ds* npoctoii 30-
Holt, eciH ee MeTpHUECKAd rPaHHIlE OTHOCHTENLHO ds® COCTOHT He Gomee
geM H3 OBYX CBA3HEIX WEKOMMNAKTHHX Kommonwenwt. [aa uarssgmnoctw
YKaxXeM NpHUMEpH POCTLIX 30H C eBR/IHAOBON METPHKOM: NON0CA MeX1y
napaniefbHEMH NP AMBIMH, ofilacTb Memay JBYMA BETRAMH FHNEPOOIH,
NONYIAOCKOCTh, HAKOHEL, BCA [JOCKOCTh.

" - CripaBei/HEH CJieyIOLIHE TeopeMhl:

(1) Beakan npocmas 30HA € BECOMA MEONCHHO UIMEHAOUEUCA KPUALS-
HOU npu 2o00M PEYAAPHOM NocpyMenuu 8 E4 Moxcem araoname He Goiee
ndnod noanold xapaKmepucmuKy,

Eciu KpHBH3HA H3MEHAETCH HELOCTATOUHO MEAIEHHO, To 3dgdext
stoll Teopemul Tepsercs. B camom Jlene, Ha o6LIKHOBEHHOM refiHKOMae,
OYEBHIHO, HMEIOTCS NMPOCTLIE 30HH (JAXEe CKOMb YrOOHO Y3KHe), cofep-
samHue GecKOHEYHO MHOTO MOMHHIX XapakTepHcTHR {cwm. pHe. 1).

M3 teopemui (1) cpasy caenyer, uro nosinoe mHoroofipasse ¢ BeCbMa
MELJIEHHO H3IMEHFIOUECACH OTPHUATENbHOA KPHBH3HOH HE JoNytKaeT
peryaspHOro Norpy#eHns B £, 3To yTRepKIEHHE YCTAHOBISHO Heaa-
BHCHMO OT Teopems! (1) 8 coBmecrnoi paGore H. B. Edumona n 3. T. Tos-
Huxa [3]. B cBoe Bpems OHO Obi/IO NEPBHIM PE3YJILTATOM, BKIIOUAIOIIHM
TeopeéMy [manbepra Kak 4acTHRII cayyad.

IMpuBenem ewe oAHY TeopeMy TOro e [HKAA, ri¢ OrpaHHYeHHe
MOAyJiefi BTOPbIX NMPOHSBONHLIX OT KPHBH3HLL He Tpepnojaraerca (Ipy-
rie Teopemel cM. B crathe [4]). )

*
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(2) Moanoe muocoobpasue Ry, Kpususwa Komopozo ompuyameisssa
U HOOBACMBOPREM YECACRUID '

|grad 1/V —K| < 1/V3,

re moncem Goume peeyaspro noepyxcero 6 £y (H. B, Edmmos [12]).

3ameTHM, uTo 31eCh NpeanoTaraeTcs TolbKo, 4To K <0 (oTropomen-
HOCTB OT Hy/# He TpeGyercs). Taknm :
ofpa3om, AnA BCeX NOMHBIX M pery-
JAPHKX nNoBEpRHOCTEH OTPHuaTeNb-
HOH KDHBH3HB HMEET MECTO VHHMBEp-
ca/dkHaA OleHka')

sup|grad I/V —=K]= 1/V/3. —

[I. TeopeMuw cymecTsRo-
BaHUuHA YiKe Ha OCHOBAHHH HIIO-
WEHHBX ceffuac npennoseHHH BHINO,
Y10 noadoe mMHoroobpaswe Ry c oT-
PHUATENEHOR KpHBH3HOA B0 MHOTHX
CAy4anx He Jonyckaem peryaspHoOro
norpysenus B F; Hapagv c srum
negasro 3. I'. IMosusk (em. [10]) mo
Ka3an pAL TEOPEM CYUIECTBOBAHMA,

HOTOpBLIE VTBEPHIAIOT BO3MOMHOCTh T

pPerviIApHOro NOrpyXeHAs 18 HeKD- 1

TOPHIX YacTell TAKOro MHOroOGpasHs.

anBE,EErl{ mug H3 HHX. Puc. L.
Ecau na Ra ecrody K << 0, mo

mobas Komnaxmaas vacme Ry moxcem Owme peayanpuo nozpyxcena 8 E ;.

Ora TeopeMa WO/IYYCHA NEHOK OYEHH TPYAHOrO aHAAH3A OCHOBHOM
CHCTEML! YPABHEHHH, KaKk cnelcTBHe GOABIIOrO HHCAA BCTOMOTATEMhe
HbIX TeOpeM (HEKOTOPHE H3 HHX MOryT GLITL NONesNLIMH H B APYTHX
BONpOCAX).

AMeTHM, YTO /i MHoroofpasns, KoTopoe, Kak i Rs, roMeomopdHo
TJIOCKOCTH, HO HMeeT 3HaKofepemeHnH Yo KPHBH3HY, YTBEpMIEHHE Teo-
pembl, BooOume ropops, HesepHo. COOTBETCTBYKMHE NPHMEP NOCTpoeH
3. T'. Iloanakom [13]. On ouers npocT no cBoeR HA€E, H MBI XOTHM ero
cooGuHTE, TTycrn S—nnnepxuncm ¢ kpaem [, coctoAmas Hs yacrefi S’
H 8" (cM. puc. 2). 3peck 5'— KoHHYeCcKas NOBEPXHOCTh ¢ BeplunHOR O,
perynsipHo npopovizensans B 8" wepes samxuyryio xpueyio £ [Toassi
BHYTpeHHHI yroll §' B sepwine O Gepercs pasuuiv 2n. [Mostomy BuyT-
PeHHsA METPHKA MOBEPXHOCTH S Beiolly peryaspua. C npyrofi cropol,

1) Hegapno apyruMp Mertofasu (OTAMUHHIMHE OT MeTOAOR crateM [12]) aeTop

YCHARN STOT peaysLTAT M noayaun cootnomwenwe sup |grad 1/ —K | = 4oo.
(ofapnenn B KoppexType.)
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8" u 87 nonGHpaloTca Tak, 4TO J00HE ABe TOUKH KPHBOH [ COBTHHAIOTCH
Ha S anagHTeNBHO Ooyée KOPOTKMM NYTEM, YeM NYTh Yepes Touky O.
Orciofa cIeyeT, 4TO MeTPHKA NDBEPXHOCTH He MOMeT GblTh PeryaspHo
norpymeHan £ 3, TAK KaK B c/ly4ae peryJispHoro
i NOrpyMeHns Ha JduHuH { Hawwiues Ol ABe Tou-
KM, PACCTORHHE MEMIY KOTODBIMH B IIPOCTpAN-
CTEe TPeBOCXONHAC Gkl AMHHY HEKOTODOro coe-
REHSOWEro 3TH ToukH nyTth ma S“. Ho 310
HeBoaMOMIID.

[lobepxHoCcTe S NMErko NPoRodXHTE uyepes |
IO NONTHOTO MHOTOOGpasis. TeM cambiM CTPOMT-
ca I'UME‘DMD[}(JJIIEE ADCKOCTH [MOAHOE MHOTOD0-
pasHe ¢ peryaspHoli MeTpHKo#, KoTopoe cogep-
HUT KOMNAKTHYIO YacTh, He MOMYCKADILYIO HH-

KAKOoro peryasipHoro Norpyxeensa B Ej.

[I[[. Teopemun o peryaspHoOCTH.

9. P. PosengopnoM ycratosaen paL Teopew,

KOTOPLIE TapaHTHPYHT Ans NOBEpXHOCTEd OT-

PHUATENLHON KPHBH3HLI HanHuHe onpefeneq-

o HHIX CBOHCTE PerynfapHocTH B 0oGbhEMIIOLIEM

npocTpanceTee £3 B 3aBHCHMOCTE OT per}'nﬂgm-

Pre. 2 cTH BHyTpenHen wmerpukn (em. [6], [7], 8], a
Takxe [11]).

TpuseaeM A48 NpHMEPA OAHY U3 TEOPEM 3TOTO UHKJA:

{lycmob S — Kosnakmueud KYcoxk ROGEPXNOCTIE OMPURamepHot Kpl-
BUIHL, S'— CKOAb y200HO YIKAR £20 NOAOCE 600Ab spanuyel (cm. puc. 3).
Mycms nosepxHoCmMb LMEEM PEYASPHOCHTIL
kagcca C* w Ooaee GwcOKY0 PeayaspHOCL
kagcca O (n = 2) 8 §'. Toeda, ecau mem-
puxa ds* nosepxrocmu S npuHadaemum
Kaaccy C™'™, Mo cama nosepxHocms umeen
pezyaaprocmb Kaacca C* 8ciody.

Caenyer ofipararh BHHManMe, 4TO TeO-
peMa  YCTAHOBJEHA NPH BeCchbMa CKYNbIX
TpeDOBAHHAX HAYANLHOH PerynApHOCTH —

OT NOBepXHOCTH Tpefyercs BCerc JHIlb

npHRagiexnocTs Kaaccy C® [losromy

3. P. PosenpopHY npHULIOCE [POBECTH g
Gobiyio pafoTy, Mpese Y€M OKa3aaoch

BO3MOMHBIM NpPHMEHHTb annapar judwpe- Puc. &
peHiHaNbHBIX ypaBHeHnii. Eme Gonee Tou-

KHMH B CMEICIE MHHMMAJABHOCTH TpeGoBaHHi HEAHIOTCH TEOpPEME
3. P. Posengopna 00 ycTpanAMOCTH HIOJIHPOBAHHEIX OCOGEHHOCTEMH.
K comaneiimo, BBHAY HELOCTATKA BPeMeHH MBI He MOMEM Ha HHX oCTa-
HOBHTECH H OTChLIAEM CJI}’I]I&'I‘EJIEﬁ K HHTH]]DBEH]]HM BLIlIe® CTATHAM.
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7. Teopemul runpGepToBa THIA, O KOTOPHX Mbl TOBOPHJH BHILE,

BKAOUA0T NpefloxerHe ['mapbepra Kax uacTHefi cayuail. Ozuako
HEIL3s CUHTATb, YTO OHH 03HA4AT KaKoe-aHGo npHOJIHKENHE K Teope-
e A, cipopMyNIHpOBAHHOH B Hauade JOKIANLA. B camonm pene, npenme-
TOM STHX TEOpPEeM NO CYIIECTRY ABAMETCH BJAHAHHE CKOPOCTH H3MEHEeHH:
KPHBH3IH Ha CTPYKTYDY CeTH XapaKTEPHCTHE; MeTOl HX AOKaszaTelk-
CTBA HETOCPECTBEHHO CBH3aH C OCHOBHOMH
CHCTEMOR AHphepeRnHANbHEX ypaBHeHHH.
Uto ke kacaeTca TeopeMsl A, TO B HeR
OfYeAUBACHA TOMBKO BEPXHAR TpaHb KpH-
BH3HL, a XapakTep JOKaJbHOro nosee-
HHA KPHBH3MbI MO#eET OLITh KAKHM YroQHO.
Taxnm obpasoM, 3eCh NPHXONUTCA HMETh
JIEI0 ¢ SBJEHHAMH COBCEM APYTOR NpHpo-
ael. CooTseTcTBeHHO 3jech NOTpeGoBanHCh
H ApYrHe MeTOAbl; TOYHEE CKasaTh, Mul He
BHAHM MOAXOA0B K STHM Bell@M cO CTopo-
Hbl gHpdepenIHANBHEX ypaBHEHHH.

Teopema A Omna regamHO JoKa3aHa B
pesyJbTaTe HEKOTOPOR CNenHaabHOR pas-
paboTkn reoMeTpMH oTOGpaMEHHA; CM.

H. B. Edmuoe [14], [15]. Ha Gosee pan-
HHX CTAMHAX MeTONL oTobpaixeHHi MNpH-

MEHAAHCH TAKME B IPYTHK BOMPOCAX © Puc. 4.
MOBEPXHOCTAX OTPHUATEILHON KPHBHIHMI;
cv. H. B. Edumos [16], [17], [18]l. Vkaszannwie cefluac paSorsi co-

CTABMAIOT OTOedbHEE MK, Majdo CcBASaHHWI © TEM, WTO Hajara-
J0Ch PAHBIDE.

8. Mul mocrapaemcs XoTs Obl B caMbIX OOUIHX YepTax NOACHHTD CYIIL-
HOCTL J&la B Teopeme A.

Paau narasguocTd ofpaTuMcs K pue. 4, Ha koropom HaoGpakeHa
YAcTh YHHBEpCaNbHOH HaKpPHBaWILeH o0HONONOCTHOIO CHOepboiolaa
BOJIH3H ero ropaosoil AxnHE. BoreacTBe OTPHUATENLHOCTH KPHBH3HLI
otofpaienHe paccMaTpHpaeMoll NOBEPXHOCTH HA TrayccoBy cdepy mo
NapaIensHOCTH HOPMALeH ABIAETCH JOKaAbHO roMeoMopdabiv. Ha pu-
CyHKa BHMHO, UTO 3TO 0TOGpAMEHHE B IEJOM He romeoMopHo: obpas
NOBEPXHOCTH MHOMOJHCTHO NOKPEIBAET HEKOTOPYIO 30HY cfephl BOIHIH
skeaTopa. Ho takoe obCToATeNbeTBO MOmHO Obllo Obl NpPeapHaeTs H
aapanee, Gea pcAKoro geprexa. B caMoM Aefde, ¢ MOMOWEK N0A06HOro
npeobpas’oBaliis Mbl MOXeM NOOKTRCA LIS rayCCOBOR KPHBH3HEI B pac-
CMaTPHBacMoii 4acTH MoBepXHocTH HepasercTsa K <Z —1. Torpa naomans
ofipasa Ha oepe Bomsme naomaan npoobpasa. A Tak Kak naolais scef

noBepxHoCTH OecKoHeuHa, To NepexkpeTHA ee ofpa3a Ha ciepe HeH3-
OerHEl,
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(COBEpIIEHHO TAKOE e MOJOKEHHE HMeNO Gbi MecTo, ecii Ou B F 3
CylllecTROBafla NoAHAA [OBepXHOCTE ¢ KpHeHaHoH K< const << 0.
Mus umeen s By, uTo €e 0fpaz na rayccopoii cepe Ghis Gbl MHOTONHET-
HEM. TTosTOMy A18 0KA3aTeNbCTBA TEOPEMh! JOCTATOMHO yCTAHOBHTE,
YTO B JIAHHOW CHTYALHH OTOGpaMenHe NOBEPXHOCTH Ha cBofi 06pa3 Ha

cepe IO/KHO GHITL FOMEOMODGIHEIM B LETOM; TEM CaMblM HOJYYHTCH
HYKHOE TPOTHBOpEYHe.

9. Jleno mpHBOAHTCA, CllefOBATENbHO, K ofmeMy Bompocy of yeao-
BUAX, MPH KOTOpLIX floKalb#o roMecMopdHoe oTo0pamcHHe ABIAETCH
roMeoMopduEIM riofaibHo.

B unrnposaunsix crateax H. B. Edmvosa [14], [15] vainenn npen-
JOKEHHsA, KOTOPHE NPHBOAAT K [HgpepenuHanbHbM NPH3HAKAM ro-
meomMopdHamMoB. Mul XoTum 0OpaTHTE BHHMaNUE, YTO OHH MOTYT TpHMe-
HATBCA N TONBKO B pHGdeperuvanbHOE reoMeTpHH. YKameM ofHO
CNENCTBHE 3THX NpelJIoMEeHHA, Jexaiiee BHe TeOpHH nNoBEpXHOCTER.

[Tycte nano wenpepupuo muddepernupyemoe oroGpamenue peefi
MJIOCKOCTH (¥, ¥) B maockoeTs (p, ¢) : p = p (x, ¥), ¢ = g (x, y). [lycTs
u={p, g}, rot u=p, —p,, Det u— saxobuan p, ¢ mo x, y. By-
AgM npenfionarate, uro Det a < 0.

HMmeer mecto Teopema: ecau |rot u|<Cconst, |Det u|3const = 0,
mo omobpancenue (x, y) — (p, q) 20Meomopgro, T. €. BCH IIOCKOCTH
g, y; B3aHMHO ORHO3HAYNO oToGpamaeTcA HA CBOH o6pas B IJIOCKOCTH

1 fJ i

3ameTsM, YTO OIHOTO MHWE coXpanenus snaka Det u aneck negocra-
TouHo. Hanpuvep, B cayuae p =e'sin y, §=e"cos y umeem rot u = 0,
Det u = 0; opHako B sTOM cayuae ofipa3 Bee naockocTH (X, i) Muoro-
MHCTeH; HyAesas Touka (p — 0, ¢ = () e BXoauT B 06pas M sBARETCH
Ins Hero TouxoH JorapHdMHUUeCKOro BETBJEHHHA.

10. Jlpyroe CIEACTBHE TEX € NpPelJOXKeHHA OTHoCHICs K oTobpa-
JKEHHAM TOBEpXHOCTEl HA rayccoBy cepy u NpHBOAHT K A0OKasaTedb-
cTBY TeOpemsl A Tak, -Kak ObJIO YKasalo BHuE, Teneps mul copmyan-
pyeM 3Ty TeopeMy C TOUHEIM BBIPAEMKEHHEM VCJIOBHS PeryJsipHOCTH:

npocmpancmee Es na ecaxod noanoid nosepxuocmu kaacca pezy-
asprocmu C* eepxuan epams 20yccosoll KPUBUIHBE HE MEHBUE HYAT
(sup K=0).

Kak M BHAEM, J0Ka3aTeIbCTBO TEOPEMEl A NOJYYEHO He MeTORAMM
JH(XpepPeHUHAILHBIX YPABHEHHH, a8 WHCTO FEOMETPHYECKHMH MNYTAMH.
HaoGopor, us Hee cienyer cBofCTBO BeeX peeHufi OCHOBHOM CHOTeME
YpaBHEHHH TEPATH perymapHoCTb.

11. B Teopeme A JonyCTHMEE NOBEPXHOCTH NPEANONATalOTCH pery-
JAAPHLIMK JIOKaJbHO, HO MOrYT HMeTh M0bGHe camonepeceuvenus. [lo-
NpocTy roBOpfA, HaAMYHe caMOfepecedeHHii HHKAK He oTpamaercsd Ha
JOKA3ATENhCTBE.

iy
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Tpyanee npoaHanH3HPOBaTh 3HAYeHHE APYIHX YCJOBHH TEOPEMLL.
Uto6hl 5TO CAENATH, HYKHO XOPOWO NPeACTaRAATE cefe, KAKHMH BOOG-
me GRBAlOT NOJHLE JOKANBHO CeAN0BLIE TOBEPXHOCTH. B CBA3H ¢ 3THM
MBI cooBmuM cefiuac of HHTepecHblx KoHCTpYkimax 3. P. Posednopya.

Mpexae Bcero — MO NOBOAY YCJAOBHA NOJHOTHL. Kak B nocaegnefl
TEOPEME, TAK H BCIOY pPaHLlle, KOrda Mbl TOBOPHJH O NOJNHOTE NOBEPX-
HOCTH, MBI HMeJH B BHly NOJHOTY B CMBIC/IE BHYTpeHHEH reoMeTpHH.
3apanee He ACHO, B KAaKOH Mepe CHABHO
OrpanHyHBaerT 3TO YCJAOBHE  BHCIWHINO
CTPYKTYPY MOBEPXHOCTH, EC/IH €& KpHBH3HA
He MEHHET 3HaKa, 3aMeTHM, 4TO ¥ MHOMHX
FeOMeTPOB HMENOCh cyeBepHe, GYATO B 3THX
cAyuadx MNOBEPXHOCTE O6A3aTENBHO JOJ-
KHA YXOUHTL B GeCKOHEHHOCTh OOBLEMJIIO-
utero npoctpanctea. 3. P. Posenjopn no-
crpora B £y MokadbHo CeRJI0BYIO M0BEPX-
HOCTB ¢ rayccosoii kKpueHsHolt K<0nu ¢
NOJHOA BHYTPEHHEA METDHKOA TakK, 41O
BeA sta NMOBEPXHOCTH JIEKHT BHYTPH JAaH-
HOTO L1apa; Bece ce GeCKoHeYHo YiaNeHHEe Puc. 5.

TOUKH B CMBICAE BHYTPEHHEH TEOMETPHH Je-

war #a neprdepmu mapa {(cm. [19]). Samernm, wro nosepXHOCTH, 1O-
cTpOeHHAA PO3EHIOPHOM, He HMEET CaMONepeceyeHHi. IToT NpHMEp
fOKA3HBAeT, HACKOABKO NPHIYAAABEMHE MOTYT OhTh CE110BLIE NOBEPX-
HOCTH, flaxde PH VC/IOBHH BEyTpenuel monuorsl, ecay K<0. Buecte
¢ TeM fCHO, YTO HHTYHTHRHas yOeXIeHHOCTb B CNPABENMHBOCTH TEOpE-
Mbi A BpEA JTH MMena cepbesHpe ocHosanus. Koreuno, ie HCKIIOUEHO,
uto npepnosoxenne K <0 OGosee CYIECTBEHNO CYKAET Kaacc pac-
cMaTpHBaeMHX nosepxHocTedl. Ho Ha 3TOT CHeT HHKAKMX A0CTOBED-
HEIX JaHHBIX Y H4C HeT.

OGpaTHMCs Tenepb K YCAOBHSM peryasphocTh. B teopeme A npeg-
noAaraeTcs peryaspHocts knacca C*. Okasanocs, 4To B CMEIC/I€ OOLMHOMH
KaaccH(PMKAUMY 5TO MPEINOIoXKeHHe ABAAETCA TOUNLIM: TeOpeMa He
pepua yme B kaacce CM! (T. e. npH ycaoBuu JIMnmwuna ma nepbble
npouasonsuie). CooTBeTCTRYIOWAR TIpUMEp, MocTpoerHeif 3. P. Posen-
aopuom (cm. [71, T11]), mpoeT no Hexopuoi HAee, H HaM XOUETCH OCTaHO-
BUTBCH Ha HCM moApobHee.

Tyets z = ax® — by®, @, b > 0,— runepGonuyeckuit napaGonoun,
rae a 4 b nogolpads ¢ pacueToM, uToOhl B HYAEBOH TOUKE Yroa MexIy
npaMonHHelinEME 06pasylomuMy Oua pasen /3. Buipekem cexrop
MeNIY STHME OODa3VIOUIHMH H PazMHOXKHM ero B IIECTH 3K3EMIIApAX.
HMMeiomHecs SK3EMIIAPE MOMHO PAcnofioZkuTs BOKpyr Toukk O Tak,
yTO MOJAYUHTCS FaAkan cefiosas nosepxuocts S (S € C'); cM. pHe. B
Topsiaok ceata B Touke O paben 2, T. €. 3n€ch HMEETCs TAK HA3LIBAEMOE
oGesbalbe Ccenno. C NOMOIILIO CTeLHAILHOH H- A0BOJBHO C/OHHOH
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TCXHHKHA  3arfamuBaNusg HEPeryJisApHBIX CelIOBHX NOBEpXHOCTEl
a P Paseﬁ,gopu CTPOHT MoBeépxiiocte §', Gunskyo k S (S’ = §),
TaK, uto 1) 8" € £1; 2) 8’ N, 0 € C", rae n Moxker GbITh CKOD Yroano
Gonmbinm; 3) mopepxHocth S B Touke O HMeer rayccoBy KPHBHSHY
B CMulcTe NpeAedbHONO 3HAYeHNHs; 4) rayccosa KpPHBH3HA Ha S’ BCIOOY
MeHblle Hyas (K < (), oasaxo B Touke O NopAJOK Celjia oCTaeTes

pasuuv 2. Bosemem uetLipe sksemmisipa nopepxmoctd S’. Ecan Kpae-
Boft 06pes noBepxXrOCTH 8’ cAeNATE CHENHANLHON (JOPMBI, TO H3 UMelo-
HLHXCH FKSEMNTPOB MOKHO C/I0KHTH MOBEPXHOCTL € YETHIPLMA OTBep-
CTHAMH, HanOMHHAOULYlo Te1pasap {em. pue. 6). Teneps K otBepcTHsAM
MOMHO NPHCTPOHTL YeTHpe GecKoHewHo cyaiomuecs TpyOKH Tak, 4ro
NOXY4HTCA NOonHas cegloBas HoeepXHocTh. [locne nonomsuwrensHof
3aKNANKH NOJyuaeTcs NOAHAA NMOBEPXHOCTL KAacca peryaapHocTy Ch 2
ma KoTopol K =lconst << 0, '
Haxoneu, no nosogy ycnomus o PaMepuocry ofbeMITIOWEr0 Mpo-
cTpaticTea. Menonsays neranu npeauaymest KoneTpykusn, 3. P, Posen-
AODH TIOCTPOHA B UETHpexMepHoM mnpocTpanctse L, NOANyio, jase
3AMKHYTYI0 NOBEPXHOCTE, Ha koTopo# Boioay K< const < (. Crenenp
PETY/IAPHOCTH 9TOH MOBEPXHOCTH MOKeT OWTh CKOMb YIOJAHO BHCOKOL.
Takum ofpasom, Kak B OTHOWEHHH yCnOBKE perynapHOCTH, Tak
H B OTHOIIEHHH YCNOBHA pPa3sMEpHOCTH ofBeMIIomero npmpa;{msa
OPMYIHPOBKA TEOpeMB A HBAAETCH To CYIIeCTBY OKOHUATENLHOH.
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B saxkmouenne MEl XOTHM CKa3aTh, 4YTO KpPYyI' 3aja4, KOTOPHIX MHI
KAcAJMCh, JAONMYCKAET TMPAKTHYECKH HCOrpPanH4eHHOEe H BMECTe ¢ TeM
smonHe ectecTeendoe pacimpenve. [To cymecrsy peub uger o6 Haywe-
HHH CeROBLIX ToBepxHocTell Boofme. K ceifoskM noBepXHOCTAM
npuBOAST MHOrHe BoOnpockl MaremarHkd. Comnemes Ha  paboTel
B. Il. Tlanamonosa, rie cenlobasi NOBEPXHOCTh BCTPEYAeTCA KAk
ECTECTBEHHAA I'PAHHLA NPH TPOACAKEHHH PELUEHHH HEKOTOPHIX CHCTEM
nudepeniHATbHEIX YPAaBHEHHA, WIM Ha Hccielopanve Harubamuit
TOpOLBpA3HKEIX NoBepXHocTedl, KoTopee nposoaun HupenGepr. H B Tom
H B JIPYroM CJy4ae BOSHHKJH 3aJa4H O CEANOBbIX [IOBEPXHOCTAX, He
peweHnne jo cux nop. Ho u NOMHMO BO3MOXHBIX IPHMeHEHHA, cenio-
BblE MOBEPXHOCTH CAMH 110 Cefe sac/yKHpaloT BHHManua. OKH aBAS0T-
Cfl AHTHNODAMH BhIMYKABX TNOBEpXHOCTefi H COCTABJIAIOT, BEPOATHO,
He Mepee HHTepecHnid kaace, OjHako H3yyanuch OHH HeCpPaBHENHO
MEMbIe, YeM BLINYKJAME ToBepXHocTH. Momer OwTh, 3T0 CBA32HO
€ TéM, 4TO BLINYKALE NOBEpXHOCTH JErko NpeACcTaBIAIOTCH HArAsaHO,
a celoBue HE MOJIAIOTCH CTOAL HENOCPENCTEEHHOMY 0003peHHIO.
Kerati, ToabKD 4TD cooblieHHble NPHMEPE MOTYT NPHBECTH K MBICTH,
YT0 B pasHooGpasHH Cef/OBEIX NOBEPXHOCTEN COBCEM Helb3d paso-
6paThes. OfHAKO Takoil BEBoA owmGouen. [leao B Tom, 910 KOHCTPYK-
iHH, 0 KOTOpHX ceffuac ropopuAOch, He TIONYYAKTCH YHKe NPH CPABHH-
Tenpto caafhix gOMONNMTeNBHEIX yenosuax. Muorna jpame ypaercs
TOUHO YCTAHOBHTH HX HEBO3MOMHOCTE, HampHMep, HEBOAMOMKHO OCY-
LIECTBHTE POSEHJOPHOBCKYIO KOHCTPYKIUMIO MOBEPXHOCTH KJaacca CL1,
EC/TH TONIBKO OT MeTPHKH norpefopath XO0TA Obl CKpoMHOH perynspHo-
cti. Takum ofpasom, 3nech CYUWECTBYKT OUYEHb CTPOTHE 3ABHCHMOCTH.
HecomuenHo, HMeeTCH MHOrO He H3BECTHHIX HAM COJepHATEeNBHBIX
TeppeM O CeI/IOBEIX MOBEPXHOCTAX, O TOM, UTO 3[ECk MOMKET ObiTh H 4Ero
ner. TlocTpoende cofeparelbHON TEODHH CEITOBHIX TOBEPXHOCTEH
apameTca ofweld reoMmerpuueckoli npoGiemo#i. Ham xoredoct Gt
CBOHM ZOKJajoM NpHe/leub k hHell BHHMaHHe,

Mockosckudl yrisepeuimern,
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AHAJIMTHYECKME TMPOBJIEMbl H PE3YJIbTATbI
TEOPHH JIMHEAHBIX ONEPATOPOB
B ’HJBBEPTOBOM NMPOCTPAHCTBE

M. I'. KPERH

B 3TOM I'ofy HCIOMHAETCA  WECTLIBCHAT JIeT ¢ MOMEHTa, Korla
8 Gottingen Nachrichten nossunoce uerseproe coobmenue lasu-
na F'mabnfepra. B 3toM coobuwednyd ['HasGepr nogsesn MTOr CBOHM HcC/e-
JNOBAHMAM [0 TEOPHH EKBAJpPaTHYHEIX (GopMm C GeCKOHCUHBIM UHCIOM
nepemMedHLIX H MO CYTH BUEpBLIe MOJYYHI ANg JoGoro orpaHH4eHHOTD
CAMOCONPAMEHHOro QIEpaTopa CNEKTPaldbHOE pasfomkeHHe,

PaGora Twmasfiepra onpefensia pasBHrTde TEOPHH ONEPATOPOB Ha
MHOTHE rojibi; 5T0 OB ORHH H3 TEX MOTYYHX TOJVKOB, KOTOPBIMH COBpe-
MEHHaA MaTeMaTHEa 006a3aHa BeJHKOMY VUYEHOMY.

HMeenenopanus I'nnpGepra tordac #e NPHBAEKAH BHEMAHHE MHOTHX
BEUIAKOILAXCH MATEMATHKOB MHpA, BMecTe ¢ TeM JHb K Kouny 20-x
rogop Jlx. Heiiman w1 M. Croyve ewmpalotanH To4HOE TOHATHE He-
OFPAHHYEHHOrO CAMOCONDSIMEHHOIO onepatopa H B ofoblenHe
peayaeTara I'uasbepra NoAyYEAH 408 TaKolo ONepaTopa cHeKTpalLHoe
pasnoxenne. OpHospemenHo JIK. Hefiman nNocTpoWa YAMBHTENLHO
NpPO3pAYNYI0 TEOPHIO paclIMpeHHi IPMHTOBHX ONEPaTopoOB.

K 3TOMY MOMEHTY Yie CBCpUIHJIOCH HEMTO HENpeiBHAEHHOE H Hepe-
poaTHoe, Korfla MexaHMky W (QUEHKH NPOLULTHX BpPeMeH NPH OMHCAHHH
Kakux-nubo sAsaendit npuberann x JHHeHHEM AuddepeHIHATBHEIM
YpaBHelHAM, OHH JelalH 310 B TAY60KOM yOewIeHHH, YTO HeTHHHBIE-TO
ypaBHeHHA HeaHHeHHL, 4 HX HooleloBaHHA ABAAIOTCA HCCAEIOBAHHAMH
B NEepBOM TPHOJHAKEHHH,

H Bapyr HoBaf MCX4HHKA — KBAHTOBAH MexandHka ofnaBHna:
JHHEAHOCTh- ONEPATOPOB, ONHCHBAKMIHK ABTEHHA MHKDOMHpA, €CThb
3aKOH npHponsl. Bosee Toro, stuMH oneparopaMy oKasajHCh EMEHHO
onepaTopu, JeiicTByioliHe B rHALGEPTOBOM [POCTPaHCTBE, — MPO-
CTpPaHCTBE COCTOANHA MHEKPOOGBOKTA.

OTHRHE K YCHIHAM MATEMaTHUECKOrO YMA NPHCOSAHHMIACH (PHaHYe~
CKasl HHTYHIMA C ee CMENOCTBID U NpoapeHHeM. 370 He 3aMelIHJI0
cKazaThef. B cBA3N © pA3NHUYHLIMH BOMPOCAMH KBAHTOBOA CTATHCTHKH
H TEOPHHE KBAHTOBAHHEIX MO/ B TEODHH BO3MYIEHHT THHEHHHX OTIépa-
TOPOB HAKOMHIOCH K HACTOALLEMY BReMeHH MHOMECTRO ¢ MATEMATHYECKOH
TOUKH 3peHHA NoJydaGpHKaToB, H TPYAHO XoTd Obl NPHOMHIHTENBLHO
cebe npeflcTaBHTb, BO UTO NEPEMAABATCA OHH B MATEMATHYECKOM rop-
HHIe. B stoli cBasH s yKamy, Hanpumep, Ha NOHATHe S-MaTpHIM
[efisenbGepra, KoTOpoe Kak Okl MOBTODHO pPOXIAeTCR B MATeMaTHKE.
310 nousarse o0peno YeTKHe MATeMaTHUECKHE KOHTYPH B TEOPHH BO3-



190 YACOBLIE QOKJIAIB ONE-HOUR REPORTS

MYILEHHS CaMOCONpPSMEHHHEX ONEPaTOPOB: S-MATPHUY OGHADVIKHRAKT
B K/I4CCHYECKHX BONDOCAX MaremartHueckofi ¢M3uk#, B ponpocax,
CBA3AHHHX C TeOpHel CTAUHOHAPHHIX CAYV4AfHBLIX NPOIECCOB, M CAMDE

YOHBHTENIbHOE — B PasjinuHbIix BOMNPOCAX TEOPHH HECAMOCONPHMEHHEIX -

onepaTopos.

BecbMa anauMTenbHbIE PeaVALTATH B TEOPHH FHABGEPTOBBLIX npo-
CTPAHCTB MOJYUEHbl B MpOHECce BCTPEUHOTO YHCTO BHYTpeHIHero pas-
BHTHA 5T0i Teopur. B nactosiuiee spevs Mul HaGnodaenm, kak Ha apene
FHABOEPTOBBIX NPOCTPAHCTE PasulPHBAIOTCH  COOBITHS, CEBHIETEh-
CTHYHIIHE O TOM, YTO TEOPHA CNIEPATOPOB B STHX IPOCTPAHCTBAX MOMHA
AH3HH H YCTPEMJICHA K HOBHIM KPYIHBIM TNpoGieman.

fl CMOTY pacCKasaTh 30ech JHIIb 06 OJHON UENOYKe 3THX COBBITHI.
Ile anato, yaacres an 370 TepenaTh, HO BCe OHH NPHHAZNEHKAT HEKOEMY
CBASHOMY MHOMKECTBY — HEKOEMY MACCHBY, KOTOPHII HMeeT cosep-
WEHHO CcBOGOOPA3HYI0 ApXHTEKTYDPY, cBoil ocobHIl analuTHuecKHH
4NNapaT MW, MOMHO Jame ckasaTh, cBOc ocolioe HeuscacHue. Ciofa
OTHOCATCHA PATHYHEE BONPOCH TEOPHH SPMHTUBhIX, CAMOCONp AMKEHHBIX
H HECAMOCONPSIKEHHBIX ONEPATOPOB, TEOPHH BOSMYILEHHi, TeopHH

- paccesnus, pasHoo0pasiibie BOMPOCH TEOPHH NPOCTPAHCTE C Hupedy-
HHTHOH METPHKOH, TEOPHA NPAMBX H 0OPaTHLIX CNeKTpajpHbIX 3anay

AT KaHOHHUECKHX YPABHEHHH, pasiHuHLIe aBalHTHYeCKHe npobremLl
H MHOCDe Apyroe,

1. HekoTopble MOJIOMEHHA TEOPHM BO3IMYMIEHHN

YenopuMest OTHOCHTeNIBHO HEKOTOPLIX 060sHaTeH i u TEPMHHONOTHH.
Uepes M = M () oGosmaunv Ganaxosy anre6py Beex JumeiiHbX
OrpaHHuCHHBIX OepaTopos, fefiCTBYIOUNX R cenapaBenbuom runsGep-
TOBOM IPOCTpAHCTBE §, 4 4Hepes Ew — 3aAMKHYTHIA Muean Koabua .
COCTOSLUAA H3 BCEX BNOJHEe HeNpepuBHHX ONEPaTOPOB.

Kaxnomy onepatopy A € B~ cOOTBeTCTBYET [10CAEIOBATENLHOCTS
s;uicen {s; (A)}°, xotopas ompegensercs Kak [0CAEIOBATETLHOCT
BCeX COGCTBCHHBIX UHCE HEOTpHUaTeNbHOre onepatopa | A | =
= (A*A)V2 2 0, sanyMepoBANHLIX ¢ YUeTOM Hx KPaTHOCTH B Nopsjike
yOLIBAHHS.

Yepea &, obosnauawres Haeanw Hefimana — [larrenas

©p={A: A€B., 2 sF(A)< oo}
Ocofiylo porn urpaer ngean &; — Hiean sECPHHX ONEPATOPOE.
Slnepnbiii omepatop A cpemn Apyrux onepatopon s XapaKTepH-

SYETCd TeM, 4TO B soGoM opronopMupoBaHHom Gasuce {e;};° y mero
CYWeECTBYeT abeoNOTHO CXOAIMICH MaTPHYHBIA C/1el, HHEIMH CTOBAMH,

oo
pAL 2 (Aey, e;) abeomoTHo cxonATCs. STOT MaTpHUMHI Clef, MO Teo-
=1
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peme B. B. Jlupckoro, coBnagaer co cHeKTPaALHEM  CAENOM,
T. € € CYMMOil CofCTBEHHBIX uucen oneparopa A:

sp A= 3} (Ae;, e;y= D1 4, (4).
Ilna apepuulx oneparopos A HMEET CMBICA OpELETHTEND
det (/ — A) = lim det || § ;a—(Aey, ex) |7 =]](1—2;(4)).

J

HM3sBecTHO, 4TO B T€0] HH BOSMYILLEHHA AleplbIE OUEePATOPE Bl AEAHIOT-
Cfl CpeIW NpOuUMX BMOMHE HENPCPLIBHLEIX ONIEPATOPOB CBOHM CPaBHH-
TEJBHO CNOKOfHLM XapaKrepoM. Fimeerca B BMAY caelylomee: nycrb
Hy ¥ H; — IBa CaMoCONpSKEHHBIX ONEPATOpPa, OTIHYAIONIHECH Ha
afepustit Hy = Hy+ V (V € €,). Toraa ecerfa afconmTo Henpe-
PEIBHBLH CHIeKTp onepatopos f{y ¥ Hy onmm W TOT XKe; Gosee Toro, ateo-
JIOTHO HENPEPLIBHEIE YACTH STHX ONEPATOPOB VHHTAPHO SKBHRAJNEHTHH.
370 BHISCHHAOCH B pesyabraTe pabor PosenGioma u Karo, ITo nosogy
sTHX palor, Kak ® pAfa ApYrHX NPENLECTBYIOWAX H NOCAEAVIOUHX
BaMHKX necxepopanni M. L. Bupmana, T. Karo, Jx. Kyka, C. Ky-
poaut, O. A. Jlagsikenckoit, K. Meanepa, I1. A. Peitto, J1. 1. ®an-
acesa, K. O. dpuppuxca (ocosononomeux), $. M. Hyxa u gp. s
MOTY JHIIb OTOCAATH K ABYM KHHraM M0 TEOPHH BOSMYMIEHHH — Kk
knure K. O. ®pugpnxca [1] u k kaure T. Karo [2].

Kak Geito ycranopieto I'. Befinem, k. Hefimanom u C. Kyponoi,
BOSMYLIEHHAME V' M3 Mueanos Gonee WHPOKHX, ueM &;, MOXKHO Bcerjia
AOCGHTLCA TOro, 4T00bl HeNPepeBHHK CNEKTp [IPEBpaTHICH B Touey-
HElft. BMecte ¢ Tem MBI ykaxeM cefiuac Hieas BNOMHE HenpephiBHBIX
ONepaTopos, KOTODLIA CONEPHHT B cele Bee Maeadu ©,, H Bee XKe olle-
PATOPLI H3 STOTO HISATa OKA3WBATCS BNOMHE (MaroHALEHHLIME B PY-
I'HX BOMPOCAX TEOPHH BOSMYIIEHHA. JTOT saMeqaTeNLULIl WAcan ©,
6un seenen B. M. Mauaesnim; ero onpegesensme cienyioumee:

@m-—.{A: A€y, E%snm}{m}.

OxaseiBaetcst, MHOTHE oKOHUATENLHEE GOPMYIHPOBKR B CIICKTPAb-
HOM aHa/lH3e HEecaMOCONPAXKEHHLX ONepaTopoB MOTYT GHTh JaHLI
TONBKO € TIOMOLILLK) STOT'0 HAEANA. .

Tlpusesem B KauecTee NpHmepa Crenyowyio Teopemy B. H. Ma-
naesa [3al:

Ilyems onepamop H = H* umeem duckpemuedd cnexmp (m. e.
CNeKMmp, Cocmomug d u3 coUCIMBENHbLY YUCEA KOHEYHOL KPAMAOCmu ¢ eoux-
crgeriod mowkod ceyuenut Ha Geckoreunocmu). To2oa, Kakoe Gu i Geia
onepamop V € €., cucmema Kopueeswx eexmopos onepamopa A = H+V
noaHd 8 §.

Ecau mce enoare wenpepwsnnd onepamop V ue exodum e @,, mo
Haddemea camoconpanennwil onepamop H ¢ Guckpemumm cnexmpos,
makod, wmo y onepamopa A = H + V cnekmpa ne 6ydem soace.
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lleppass wacTe sToro yreepXiAcHHs donycxkaer folee CHABHYIO
¢dopMynHpoBKY, NONoNHAILIYI0 HasecTHyio Teopemy M. B. Kenawmua
[4] o nonnore.

Boofine sonpockl NOJHOTE CHCTEMEl KODHEBHIX BEKTOPOB JHHEHAHHX
ONEpaTopOB, K&K TAKOBLIE, HE BXOAAT B MaH Jokaaja. B uacruocth,
BHE er0 OCTAHYTCH MHOMOUHCJIBHHEE HCC/IELOBAHHA (B OCHOBHOM COBET-
CHHX) MaTeMaTHKOB, OTNPapJAUIHXCA OT OCHOBONOJAOMKHOoA paboTh
M. B. Kenguwa [4]. Hekoropoe npeicrasicine o6 HMeOWHXCH
3/IECh  BO3MOMKHOCTAX H JOCTHAEHHAX MOMHO NONYUHTL H3 MepBOi
kaurd lokpa [6al, a Takxe u3 of3opHoro moxkaana M. B. Kemgnima
u B. B. Jluackoro [5]. :

[lpy HIyueHHH cHEKTPaJBHHIX CBOMCTE ONEPATOPOB O CAOKHEIM
CMEKTPOM BOMPOC O NMOVIHOTE 3aMEHAETCH BONPOCOM © CYHNIECTBOBAHMH
y Oneparopa JOCTATOUHO MNOJIHONO HAGOPAa HHBAPHAHTHHIX TOATPO-
CTPAHCTB. )

3neck TakKe HCKIIQUHTENbHAA pPOAbs NPHHALJIENKHT Oneparopam
ManaesCKOro Haacca.

CooTpercTBYIOMYIO TEOPEMY CHOBA MOXKHO 6bLI0 OBl cdopMyaHpO-
BATb KAK TEOPEMY 0 HeCaMOCONPAMEHHBX BO3MYLLEHHSAX CaMOCONpH-
Mennoro oneparopa. OaHako Mbl BHIUrpaeM B OOIUHOCTH M 32KOHYESH-
HOCTH, eJIH nepefizem oT CaMOCONp AMENHEIX ONepaTopoB K YHHTAPHEIM.

- Myems U — npoussosenolt ynumapsod onepamop, V € S, u nycms
secy cnekmp onepamopa T = U + V naxodumes na edumussotl oxpyxc-
nogrmid. Tozda kaxdod Oyze eOunubHOL OKPYNCHOCTIE

B, 5= {e®: a<OLP)

omeeuaem unsapuarmuoce nodnpocmpancmso Lo, 5 onepamopa T co cae-
OymwuuMy ceolicmaamu: .
1. 8¢, p A8196MCA MAKCUMAADHBM UHEAPUGHTIHBIM ROGNPOCIIPAMCIMEOM
onepamopa T, @ Komopos chexmp onepamopa T aexcum Ha dyze 8a,p.
2. Ecau koxeunas cucmema {8} omkpwmowe dyz & nokpusaem edurnuy-
HYi0  OKPYNHOCHS, MO  Ga2e0PAUMECKER  CYMMA  COOMBEMCMBHIOWILX
nodnpocmpancma {8s) niomua 8 .

Lns oneparopa T, yACBAETBOPSIOMEro YCAOBHAM TeopeMbl, Kax
nokasan B. M. Mauaes [36], punonuserca «Gurorapudmudeckoe yeio-
BHE»:

148
In* In* My (p) dp << 00 (= 0), ()
f—e
rae

My (p)=max [|(T—&I)™* | (p=1).
Rl=p

¥enosue (1), cornacko uceaenoannio 10. M. MTio6wua u B. M. Ma-
naesa, yxe ofeciieyMBaeT yxkazaHHwe B Teopeme croficTba omepartopa

M. I'. KPERH 193

T'. Ma veenefoBanuil STHX e ABYX aBTOPOB CENVET, UTo OHmorapHdmu-
UECKOe yeiaoBHe (1) SKBHBANEATHO YC/IoBHIO

]
B ™
D %ﬂ <0, (2)
He=—ao

[Mocnenwee ycnosre B HECKONLKO YCI0:HERNOR GOpMe BnepBhie pac-
emaTpuBan JIx. Yapmep.

Heo6xoaumo oTMeTHTD, 410 K pabote 10, H. Jlio6uua u B. M. Manaesa
[7] Tecno npuMbiKaioT BHNOAHeHHas napamnenbHo pabora E. Bumona,
pabota Y. doliama, npemne(:'r?mmrfxe patGotel [Ixk. ¥apmepa u@. Boab-
¢a, a TakxKe HenapusaA paGora J1. ne Bpanxka [8al. B patorax B. H. Ma-
ilaeBa W fe bpania nokaskiBaeTca TOUHOCTL SToR Teopemu. [ns dop-
MYJHPOBKH 3TOTO NpeL/AoiKeHHA 3aMeTHM, 4To LA 06paTHMOro ofepa-
topa T yeaoene Dy =1 -—T*T € &, 3KBHBAJEHTHO BOIMOKHOCTH Npel-
cragiedna T B puge T = U | V, rae U — ynurapunit oneparop,
a VEB,.

Ilyers onepatop D € B ™\ ©,,, TOrIA NPH HEKOTOPLIX OrPRHHUEHHAX
Ha paamepHocTh #Apa onepatopa L) MoXKHO NOCTPOHTE 0GPaTHMHI One-
parop T (€R), Tako#t, uro Dy =D, 0 B KaXI0oM MHBAPHAHTHOM OTHO-
cutesco T u 7' noanmpocTpaHcTee crekTp oneparopa ' coBmajaet
0 BCeH OKpYHHOCTBLIO.

2, nccHANaTHBHBIE ONEPATOPH H OMEDATOPH CKATHA

Begkas nEneapuaopanHas MeXaHWyecKad cHcTeMa, B KOTOpoll HMeer-
Cs1 JHCCHMAUHA SHEPTHH, ONHCHIBACTCH JAHEEAHNM onepatopom A, nior-
HO OMpEfeNeHHLIM B §, co 3HaueHHsMu ¢opmul (Af, f) B nesoli nomy-

AOCKOCTH:
Re(Af, H<0 (fe D).

B KBaHTOBOA MeXaHHKe AHCCHNALMSA SHEPTHH XapAKTCPHIYercs TeM, UTo
¢opma NHHEHAHOro onepaTopa, OMHCHBAILErc (PUIHIECKYHD CHCTEMY,
JEMHT B BEPXHEl NOIYIJOCKOCTH, T. e.

Im(Af, =0 (f€Da).

JLjts onpeneneHHOCTH, roBOPA O AHCCHNATHRHHX ONEPaTopax, Mul Gyaem
HMETE B BHAY ONEPATODPHl MOCJENHEr0 THNA, T. €. IKCCHNATHBHLIE Onepa-
TOpHl KBaHTOBOH MeXaHHKH.

JlHccHnaTHBHLL ONEPATOp HA3LIBAGTCH MAKCUMAIBHGM, ©CIH €ro
HeJdb3d paclHpHIb C COXpakendHem cBoficTBa AMCCHMaTHRHOCTH. Ilo
Teopenme Pannga Ouanunca, g Toro urolbl IHCCHNATHBHEI onepaTop
6ELn MAKCHMAMBHLIM, AOCTATOYHO, YTOOLI OH WM& XOTA Ol OIHY pery-
JAPHYIO TOUKY BHYTDH HHMHEH NQIYILIOCKOCTH, H HeoGXoAHMO, YTolk
BCE BHYTPEHHHC TOYKH 5TOH NOAYMJIOCKOCTH OLIIH peryasipHeiMH.

13—1220
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P. (PHNJIMNC AOKA3aMd TaK¥ke, YTO BCAKHH nmcnnamnuﬁ oneparop

JolycKaeT paclipeHHe Mo MaxkCHMalbHOro,

Kak u B teopun Helimana pacuiipenns 5pn.1umnux ONEPaTOPOR,
B HeochenoBanusax P. (Imn:mrjca CYIIECTBEHHYIO DOJIb Hrpaer npeobpa-
soepanie Kanu

T =(A—il) (A+ iy,

Ecau onepatop A sBiasercda MakcHManbHBIM JHCCHIATHBHEIM, TO B STOM
H TONBKO 3TOM ciyuae npeabpasoBanue Ksmn 6ymer nasath oneparop,
onpenenexntii ua seeM § ¢ HopMod || T << 1. Takue onepatopet nme-
HYWOTCH cxcamuasuy. Kax npasmao, BcAKMH BoIpoc, KacalolUlpfica Ma-
KCHMATbHEIX JHCCHIATHBHBIX ONepaTopoB, MOXKHO MepedopMyNEpOBaTh
KaK HeKOTODLIA BOMpPOC, OTHOCAINMHCA K CHATHAM.

Mu mpemMyinecTBeHHO GYIEM TOBOPHTE O CHATHAX, MOCKOAbKY
NOHATHE ONEparopa cxartud seasercd Gonee sieMeHTapHbIM.

CiarHe HasmBaeTcs NpoCTEIM, €CJAH HM HA HKAKOM H3 CBOHX HHBA-

F[ HaHTHEIX MOANPOCTPAHCTE OHO He HHIYUHPYET YHHTAPHOro onepatopa.
o meopeme . K. Jlamrepa — B. C. Hags — Y. (Moiiama, scakoe
CMATHE pacnafiaercAd B OPTOrOHaTLHYI0 CYMMY YHHTapHOrO onepatopa
H IPOCTOrO CHATHE.

HAWKX UeanX NOCTATOYHO OFPaHHYHTLCH TOMBKO MPOCTRIMH C3Ka- '

THAMH H COOTBETCTBEHHO TOALKO NPOCTHIMH JHCCHIIATHBHEIMH OMEpATo~
pamH, KQTophle ONpejedoTes aHANOTHYHO.

Ciarue T GyaeM HaselBaTh cAdloecH, BCTH BHMOTHAOTCA fBa ].rcnc-
BHA:

a) omepatop T ofpatum: T-! € R;

6) onepatop orknonenns Dy (= [ — T*T) oneparopa T ot ysutap-
HOTO SIBNABTCS SIEDPHBIM.

Yenorue a) moxupo 6o Gl 3aMeHNTh OOviee oOlIHM, a HMEHHO:
y onepatopa I' cymecrsyeT xora 66l OAHa peryaspHaf TOMKa BHYTpPH
eIHHHYHOMD Kpyra.

Xora yciosHe ) SBAAETCA BEChbM3 CTECHHTEJNLHBIM, BCE e NPH
nepexofe OT cAalbix. CHMATHA K COOTBETCTBYHIOIHM AHCCHIIATHBHBIM
OMEpATOPaM HOJMYIaeTCs] KJIACC ONEpPaTopOR, COAepHamuii, B UacTHOCTH,
onmepaTopbl, TNopoMAdeMble pajHalLieiM  ypapnenwem Ulpepmurepa
¢ KOMNAEKCHLIM TOTeHIFaloM A0CcTaTOUHOTO obimero THMA.

B wecnenopanuAx nMo TEOpHH JHHEHHBIX onepatopoB ofmero THna
3a7a4a O MOCTPOEHHH KOHTHHYANBHOI'O AHANOIA TEOPHH SJeMEeHTAPHBIX
IenurTened, nogo0HO CHHeH NOTHIe, BCEMAA OCTABAJOChE HEVIOBHMOM.
Hmenno B nouckax stof ntuma M. M. lensdann npumen x TeopuH KoM-
MYTATHBHBIX HOPMHpPOBAaHHEIX KOJEll — ONHOMY- H3 CaMhlX KDPacHBHIX
TBOPEHHHA COBPEMEHHOTO AHAJIMSA.

Sru we crpesienna npupea H. Handoppa, Ix. Illsapua u ux
noc/iefoBaTeNlel K pasBHTHIO H3BECTHoH TEOpPHH CHEKTPalbHbLIX ollepa-
TOpOB.
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Opuako nocne pcero N0 HejaBHETO BPeMeHH TPYAHO Bbl10 VKasaTh
CKOMBKO-HAOYAL ofipil Kiace ollepaTopos, Af KoToporo Osit 6ul no-
CTPOEH HEKOTOPHIA aHANOr TEOPHH 3JeMeHTAPHEIX JeanTenel. B macroa-
liee BpeMA MOMHO Y#e TOBOPHTh O HEKOTODHIX JAOCTHAEHHAX B 3TOM
HanpapJIeHHH. A eciiH peus HAET O cabblX CHATHAX, TO cO Beelf Kare-
FrOPHYHOCTLI0 MOMHO YTBEPHIaTh, UTO 37echk MH ViKe A0cTHIIH MElca
Nobpoi Hapesw.

Ipemxjie Beero ykameM, 4ro A caa0biX CIKATHH MOMHO NOCTPOHTD
HEKOTOpLIH 3p3all BEKDBOTO ONpelesuTels, a HMeHHo

dr (L) =det (T* (T—L1) (I —LT*)).

Jlerko noKa3nBaeTCs, 4To noy 3HAKOM ONPENENHTENA CTOHT BHpaKeRHe
tina / 4 A, roe A € @;. 3ToT ONpEAEANTENE MONYCKaeT CIelyllee
TPeAcTaRIeHHe:

in
4 (O = VETT) By Qexp { — | Ll do )} . @
a

rae By () — nponspenenre Basuike:

Ai—T 131
sety= 1225552

a o(f) — weybmBaouias ¢yHKuHa, HopMHpoOBaHHas ycaobHem w(0) =
— @ +

B-:Fe s.r:)eueam B STOM MPEJICTABJIERHK AOMYCKAIOT ONIEpaTOpHO-CrIeK-
TPANLHOC HCTONKOBAHHE.

B uacthoerH, uscaa {A;} cyth cofeTeenHbie unena cxatia T, npa-
ueM KamJioe H3 HEX HrypHpyeT CTOILKO Pa3, Kakoba ero aureﬁpau—
yeckasl KPaTHOCTb (T. €. K4KOBA PASMEPHOCTh COOTBETCTRYIOUIEro rmp
HEBOro MOANPOCTPAHCTRA).

Ecau B pasenctse (3) nonoxute L = 0, To noay4nm

Vdet (T*T) =[] | »;lexp {—- zgndm {f}} .

Hmeer mecTo caenyiomas rpynna yTeepiaIenHi:

1. Hpocmpancmao § eduscmeernsix 00pasom pacnadaemcs 8 KASL-
npamyl cymmy deyx uneapuanmuex omuocumesbio T u T7' nodnpo-
cmparcms & u Hy:

§=C+H (ENBo={0); E+Ho=9)
20e § — SAMKHYMAR AUHELHAR 000I04KA BCEX KOPHEAHX NOGNPOCH PAHCME

onepamopa T'. Cnexmp onepamopa T 8 §o semcum na edunusnod okpymc-
HOCITILL . -

13+
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CHcreMa KOpHEBHX BekTopos 1 Gyzer noaHoi, T.e. § = &, B Tom
H TOABKO TOM caydae, korta dy (§) = By (§), . e. det (T*T) =[] |4;
Takum oGpazoM, CIELYIOUIHE TPH YTBEPXKIEHHS SKBHBANEHTHLL:
§=6 <= dr () =By (§) <= det (T*T) =[] | A2

O6oshaunw uepes T, cyxenue ckatiua T Ha §o. ITyers 8 — ma-
KCHMaJIbHOE HHBAPHAHTHOE NOANPOCTPAHCTBO Oomepatopa Th, 8 KOTOpOM
ero cnextTp JexHr Ha ayre e (0L 0 {). Torna

(¢ +0) = — Indet (I + P,DyPy), (4)

rae P, — opronpoekTop, npoeKTHpYiom#i §H na L, a Dy = [ —T*T,

Onepatop A € R nazubaerca odHoKAEMOUHLM, €CTH MHOMECTRBO BCEX
€ro HHBADHAHTHEIX HOANPOCTPAHCTE YNOPHIOUEHO Mo BAoxennwo. g
OlepaTopa B N-MEPHOM NPOCTPAHCTBE DIHOKJAETOUHOCTH O3HAYAET, UTO
OMEPATOP COCTOHT M3 ONHOH MOPAZHOBOR, KNETKH.

CiH y oaHokaerousoro oneparopa T (€ iH) onepaTtop oTKAOHEHHS

Dy NpHHAJNEKUT MENAEBCKOMY KAdccy, TO, KAK JErko 3akIIOMHTH
H3 NpelHAYUIero, CNEKTp oneparopa T COCTOMT H3 ONHOH TOUKH, JeMa-
well Ha eAHHHYNON OKPYMKIOCTH.

Y 0onoKAeTOYHOrO ONEPATOPA B M-MEPHOM IIPOCTPANCTEE CHEKTP TAK-
e cOCTOHT H3 ool Touku. Ho 9ro eme ero me xapaxtepmayer non-
HOCTEED. OflHa H3 NONHHEX XapaKTePHCTHK TAKOIO OMNEpaTopa 3aKin-
YAETCA B TOM, YTO €ro peloybBeHTA HMEET NOMKC #-ro (MaKCHMAaNbHOro
BO3aMoxKHoro) nopaika. OxkasuiBaerca, yTo cpein caabulX caKaTHIE OiHO-
K/IeTO4HBe TAKKE BIOVIE XapakTepH3YIOTCA HAMBLICIIHM MOPSAKOM
pocTa pesonibBeHTH. TouHo TeopeMa QOpMyAHpYeTes clienyiomuM obpa-
30M:

I1. Qarn moeo wmobu npocmoe caaboe cxcamue T Oueao vdroxaemoy-
Hotm, HeoBxodumo u docrmamouno, wmobm | ) onepamop T we umen cobem-
BEHHALX HUCEA BRYMPU EOURNMHOZD KPYea & 2) BWNOAHAIOCH PABCHOMED

fim {(1—p) In My (p)} = — - In det (T*T), (5)
et

ade, kax u ewie, .
My (Mﬂggll(ﬂ-m"{l p==1).

Ecau swnoansemes nepsoe yeaosue, Ho onepamop 1 we seasemcs
odnox.remonneim, mo @ (5) umeem mecmo anak <=,

B rtakom BHfe Teopema npHsenena so BTopoll wuure [okpa [66].
Oua npefcrapaser cofoit HEKOTOPYIO NepepaboTKy ¢ YTOUHSHHEM KpHTe-
pus Bpoackoro — Kucunesckoro ofHOKIETOMHOCTH BOJIBTEPPOBA OTie-
patopa. Omepatop A Ha3LBAaeTCA E0ALMEPPOGLLM, ECIH OH BTIOJIHE He-
NpEpLIBEH M BECh ero CNeKTP COCPeLOTONeH B HYJC.
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i

He npuberans noka k noHATHIO XapaxTepHCTHYECKOH QYHKIHH, Teo-
pemy Bponckoro — Kucuaeeckoro [9] momno edopmynupopars caexyio-
unM o6pasont:

1I'. Mycme A — evasmeppos duccunwmueHud onepamop ¢ AceprOL
MHUMOO Komnoxenmodl, m. e.

A€ Gw, o (A)={0}, A;z%{A—A‘)}{L sp Ay << oo,
Toeda onepamop A oOHoKAEmMOMEN 8 MOM W MOAGKO MOM Cry4ae,
limriIn||(A—irly?|j=2sp A;.
rio

B nunefinoft anreCpe nAuHeldun# onepatop A OJHOKMETOYEH B TOM
H TOABKO TOM CJydae, KOrfla OH HMEeT eNHHCTBEHHYHD TOMKY CHEKTpa
H LHKJHYEH, T. €. CYLLeCTBYeT TaKofi eekTop f, uto cHerema f, Af,..., A™f
cqcrasiser Oasvc npocrpadctsa. Jlerko noxasniBaercs, WTO BCAKHEA
OrpaNHYeHHRIA  OQNOKNETOUHBIA ONepaTop ABAHETCS [HEJIHUECKHM,
T. €. cyLlecTeyeT Takoil pexkTop f, uro

gwi-s

Oguako B GecKOHeUHOMEDHOM THABGEPTOBOM NPOCTPAHCTBE, Jame
€CIH OrpaHHYHTHCH BONLTEPPOBHIMH ONEPATOPAMH, NHKAHUHOCTE OMe-
patopa, BooGUle TOBOPHA, He BJAEYET ero OAHOKAETOYHOCTH, BMecTe c TeM,
Kak nepasHo noxasan I'. 9. KMcuiepCKHiA, BCAKH UMKAHYECKHE Npo-
CcTOll JAHCCHNATHBHBIH BOJALTEPPOB ONEpaTop C AACPHOH MHHMOA KOM-
NOHEHTOR OIHOKJIETOUeH.

Beawull neuefinsii oneparop, 1eficTBYIOWHA B KOHEYHOMEDHOM IIpo-
cTpaucree, AHOO OAHOKJeTOYeH, JAHG0 pacmajaeTci B NMPAMYD CyMMY
opnoknerounux. I'. 3. Kucunescknfi [10] pacnpoctpanua sto npemno-
MelHe Ha JHCCHNATHBHLIE BOJBTEPPOBB ONEPATOpH, AEHCTBYIONHE
B 'HALGEDPTOBOM TIPOCTpaHCTBE.

I11. Beakud npocmoid eoasmeppoe duccunamuensid onepamop ¢ agep-
HOO MHUMOL KomnoHenmod audo odxoKasmouen, A0 LWMEEm Mecmo cie-
Syrowyee:

a) npocmpascmes § Pacnadenica 8 Keasunpamyr cymmy nodnpo-
cmpancme L, (=1, 2, ..., 0 & =), unsapuanmusix omuocumesno A:

§=2+8%, ALty
6) cyxcenue onepamopa A na L, (k = 1, 2, ..)) seasemes 00nox 1emoy-

HBLM OREPAMOPOM.
Kapounassnoe wucto @ 4 noA0MUMEAbHSE YUCAQ

Th=5p(A|Ls)
cyms uxsapuanmes onepamopa A.
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Taknm GGPBEG‘H, And NPOCTLIX OHCCHOIATHBHLIX BOIBTEPPUBLIX olle-

paTOPOB C AJEPHOA MHHMON KOMMOHEHTOR VCTAHOBJACHH aHA/IOTH MHO-

FHX OCHOBHHX TNpeitoMenuii nunefinoil anreGpwi. Opnaxo caegyer
ocofo AONYEPKHYTh OIHO NopasuTeisHoe ofictoaTenectBo. Bee sti aua-
JIOTH YCTAHOB/EHH 17151 O[IePaTopPOB, A/f KOTOPHX HET HHKAKOT O

aganora B JuHeiinofi anreGpe. IeficTeHTeNsHO, ecIH B aHwuei-
Holt anrebpe o (A) = {0}, 1o

spA=spAn+ispA;=0,

caegosareiibHo, spAY = 0, a tag kak A; =0, 7o Ay = 0. Taxkum
oOpazoM, omeparop A camoconpsiken, T. €. B KOHEUHOMEPHOM Mpo-
CTpaHCTBE He CYINecTBYeT MPOCTHX AHCCHMATHBHLIX BOJILTEPPOBHX Ole-
PATOPOB. :

AnanornusuM o0pa3soM nokaswBaercd, 4To B JAHHefiHofi aarefipe
aficypAHO NOHATHE MPOCTONO CHATHA CO CAEKTPOM HA ellMHUYHON OKpYR-
HOCTH. -

Buecte ¢ tem HauGosee 3ameuareNbHele GAKTH B TCOPHH C3KATHE
OTHOCATCH K TIPOCTBIM CHKATHAM CO CNEKTPOM Ha eJHHHUHON OKpPYMKHO-
CTH.

Mei ne HeyepnaiH BCeX PesyAbTATOB, NOMYUEHHHX JA ONHOKJISTO4-
HBIX oneparopos. OTMeTHEM, YTO POACTBEHHER, HHOMAA 3KBHBAJeNTHHE,
HHOIJIa AOTONHAIOLIHEe PeayAbTATE L1 CHATHH ObIH HEAaBHO NOJ yaeHk!
B.C.-Hagem 1 Y. Dofimuem B X 3aMeuaTeJbHOH cepu¥ paGoT M0 Cxa-
THAM 1).

B aarefpandecKom ¢iytae npH HeeNe0BAHHH CNEKTPaJbHBX CBONCTB
OnepaTopa HEBOSMOXKHO OGOHTHCH OAHHM BEKOBLIM ONPENeTHTENEM.
Tem Gonee HEBO3MOMKHO OGONTHCE €ro CYPPOraToM B GRCKOHEUHOMEPHOM
caydae, B npeaninymux yTBEpHASHHAX HaM HEOJHOKPATHO NpPHXOMH-
M0Ck oOpamateCa K pesodbBeHTe onepartopa. ORAa3LBaeTCH, HMeeTcA
06BeKT, KOTOPHIT onpejengerca SHAUHTEILHO CIONHEee, UeM peacibpel-
Ta, HO KOTOpBIH XpaHnT B cefe KAIOYH K PELICHHI0 MEOMHX BONIPOCOB Teo-
PHH HecaMOCONpSAXEHHHX OnepaTopoB. B uacTHOCTH, 3HAYUTENLHAN
HacTk MpefblAyNIHX YTBEepMIeHHH Obia MosmydeHa ¢ [OMOWLBIO STOrO
o0LeKTa. :

Takum o6BeKTOM ABAASTCH XAPAKMEPUCTIUNECKIA (DYHKELUA HECAMO-
conpsKesnoro onepatopa. B Hactoswee spems uMeoTcs pasHooGpas-
HEE ONPEAS/IEHHS XAPAKTEDHCTHYECKOR (YHKIMM — STOr0 CIVTHHKA
HecaMmocolpsimenHoro onepatopa. MoxHO paaipuaTh g3a THMA Xapak-
TepuacTHUeCKHX ¢yHKUHH. (MYHEKIHH TNEpBOro THNA XapaKTepHIYIOT
OTKJIOHEHHE ONEpaTopa OT YHHTADHOMO, 4 BTOPOrO THNA — OT CaMo-
conpaxennoro. XapaxrepHeruueckas Qyakuua Bp(L) meproro Tuna

1) Dra cepmn nyGankyerca ® mypnane Aecta Math, Szeged waumpan
¢ 1953 r. 0 B HACTOAMe Bpemd HACSHTHBAET 13 pador; B panuuelimes MHTHPYIOT-
CA TONBKD HEKOTOPHE w3 stux pador. (CM. npuMevadde, goSangendoe NpH KOpPeK-
Ty pe, Ha crp. 209.%
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L]

oneparopa T omnpeaenseTcs paBeHCTBOM
0 @) = [—=TT*[""YT—th (I —LT*Y* 1= T*T["]| D,

rie uepes |A| oboanauaercs onepaTopHHH MOAYAb CAMOCONPSIKEHHOIO
oncparopa A, T. €. HEOTPHUATEJLHEN: OMEPATOp, KBAXPAT KOTOPOro
pasen A%, a uepes A | & — cymedne oneparopa A Ha NOANPOCTPaK-
creo L.

Tpu kawaonm §, aaa koroporo (I — LT*)? € R, sunauenne O:(f)
ABJISETCA NHHEHHHM OrpaHHuYeHHHM olepaTopoM, AefRCTBYILHM H3
I]D;.IFFDCTPHHCTBH Dy e nognpocrpancreo Drs$. ' :

P BechMa OGLIHX YCAOBHAX XapaKTepHCTHYeCKas orneparop-QyHK-
IHA 33]aeT MPOCTOl ONepaTop € TOYHOCTBIO N0 YHHTADHOH SKBHBAJMEHT-
HOCTH.

Breppnle 3ta dynxuus Oblia BBCASHA B JOKTOPCKOH LHCCeDTALHH

M. C. Jlupmuua & 1944 r. mna cayuas, Korna

dim Dy == 1.

B srom cayuae Op() sBasercs, B cylulnocTH, ckaisproii QyHKUHed,
a cam onepatop T Gyder aubo pactmxeHdem, AnGo cxarneM. BooGue
BCAyuae, KOrja oflepaTop oTkaAoHerHs Dy Koneunomepen, pynknHio 07 ()
MOKHO PaccMaTpHBaTH KAk MaTpruy-QyHkumio. dasa storo ciyuas ona
no cyiiecTBy Guiia noayuena B 1950 roxy M. C. Jlmswuuem 1 B. I1. TTo-
ranossim [13]. K coranenuio, HeaoCTATOK BpeMelln He MO3BOISIET H3J0-
MUTE 3BOVIIONHIO 3TOrC BAMKHEHIIEero NOHATHA — SBOJIOLHIO, KoTopas
npoiozKaiach B TeUeHHEe APAANATH JeT MOA BJIHHHHEM W NPH YuacTHA
apTopa NMOHATHA W KOTOpPas TPOAOIKAETCA B HACTOAIIEE BpeMA.

B gacTHOCTH, A He HMEI0 BOIMOMHOCTH OCTAHOBHTBCA HA XaPakTepH-
cTHYecKoi GYHKLHY BTOPOro THNA, TaKKe Bnepsiie seetennof M. C. JIus-
WIHIEM ¥ TIOJVUHBIIeH CymecTsenHoe passéTie B patotax M. C. bpoa-
ckoro [14, 15al.

C cosepieHHO HOBHIX MO3HIUAM K XapaKTepHcTHIeCKOH r]pym-:unu AjiA
cxkatafi npuwar B 1963 r. B. C.-Haae u Y. @oftaw [11a]. B paGotax
STHX ABTOPOB OHAa BlEpBHE Haywadach (ea MNpeNnoNoXkeHHs NOJHOH
HenpepuBiocTH olieparopos oTkA0HEHHA D1 u Dre.

B cayuae cxatua T onpepenente ¢pyukunn Oy (L) ynpomaeres:

8 (L) = T—LD¥s (I—LT* D7) | Dr§.

B srom cayuae onepatop-bynxums 67(L) roromoppna BHYTPH
8IHHHUUHOrO KpYTa, MpHYyeM

fer@ll<t  (El<D).

YMHOMAR TPOHIBOALHLIE JHHefiHBE orpaHHueHHHA onepaTop Ha
JOCTATOMHO Malyl KOHCTEHTY, MOMHO NPEBPATHTH €rc B CHKATHE €O
CKOMlb YTOIHO Manoilt HopMoft., 3areM JAMA NoJyYeHHOro CHATHA MOXHO
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COCTAaBHTEL XapaKTepHCTHYECKYIO yHkumio. Onpako BPAA JH MOMKHO
PACCUHTEIBATE Ha TO, 4T0 XA4PaKTepHCTHUECKAS DYHKUHA NOCTaBHT
B STOM Cliyqae Kakyw-1HG0 HOBYIO neHuyio HHpopmaumo. IMo-Buanmo-
My, 3T& QYHKIHR OKA3LIBACTCH NMOJNESHON, MHWL KOTZa onepaTop B Ka-
KOM-TO CMEICTIE GNHIOK K yHHTapHomy. [lo Hezaphero BPeMEHH B.pabo-
TaX COBETCKHX MATEMATHKOB MEDM/IOM TaKoi GuHIOCTH CAYHHAO Yclo-
BHE NOJIHO# HenpepuBHOCTH OnepaTopos OTKAoOHeHHs D u D1e, Ho pos-
MOMHa GIHIOCTL APYroro poga, a HMEHHO nojo6ue oneparopa T yHH-
TAPHOMY, O3HAUAUIEE CYILECTROBANHE OrpaHH9YeHHOrC M 0GPATHMOro
S (S € R), rakoro, yro

T =S§1US, (6)

rae U — ynuraprbii onepatop. CpaBHHTENRHO BaBHO 6RO ofnapy-
HMEHO, 4TO NPOCTOE CHATHE MOXKeT GLITh Moac6HO VHHTapHOMY Onepa-
Topy. B anre6panueckom cayuae peakoe CHATHE, nopolHoe YEHTAPHO-
MY Onepatopy, camo ABAACTCH YHHTADHEIM ollepatopon. Boskmioe NOCTH-
HEHHE TeopHk Hand — Qoitama cocrasnser Cheaylomui ofmuii Kpu-
Tepuil NOAOBHA CHaTHg YHHTapHOMY onepatopy. .

IV. Cocamue T nodobuo YHUMADKOMY ONEPAMOPY 8 MOM f MOABKD
mom cayuae, woeda npu aobom L (|5 < 1) onepamop 0.(2) azaummo
odrosrauto omoGpascaem nodnpocmparcmeo Dr§ na D7.§ u

sup || 67 (2) | < co.
Jef=c1

Jlerko BHueTh, uto ecam HeKOTopLifi onepatop T (We o6asaTenbHo
CHAaTHE) MOJ0GEH YHHTAPHOMY, TO OH 00a128T cneAyIoWHME AByMs
CRBOHCTBAMH: ;

@) o(T)c{e: 0< p<2n)
H

B) sup (1—|Z[) (T — 8yt ) < ec.
<L

Kak caencrsve xputeprs Hang — Q@ojawa NOYYALTCA, HTO B CaAy-
Hae cxatia T smu ycaosus seaniomen ne moasko HeoOx0dUMMME, HO U Fo-
cramotismu das nodobun T YRUMAPHOMY onepamopy; cM. [6r].

Kak samerna A. C, Mapxkyc, Mommuo NOCTPOHTE ONEPATOPE! ¢ Hale-
P& 3ajallibiM CREKTPOM HA eiHHHYHO OKPVHHOCTH, YA0BJCTBOP -
MHe yclosHsM a) H f) H He noloGHLEC HHKAKOMY yHuTapHomy. Paay-
Meerca, RCAKMH Takol onepatop ye e Oyner cxatuenm.

Kpnrepuit Hans — Qofiama Ans cnabux cuarhit naer cnenyouHil

ADCTATOMHLI NPHIHAK:

Caaboe cxcamue T co cnexmpom xa edurusmod OK Py ICHOCMU ROJ06-
HO YRUMAPKROMY Onepamopy, xoab CKOPO €20 hyHKLuA cnexmpassnoen
coeuea w (f) npunadaencum wanecy Lip;y (0, 2).
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Ecan onepaTopw OTKJOHEHHS KOHEYHOMEPHE, TO STOT IIPH3HAK
ABJSETCA TAKKe JOCTATOTHEM. MOXHO YxasaTe H Apyrofi cayyafl, Kor-
Aa 3TOT MPH3HAK ABAAETCA AocTaTouAbM. [las ero noayuenus rpeGyer-
CA TOYHBIA @HANH3 CTPYKTYPhl HHBAPHAHTHEIX TIOLNIPOCTPAHCTE ONEpa-
TOpA.

Ecau cmxarne T nojofuo ynHTapromy onepatopy, To

2n

P o S e dF (f),

o
rae F (f) — HexoTopoe Kocoe pasfioMMEHHe EUHHHIL, HOPMHPOBaH-
Hoe, Ranpumep, yeaosueM F (I — 0) = F (f) (0 < 1< 2n, F (0) = 0,
F (2n) = I). OGosnauum uepea P () opTompoexkTop, NPOEKTHpYIOLIH
BCe [POCTPaHCTBO % Ha moAnpoctpancTeo F()§ (0< {<2n). Paa-
JoMeHRe efHHHUE P(f) (0 < ¢<2n) nasuBaeTcs cnpamiensod cnex-
Tpa/dsHOH QyHKUHed onepatopa T. HMmeer mecto caefyviomas teopeMa.

lyems sadans neompuyameavuoui onepamop H ¢ || H || << 1 u nexo-
nwpog OpIMOZORAABHOE ;faaﬁgnmum edunuym P(f) (0< (< 2n).

Han mozo umobel eywecmeosaao cxeamue T, nodoGroe yrumapromy
onepamopy, ¢ OMKAOHERUEM Dy = H u co cnpamaennod cnesxmpaisHol
gynkyued P(f) (0<"{< 2n), neobxodumy u au.r:mamc_:ma, 4mobe one-
pamop-gynxygua HY2P (f) H'r ydosemeopara yeaoduo Jlunwuya

|| H'/*(P (t)— P (s)) H"*|| < const | t—s|.
lipu emnoanenuy smoeo ycaoceus onepamop T = U (1 — V)1, z0e

an
13 5 e dP (f)
o
" it
i § (I—P(t) HP () P(f) H dP(0), (7)
ABAREMER eﬂuum:em&m# cHCANMUEM €O cooticmaame;

1) cnexmp T aexcum na edunusHOG OKPYICHOCTIL,

2) P (£ 0)§ (U< < 2n) 3649€MCs MAKCUMAADHOM UHBGDUGHM-
Hewm nodnpocripascmsom onepamopa T, 8 Komopom e2o cnexmp Aexcum

e (D<pgh).

" giiib orfychxaq;ﬁn}qmph{}wnpoaxa anajorddiol Teopemer, gaoimeh
ONHCAHWE QHCCHNATHBHLIX ONEPaTOPOB, MONOOHLIX CAMOCON] SKEHHLIM.

B kauecTse mpuMepa paccMOTPHM B NPOCTPAHCTBE n-MEPHHX BeK-
Top-yHKuHE L{™(0,1) oneparop cx-:a'r:m CAeAYIOmEero BHAa:

(TH ()= f )+ | K(t, 9)f(s)ds,
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rae K(f, s) (0<¥, s<1) — (ans npocToTH)) HENpephHIBHOE 3PMHTOBO
MATpHYIOE sAPO, HOpOMAAKUIee ANepHHA onepatop. Torma dyHxuus
o(f) Bauncagercs no dopuyie

@

o (f) = S sp K (s, s) ds.
l<mis)<t

MNpunagnexnocts (yHkuHH o (f) kaxacey Lip, sBasercs Heo6xo-
AHMBIM B AOCTATOUHBIM yClOBHeM nojobus onepatopa I' YHHTapHOMY.
o me ycnohe (@ € Lipy) ana gHccunaTkeHOro omeparopa

AN O =a®fO+2 | K, 9Fs)ds (FEL2(O, 1),

rae K (f, ) — NpoH3BO/ABHOE HEMPEPLIBHOE 3PMHTOBO TIOJOMKHTENBHOR
AApo, ABAAETCH HeOOXOLHMBIM H JOCTATOUHLIM AJs NOJoGHA onepaTtopa
A caMoconpsKeHHOMY ONepaTopy.

[Tocaeannit pesyabrar ang cnyvaa n = 1 u K (¢, §) = 1 661 noay-
uen paree B cratee [11B). pu aff) = { onepatop A scerna Gyper
nofoGen camoconpsikennomy (cm. [16 6]).

3. TpeyroabHoe npeicTaBieHHe ONepPaTopoB
H MYJILTHIJHKATHBHBIE MNpEICTaABACHWS onepaTop-DyHKUAH

ChopmyaHpoBaHHAS BblUE TeOPeMa, falOUas NOJNHOE ONHCAHHE
CHaTHIl, NonoOHLIX yHHTapHEM, Omia nonyyena okpom [6 rl] ¢ uenons-
20BaHHEM YNOMHHaBIHXCA pe3dynbratos Hana — Qoiiawa, a Takme
HOBBIX CpEICTB, CBA3aHHEIX ¢ TeopHed abCTPaKTHHX TPEYIOJAbHHX
H MYJAETHIVIHKaTHBHBIX HHTerpadoe. B camoi dopmynsposke teopemi
y#e pHIYpHpYeT TpeyroyeHEA HHTerpan (npasasa uactk (7) ).

[lpupenem paj onpenenenHil. 3aMkHyTOE (B CMEICIE CHILHOR CXO-
JAHMOCTH) MHOMKECTBO OPTOrOHaABHHX NpoekTopos B = {F} naswBaer-
cA yenoyxod, ecH OHO YNOPAAOUEHO (eCTECTBeHHEM OOpasoM) H coflep-
muT npoexktopu O W [. IMapa npoexropos (P, PY) (P~ << P*, PX€ )
HaszbiBaeTca paspweos uenoukH B, ecan b P Her WH 0AHOrO NpPoek-
Topa, pacnonoxenHoro memay P- w P, llenouka, He uMelomas Hu
OIHOTO PasphiBa, HASLBAETCH HenpepusHol.

LHenouka X5 HaskBaeTcqd MAKCUMAAbHOW, eCNH OHA HE ABASETCH
MpaBHAbHOH YaCThio HHKakoil Apyro# nenoukH. llenouka ¥ Hasupaer-
cqa cobcmeennod Uenoukoli paunoro onepatopa A (€ R), ecam Bce noa-
npocrpacrea P wuHBapHanTHH oTHocHTENBHO A, T. e, ecan AP =
= PAP (P € ). |
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»

Cornacio Teopeme I'manGepra, BCAKHA JHHEHHWH caMoCONpAMEH-
Hbili OrpasHYeHHufi onepatop A jonyckaer npelcrasieHHe

b
H:Swsﬁ,

rae Ej — pasnomenHe eXHHHIM, nopomjaemoe onepatopom . ITycts
B — npoH3BOABHAA COGCTBEHHAA Nenouka onepatopa K, conepxamas
nenouky {Ey}acicr. TOrla nociefHufi HHTErpan MOMHO [epenHcars
B BHAE

i Sl{P}dP= S A(P) P dP,
B §

rae A(P) — BepXHss rpaHe cnekTpa onepaTopa H B MHBapHaHTHOM
noanpoctpancTse PH. 3mor uHTErpan MomHO Obiio OH HassaTh dugeo-
HAAbHLIM UHMeepasom BAOAB Lenoukn. Or ABAAETCA YaCTHEIM CAyYaeM
mpeyaoabro20 HHTEIpaNa BAOMbL LEMOuUKH, HMEIOWero BHJ ;

J=\ F(p)ap, (8)
%

rae F(P) — dyHEnHA Ha nenouKe C ONEpaTOpPHEIMH 3HAYEHHAMH,
Hurerpan (8) nonHmaercs B CMBC/IE CXOIHMOCTH [0 HOPME OlIEPATO-
POB COOTBETCTBYIONIMX YACTHHIX CYMM, TpHUeM Npeien MOHHMAaeTcs
N0 HanpasAeHHOMY MHOMKECTBY BCex pasOHenuit nenoukm B.
Ecnn BuUnoizeHo YeloBHE

F (P)=PF (P),

To waTerpan (8) HaswiBacTcA MpeyeosbHot. B sToM cayuae uenmouxka P
6yner cofcTrerHofl ana oneparopa J.

B KoHeuHOMEpHOM cAyuae TPeyrofbHbii HHTErpan B Gasuce, pacwH-
paloleMCa BMmecTe ¢ Uenoukoil 3, Oyaer usofipamarteCca TpeyroibHOR
MaTpHueH, .

[IpocrefiiuiM TpeyroibHHM HHTEMPAJIOM, ECTECTBEHHO, SBJASErcs
HHTEr pan

pfﬁ. (9)
by

rie C — BlOJIHE HenpePLIBHEIH omepaTtop. JTor HHTErpan BHEPBHE
nossHaca B 1958 r. B pabore M. C. Bpoackoro B peaynerare HeKoropoi
nepepaGoTKH TpeyronbHoi MOgedH HEeCAMOCONPHAMEHHOr0 ONepaTopa,
npeanokendon M. C. JIuBwuuem. M. C. Bpoacknii nokasaa, uto
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AN BCAKOrO BOJLTEPPOBAa OmepaTopa A HMeeT MecTo npejcrar-
NeHue :

A=§Pr:dp,
3

rae ¥ — Kakag-n1ubo cobcrBeHHas MaKCHMANbHas LENOYKA ONepaTopa
A, a C = 2iA; (cywecTsopanue TAKOM LENOYKH BEITEKAET H3 pPesylbTa-
top Hefimana — Aponmaiina — Cuuta [17]).

STHM NpejcTaBieHHeM, OHAKO, He pellajics clelyiownli sonpoc:
NyCcTs Hamepeq 3afiad onepatop C H nenouka P; NpH KAKHX YCIOBHAX
cylulecTBYeT HHTerpan (9), a eCJH OH CYIUECTBYeT, TO KaKoMy Kaaccy
OMEpaTOPOB NPHHAJIEMHT 3TOT HHTErpas, Korga omepatop C npHl-
HRJJIEHHT TOMY HAH HHOMY Kaaccy? B ¢BA3H ¢ 3THM BonpocoM Gbinm
o6Hap yKeHbl BECbMa HEOMHIAHHBIE CBA3K MEXIY CTIEKTPaMH SPMHTOBBIX
KOMIOHEHT BOILTEPPOBLIX ONeparopos. ManaeBcKuii kiacc oneparopoe
OKazaCs H 3[echk HCKANYHTSIEHEM NO CBOSH podl. BuiAchHIock, YyTo
unrerpan (9) cxomutea Blonb MmoGoft wenpepuBHOfl uenouky T B Tom
M TOJBKO TOM cayyae, Korda onepatop C € &,. Caman TpyiHas gacTb
3TOH TEOpEMBl — NOCTATOYHOCTh — OhlMa Gokasana B. H. Manaesbin.

Teopuo Tpeyroabuoro uuterpana (9), BMecTe ¢ €€ DpPHIOKCHHAMH
K CaMOCONpHMKERHBIM KpaeBnlM 3ajgavaM Jnd KaHOHHYeCKHX CHeTeM
AuddepeHllHalbHEIX YpaBHEHHH, MOMHO HafiTH BO Bropofd kHHre [okpa
[66]. Tam e MOMHO HAHTH DNPHIOKEHHS TEOPHH 3TOrC HHTErpaja
B BOTIPOCAX YCTOHYHBOCTH pElleHHH KaHOHHY9eCKHX CcHcteM audwpepen-
INHANLHBIX YDaBRHEHHE © NepHONHYECKHM T[aMHJIBTOHHAHOM.

Mer He umMEEM BOSMOMKHOCTH OCTAHOBHTBCA 3lech Ha Gosee ofmMx Tpe-
YIMVIBHEIX MPEICTABNEHHAX ONepaTopOB — MPeACTABISHHAX, COAEpHA-
IHX €lle H IHaroHaJbHYIO YacTb ONEPATOPOR.

B ocnoBe TeopHH TpeyroNibHOrC HHTErpafa JEMHT HIEs CyI{ecTso-
BAHHA HEKHX KOHTHHYA/JbHEIX aHalOroB 3JeMeHTapHOH Teopemul
H. llypa o BosMoxHOCTH NpHBeNeHHs M060H MATPHIIE K TPEYTONbHOMY
BHOY C MOMOLIbI0 YHHTapHOrO npeobpazoBaHHA.

Jlarpanx sa neaoe cronerde ao Ulypa npexnoxua MeTon npuseienna
KBaIpaTHYHOH (OPMEL K CyMMe kBaapartop. lla Aabike TeopHH MaTpHU
STOT MeTol JlaBaji, B YacTHOCTH, pelleHMe 3ajadyd O NpelcTaBdcHHH
MOIOMKHTENBHO ONpeletednoff MaTpHUE B BHe

G=A*A, (10)

rae A — tpeyroabias Marpuna. KonTHHyanpHEA aHajor sToft 3afauu
B oftewM Buge 6eur paccMorpen [okpom [6].

B oneparopHoM cayuae sajaua GopMyaHPYeTCA CaeAYiOUHM obpa-
30M: NycTh, A8 NPOCTOTH, G — NMOJOMHTEALHO ONPEAeNenkLIf onepa-
TOp, a % — HeKoTopan uenouka; Tpebyerca npeacrasurs oneparop G

M. I'. KPEEH 205

8 BHAe (10), rme A (€ R) — HeKoropwifi onepatop ¢ coSCTBeHHOM
uenoukofi P: PAP = AP (P ¢ ). Byaem nasbipath 3Ty aagauy 3aia-
yeil o thakTOpH3anHH oneparopa G BIOAL LenoukH %R,

Ecnu 37a 3ajlaua ronyckaet peirense, To onepatop A onpegensercs,
OUeBHIHO, € TOTHOCTBIO 0 NPaBOr0 YHHTAPHOrO MHOMHTENA, KOMMYTH-
pyroulero ¢ npocktopami P £ . Onxako ecau onepatop G uMeeT BHJ
G=1-4 H, rae H € ©e, a8 MHOKHATEIE A pasbiCKHBaeTCH B TAKOM e
pige A = I +— X, X € @w, 10 B daxropusawnu (10), ecan oHa cymie-
ctByer, onepatop A onpelensiercs egHHCTBEHHEIM 00pasoM.

Onepatop A eupamaercs uepes onepatop / u nenouky B Tpe-
YIOJEHEIM HHTErpasaom

(A—Dr =14 S (I—PHP)™ PH dP (1
b
HIH MYJIBTHNIHKATHBHLM 1) HETErpasom

F
= S exp (dPHP (I— PHP)™).
B

Oxa3piBaercs, 4T0 NPHHALIEKHOCTE H ManzeBckoMy Khaccy ofiec-
NEUHBAeT CXOAHMOCTH pAaccMaTpHBAeMBIX HHTErpanod BAOIEL JoGoi
uenpepuBHOd uenouky PB. Lconm, oasaxo, B cayuae npocrefimero Tpe-
yroawxoro HHterpana (9) lokpy yiaJock NoKazats, yto yeaoBke C € &,
ABIAETCHA TaK}e HeoBXOAMMBIM, TO 34€Ch aHaNOrHIHLI BOTPOC OCTaeT-
CH OTKPHITHIM.

Crenyer noauepKnyTh, 4To An% (PHHCHPOBAHHOH HENpPEpHIBHOM
uenouks [ urTerpan (9) (waH (11)) MOMKeT CXONHTLCH AaMe H B ToM
cayvae, Korna oneparop C (cooreercreenno H) He BNojHe Henpeprisen.
Jro Gyner, HaNpUMep, HMETh MECTO, €CH Nenodka B ABAAeTCA gocTa-
TOYHO TiajKo#d No oTHoWweHH K onepatopy C(H). MMenHo ¢ TakuM
cayuaeM Mbl B BCTPETHAHCE B HHTerpane (7).

He pnasasice HH B Kakie IeTajii, YKarseM JHWb, YTO Ta dakTopusa-
1M, KOTOpAs BCTPeyaercd B TeopHH Ypaeueunit Tuna Buuepa — Xon-

1) Otmersm Boofme, WTO NPH WHPOKKX VCXORHEX TPEYTOJBHBIL HiTerpas

= S F (P} dP
CRAAH © MYABTHIUAHEATABRHRM CASAYIOULHM pPapeHCTBOM:
o

W+ 1= R exp (dPF (F)).

Tlocoensefi HHTETpad NOHHMAETCA KAk Npele Do HOPME COOTRETCTEYEOULHX
YacTHHX NPOHABEAEHHA MO HANpPABACHHOMY MHEOMecTBy pazCHenmll ueno9kH.
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da, yknaauBaercd B NpHBeleHHY0 ofilYi0 cXeMYy aGCTPaKTHOH 3alauH
dakTopHaupl BAOAL UEMOYKH.

B uccnepopannsx [okpa sapava GakropHsauny He Gr1a caMonensio,
OHa BOSHMKJA KAK HEKHA NpOMEXYTOuUHBE 3STan, heoOXofHMuA A
HOCTPOEHH S TEOPHH TPEYIONbHKIX NPEICTABAEHHH ONepaTopoB, GIHSKHX
K YHHTApHEIM. Peiuer#e 910l 3aia4yi cHIrpajio BAXHYO DOJb NPH IIOMY-
YeHHH MYJLTHIAHKATHBHOTO NPEACTABMCHHA XAPAKTEpHCTHUECKONH one-
patop-gyHKUKH oneparopob, GAHIKEX K yuutapibiM. OrpanHenMcs,
IS TPOCTOTHI, caydaeM ckatHs T Gea CleKTpa BHYTPH elHHHYAORG
kpyra. Taxoe npeiacraBleHHe MOMHO 3aIHCaTh B CHE1YIOINEM BHAE:

F
- LHRF) _ 4

T*0r(C)=|T| \ _exp( -WPJ—J-F—%) W* (P) dP R(P), (12)
B

rae ¥ — coficTReHHad MaKkcHMalbHas lenowka onepatopa T, copep-
Hawasg uenodky Py, Kotopas yae onpefensnack, a i (P) — neKkoropas
onepaTop-pyHKIHA Ha uenouke I, BLHUMCAAEMas Mo BOOIHE Onpete-
JIERHBIM TIpaBujas. B cayuae ciaforo CEaTHA HIH CHaTHA, nopaoGHOTO
VHHTApHOMY, HHTErpan onpeaensercs obbUHEM crnocofom. B apyrux
cay4yadx, HanpeMmep, Koria Dy € @, — a B 5TOM cy4ae npefcraeie-
wHe (12) Beerja HMeeT MecTO,— HHTErpan najo, soofile rosops, onpe-
- AGNATH CHNelHaAbHEIM obpasoM.

OtMeTiM, uTO B 3THX Hccaefosandsax [oxpa npueHMad yuyacTHe
B. M. Bpoackuft (Maamuuit). OHH npOBOARNHCE NOJ BAHAHHEM INpej-
wecrsopaBlHX Heenefosanuit M. C. Bponckoro [lba, 6], koropomy
yAaaoch BNEPBLIE NOAYYHTb MYJATHINIHKATHBHOE NMpEACTaBAeHHE Xapak-
TEPI'ICTH“EEKUﬁ LIJ}'HKHHH I:ETO'JDE‘D THII':‘I) JLH DF_{JHHH'—IEHHU]‘G DIIEIJHTI‘.}FIE
€ BOOIHE HeMpephiBHOR MHHMOA KOMNOHEHTOR Kak ceICTBHe TPeyrofb-
HOTO TpelcTaBJeHHs ONepaTopos.

OrMeTuM, uTo NOcKONLKY cobeTeenHas Henouka Pr, Boobime roeops,
HE ONpeleNsneTcs OfHO3HAUHO [0 ONEpAaTOpPy, To H npeacrasseHHe (12)
ero XapaskTepHcTHYecKoR GQVHKIHA He ONpeleifieTCA eAHHCTBEHHBIM
ofpasoM.

Anasumuueckue npobaemst, COAXIHABIE C ONUCANUEM U Kaacougpukayu-
ell ecex MYAbMUNAUKAMUGHHY npedcmasnenui XapaKmepucmudeckol
onepamop-yRKkygEE  JaRnoeo  oRepamopa, Ro-GUOUMOMY, W JoANCHE
COCMABLIML MY MEeOpur, KOMOPAs SaMEHUM MEopury S4EMENMADHLX
OJeaumesed npu nepexode OM KOHPYHOMEPHOZO0 - CAY4at K OECKOMELHO-
MepHomy.

HanomennuiM YHCTO ONEPaTOPHEIM HCCTCAOBAHHAM PellllecTBOBAIH
dynaamentanbune Heenefonauns B. 1. IMoranosa [18] H ero yuennka
O. IT. I'nnaGypra [19] 0 MyALTHIIHKATHBHOM ApEACTAB/IEHHH aHaJHTH-
YecKHX MarpHu- H®  oncpatop-pyHkumi. ChopMyanpyeMm Teopemy
B. Il. Tloranosa pnia Tak HaswBaemoro AedHHATHOrO caydasm.
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IMTyems B (L) — 20q0m0pgrian sympu edunuunozs Kpysa smampuya-
Pynryuz, sxadenusmu Komopoii ssasomes cxamus. Tozoa 8 (L) dony-
cKaem caedymuiee npedcmasiesue:

b

A=, LUTE S

0@~V ] oo {—Smmrraro} B, (9

T b=t ikl
BO=11 (25— Pt @)

U — nocmoannsid ynumapredi onepamop, ¢ (f) — neybusaouan dynx-
yur (0<()<2n npu a<i<b), F () — monomonsas 3pmumo-
BOGHAYRAR Mampuya-pynkyua, Py — opmonpoexmopet, Q, = | — P,.

Sra TeopemMa 0GOOULeT COOTBETCTBYIONUIYIO TEOPEMY O MYJLTHILIH-
KaTHBHOM TNpeACTaBIeHHE TroioMopdiHoR BHYTPH Kpyra cHalspHoi
orpanndentoit pyakuus, Ilocnennonw Mu, B CYIHOCTH, HCNOWIB30BAAH
NpH 3alHCH MYJALTHILIHKATHBHOrO NpelcTaBlcHHA onpegennrens dy (L)
oA cnaboro cxatia. Donee ofinHM Xiacco CKansApHuHX dvEKOMA
HBJISETCA Kiace, Beenenutili P. Hepannunuof, — Taxk nasuisaeMutii wiace
hyHKUMA orpannuerHoro Buia. Ero HapecTHHIMH NojKAacCaMB SRAAIOT-
¢ knacca ®. Pueca, M. Pucca, Xapnu H ap. 1O. I1. I'uns6ypry yaa-
JIoCE ONPENENHTL MaTPHUHLIC H ONepaTopHLie AHAMOrH 3THX KIACCOB
H NOAYYHTH 1A HHX MYALTHINIHKATHBHHE IPeICTABIEHHA.

Bosnukaer sonpoc, kak cess3anel Teopemel B. [T, INoranopa w
10. I1. Tuuatypra c Teopemami 0 MYABTHILIHKATHBHOM NpELCTABIEHHH
XapaKTepHCTHYECKOH onepaTop-pyHkumu? CBA3L caMad TeécHast, XOTA
B HACTOSTIER BPEMS STH pE3YJAbTATH He NEPeKPHIBAIT JApPYr Apyra.
Ieno B ToM, uto BCAKan roioMopdHas BHYTPH Kpyra dyuknus 0 (L),
SHAYEHHAMH KOTOpPOH CAYMAT CaTHA B HPKOTOpOM NpocrpaHcTtee M,
JIONYCKAET CAe1yOmes npeicTasieqHe:

0.(1) =V, (L) DU, (14)

rae V, U — uekotopuie noctofnuble YHHTApHLIE oneparopkl, a 0,(5) —
XapaKTepHCTHYECKAR (YHKUHA HEeKOTODOTO MpOCTOre CHKATHS
TNocaeanee BoceTanasNHBAETCS ¢ TOUNOCTEIO A0 VHHTAPHOI SKBHBANEHT-
HOCTH M JleficTBYeT B HEKOTOpPOM HOBOM [IPOCTPaHCTRE §. '
ITpencrapaense (14) name B cayuae cKaaspHoii dyrxmun 6(L),
kKorga U = 0, a V — uneno, pasHoe no Moayaio efHHHIE, YiKe COCTAB-
J15710 HeKoTopoe OTKPHITHe, cjenandoe M. C, JIuenmuem B ynoMuHaBmed-
cst paGore 1944 r. (cu. [12al). BnocaencTess ono 0606manock sTHM asTo-
poM, ero yueHHKaMH ¥ coTpyarHkami. Hakoneu, B camMoM ofmem sje
9T0 npejcTapiente OLI0 yCTaHOBIEHO B paGorax Hana w Mofgma. Pan
PesyNbTaTOR H ofmas HAER CBA3H Memly MYJbTHOIHKATHBHBIM Npef-
CTABACHHEM MarpHubl-PyHKUHH HAH OnepaTop-OyHKUHH W CTPYKTYPOH
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MHBAPHAHTHBIX NOANPOCTPAHCTE HEKOTOPOrD HecaMOCONpPH#KEeHHOro one-
paTopa Tak#e npuHagaexur M. C. JIusmuiy.

boapwum yenexom apnanck yeranosiennse 0. [1. TunaGyprom
TEOPEMEl EAHHCTBEHHOCTH MVIBTHINIHKATHBHBIX Opelcrasientdii (13)
CHHAMAIOWHX MaTpHU-DYHKOHA, KoTOpEe OH pacripoCTPaHH/I Ha TaK
HashIBaeMbl AACpHBIH cnyvaf. XapakTepHo, YTO O4f NOIYUeHHS ONpe-
AENEHHOR YACTH STHX Pe3yAbTATOB NPHILIOCE BOCTOB30BATLCHA CRAZLIO
¢ TeopHell xapaKTepHCTHHeCKHX GVHKUHE onepatopoB H TeopeMamu
00 OIAOKIETOYHOCTH cAa6ux cokarhA. OTMeTHM, HakoRern, uTo
B. I1. Tlotanos nonvuMn Takme MYJALTHIJIHKaTHBHOE MpEnCTaBAeHHEe
Aaf  MarpHu-pyHKURE, MepoMopHBX BHYTPH EIHHHYHOTO Kpyra,
BHAYEHHAMH KOTODHIX SBJIAIOTCA OMEPAaTOPbl CHATHA 10 OTHOIIEHHIO
K HeKoTopoH HHASPHHHTHOH METpHKe, JTH Pesy/auLTaThl, a 1eM Bofee
nocaenyiompe ofolutennsa 0. I1. I'nxadypra go cHX mop He yaanaoch
B NOMHOM o6beMe NOAYYHTh YHCTO ONEPATOPHBIMH METOLAMM.

Chenyer nagedarses, uro B GAHmKaNWHE roaul 6VieT JHKBHAHDOBAHO
pacxXomIeHHe MEMILY TeM, 4UTO 40T UYKCTO AHAJHTHUECKHE METOJE
B NpobGieMe MYJbTHILIHKATHBHOrO NpPeACTABJIEHHS, ¢ OJHOH CTOpOHH,
H OMEPaTOPHEE METOAL!, OMHPAMIIHECH Ha TPEYroJbHbEe NpejcTasleHHs
M TEOPHI) XapaKTepHCTHYeCKHX QYHKIMA, c APYroil CTOPOHH.

910 pacxoKieHHe B 3HAUHTENLHON Mepe ofbfcHdercd TeéM, 4TO JAAH
ONeparopos, GAHIKHY K YHHTADHBIM H OTIHYHHIX OT CHATHH HIH pacTa-
MEHHA, NO-BHIAMOMY, BCE Elle He NOIYYEHO JOCTATOUHO obLULEro olpe-
JeJIEHHH XapakrepHerHueckolt onepatop-gpyuxuun. Jeno B ToM, 4t npu
HMEIOHIHXCA ONpefeneddax 3Toll GyHKUHE B HIeHIHTIOM Caydae Her
pazfoweHHs, aHalorHEuHoro pasnomenwio (14).

Pasymeerca, Korfia pedb HIET 0 MY bTHINTHKATHEHOM NPEICTaBICHHH
onepatop-byHKIHi, pasfeleHHe METOJ0B HA YHCTO AHAAHTHYECKHE H
WHCTO OTepatopHble BeceMa yogoBHo. Beme o6bext, nopnemaummi
pPacCMOTPEHHIO,— HeKHHA THOpPHA: 3TC aHaJHMTHYecKad QYHKUHA, HO
‘£e 3HAYEHHAMM CAVIKAT ONeparophl.

B uactioctn, stor ruépua umMeer 0cobo CICHKHEYIO ONepaTopHYO NpH-
pony B AHAepHHHTHOM ciyuae. Mol He MMEEM HHKAKOH BOIMOMHOCTH
-OCTAHARAHBATLCA HA TPYIAHOCTAX, TNOPOMKISHHWX HHAsHHHTHOCTHIO.
‘ORn NOCTABAAH MHOTO HEMPHATHOCTE! fade B KOHEYHOMEpPHOM cllydae.

B reopun nnterpana CrhabTheca — KOIIH Hrpalor BaXHYIO pofb
popMyasl Coxouroro — [lnemena. B secsma IHPOKHX npeliofomeHu-
AX aHanorH THX GopMyn La8 MyTbTHIIHKATHBHLEIX HHTETpaJoB mouy-
yun JI. A, Caxwosru [16a, 6]. 3tv dopmyasl no3ponuau emy nps
JocraTouso OGIMX NPeANoJOMEeHHAX © XapakTepe JHCCHIATHBHBIX
BOSMYLIEHHH 1OCTPOHTL TEODHIO PAcCesHHs, CXONHVI0 BO MHOTOM C TEO-
pHefi pacceanusa PoszenGmioma — Kato anf camoconpasenHux onepa-
TopoB. Ormeuy Takike NepeKpLIBAIOILYIOCA C© 3ITHMH pe3y/abTatami
nenasmioi0 paSory Tocwo Karo no reopuw ypasuenuii Illpexwnrepa
< KOMInekcHum noteduHasomM [2]. 51 no cux mop wu pasy He oTMerwi,
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YTO OTNpaBHbLIM MyHKTOM Hecnenopanwii Cexedancen-Haps — dofiama
cnyxut teopema B. Cekepanvsu-Hansa o cymecrsosanun y Kammoro
CHATHA YHHTapHOro pacTsennd., [locnenoBatenbroe passhTie Teoph
PacTAKEeHHA CHATHH BLIABHJO €€ CBA3SH C 3ajavell 0 PacCesHHH H Teo-
pHell TPOrHO3HPOBARHA CTAUHOHAPHEIX CAVYAHHLIX [POlECcCoB.

B pesyabraTe BHACHHIOCH, UT0 XaPakTePHCTHUECKYH (BYHKIHIO
CHATHA BCEra MOMHO TPAKTOBATb KakK redaenbeproBCKyio S-MaTpHuy
COOTBETCTBYHOLIHM ofpa3doM chopMyIHPOBAHHOMN 3AAaTH paccesHu.

Bee sto ofSuapymunocs, korfa I1. Jlake u P. ©unaunc NOCTPOHH
HOBYIO TEOPHIO pacCesHHs aKyCTHYECKHX BOJIH HA NMpenaTcTBHAX. Ota
H3fHasA TeOPHA 3aMeuaTeNbHa e[MHCTBOM MeTOAOB KAaccHYecKoi
MareMaTHY€CKOH (HM3HKH, abCTpakTHOH TeopHH oneparopos H uued,
S8HMCTBOBAHHEIX H3 KBaHTOBOA MEXAHHKH MW TEOPHH IIPOTHO3HPOBaHHF
CTallHOHaPRBIX cy9aiHuX nporieccos, B sroll reopuy u Guia npepno-
AeHa Hopas aGCTpakTHafd CXeMa 3ajaul 0 paccesHHH, KOTopas cpasy
cONH3NAA HCCAENOBAHHA STHX ABTOPOB C HCCJSNOBAHHAMH Hapns —
(hoiifwa. CaAsk MeMNy ABYMA TEOPHSIMH YETKO Pa3h4cHEHA B HelaBHHX
pabotax IByX Monoawix mareMatnkos: B. M. Apamsana n JI. 3. Aposa.
B stux pabotax uwacTe HccnenoBanufl weTHPEX aBTOpoB, O KOTOpPHIX
Ia peub, obolileHa (B wanpapieHMH gaibHefimero HWX cHAHMeHHa
C HCCAENOBaHHAMH MO NPOrHO3HPOBaHMIO) B BHAE cBOeoOpasHOH TeopHH
CIENJEHHA NONYYHHTApHEYX onepatopoB [25 a, 6, B, r).

Hackonbko MHe H3BECTHO, B CaMOM HEfaJeKoM Oyayumem mu 6yaem
HMETE YAOBOJBCTBHE OIHAKOMHTLCH B JETalNsX ¢ TeopHAMH Hang —
Qofiama u Punnunca — Jlakca no KHHraM 3THX aBTopos 1),

3nech we ykaxy Ha HemapHiow kuury M. C. Jlupummma [12 8],
B KOTOpOH H3JOXEHH IPHMEHeHHS XapaKTepHCTHUeCKoH MaTpHLUB-
(YHKIHE B pa3ssoofpasHKX 23a7auax TeOPHM S/IeKTPHUECKHX cerelf,
BOMHOBOAOB H 3afiayaX AnepHol duagiH.

4. Ueawme apMHATOBB OnepaTopul
H TEOpHA KAHOHWYECKHX TIPEACTARIEHHA OMeparopos

Bee mpenmaymue paccysesns HOCHAH cyryGo HecaMocomnpsiken-
Hull Xapakrep. BmecTe c teM, gacTh H3IOMKEHHOro AMELT KapaHHAJBHOE
3HAYEHHE H B TEX HCCIEJOBAHHAX M0 TEODHH CAMOCONPSIKEHHHX Onepa-
TOPOB, KOTOPHE MOKHO OOLENHRHTL MOA HasBaHHeM «1eopHS KaHOHH-
YECKHX MpeACTaRjeHHH CaMOCONpsKEHHBIX ONepaToposs.

K konuy 30-x rojos nocne pator T. Kapaemana, [k, Heiimana,
M. Croyna n M. A. Hafinapka TeopHs 5pMHTOBEIX H CAMOCOND AKeHHBIX
OnepaToOpoB Kasanack 33aBEPIIEHHOA; Co3gaBajioch BlEuaTIeHHe, UTo

51 1) Bo BpeMa MOATOTOBKH HACTOAULENO HM3JAHHA YKASARRHE KHHCH BLUOJHK B CBeT
121, 26].

bE—1220
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Ha JOMI0 NMOCTELYHILHX HCcJlesopaTeNnell H NOKOJEeRHH 0CTaeTCd AHINL

BHE/IpERHE 33aKOHYEHHON TeOPHH B CME&XKHBIE OGNACTH MaTeMaTHKH
H ¢u3nkH. Ha caMom gene, BIEpeiH JeanH TpyIHbe BONPOCH, Tpe-
Gymomnae Soablioro HOBOIO aHANHTHYECKOrD annapara.

Hrobul Jath neproe npescraBienHe o6 OHOH H3 cTOAL NO3AHO

3aMedeHHBIX MPOGIeM, HAOMHHM CelyIOIHH saeMeHTapHLfl dakr u3 '

n¥Helinof anrebpu. Kak wapecTHo, A/1R BCAKOrO SPMHTOBA Onepatopa
¢ OPOCThIM CIEKTPOM, JeHCTBYIOUIEro B KOIEIHOMCPHOM NPOCTPaHCTBE,
cyllecTByer GecKoHeYHOe YHCAO OPTOHOPMHPOBAHHKY 0a3MCOB, B KOTO-
pHX omnepatop Riofpamaercs sxoOuesol (T. e. TpexIMAroHAALHON)
IPMHTOBOH MaTpHIeH. '

3TOT PE3yNbTAT HENOCPeICTBEHHO NEepeHOCHTCH HA OrpaHHuUCHHLE
onepatopil. [lyers G (€ ) — camMoconpskenHLfi ONEPATOP C NPOCTHIM
cnektpoM. [lpocrora cnekrpa osuadaer HKAHYHOCTE oneparopa G,
T. €. HallHYHe BEKTOpa « € §, AAA KOTOPOro NOCASH0OBATE/ILHOCTH
u, Gu, G*u, . . . nonna B §. Ecnn 31y nocnegoBateabHoCTb 0pToroHant-
sosaTe no [lmuary, o B nonyyenHom Gasuce onepatopv ( 6yjer orbe-
uark skolMeRa MaTpMIAa

iy vb] 0
o 0 b‘g Iz "

31o npejpcTaBienHe, pasymeeTcs, He IHHCTBEHHO H oNpepensiercs
Bmﬁupuu NPOHABOARIIETO REKTODA .

A uro npowsoiiier, ecnw Haw onepatop G = H  Heorpanuuen?
3aBeoMO H3BECTHO, YTO He J1fl BCAKOIO ONEpPatopa ¢ NPOCThIM CHEKT-
poM CYUIECTBYeT OpPTOHOPMHPOBaHHLIA Ga3uc, B KOTOPOM Omneparop
byrer HaobpamarTnes aKOOHEBOR MaTpHuE:.

C npyroft cTopoHsl, AasHo H3BeCTHO, YTo aHdxpepeHIHANbHEE ONe-
paTopsl BTOPOro NOpAAKa CAelyeT PaccMaTpHBAaTh KaK KOHTHHYaJbHbIE
AHAJIONH ONEPATOPOB, 3afaBaeMulX AKOOGHeBLIMH MaTpHuamu. Crpamu-
paercsl, gocTaroden JA sanac jguddepeHuHANLHEIX ONEPATOPOR aas
NOTY9eEHsa N30fpaMeHnd NPOR3BONLHOrD CAMOCONPHMEHHOMO onepa-
Topa H no moGomy Hanepen 3aJaHHOMY Ero MPOH3BONALIEMY 3JeMeH-
Ty 42 30T 3anac oKasnBaercs, BoOSLLE rOBOPs, HEIOCTATOUHLIM, €CaH
Jamxe JomyckaTh B Kauectbe KosdkpuuuerTos y anddbepeHuHansHOro
oneparopa ofoGulennbie GyHKIEH. MBI NOTYYHM HYMKHLIA HAM Kiace,
eCIIH BBEAEM B PacCMOTPEHHE KaHOHHYECKHE nudupepeHIHAILHBIE ole-
patopsl. C nomolpio sTHX auddepeHnHaNbHbIX ONEPATOPOB YHE MOMHO
ONHCHIBATD JI00HIE CAMOCONP A EHHEE ONEPATOPE, NPHYEM CO CHEKTPOM
A0Go# kpataoctH. [leaTpanbubiv B 3T0fi TeOPHH ABJIACTCH MOHATHE
YeH020 3PMUMOSE ONePaAMopa.

F
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TlpHBeneM onpejenesHe LENoro onegampa. TouHee L-yero20 IpMu-
moea onepamopa. ITycte H — HekoToprlfi MpocTo# 3aMKHYTHI S3pMHTOB
oneparop ¢ nAoTHOH obaacteio onpegeaenns B (H). O6oanmaunm wepes
M. mMEOMecTRO 3HaYeHud onepatopa H — zi: -

M, = (H—2al) D(H).

l'l'ye'rl, 2 — pekoropoe noanpoerpancTéo B §. Jlanumi npoctol
spMuTOoB oneparop H HaswBaercs £-uenwm, ecam aas Jaoboro z

) M=, u 2) M +2=g.

OtmeTHM, uTo YXKe H3 TIEPBOro YCJIOBHA Clenyer, 9To JepexTHhe YHCaa
onepatopa H pasrbl, 1. e. dim (§ S M) =dim £. OSoanaunm yepes
& (z) Kocol IpOEKTOP, TPOEKTHPYIOWLHH rrgm‘rpaucm £ Ha £ napan-
neavro I;. Ecnu onepatop H asnserca ¥-renwmm, 1o & (2) okaswBaet-
cA uenoH onepatop-pyHKnHedl. 1o o3Hayaer, uTo OTOGpaNeHHe
f— fo(e) = & (2) [ orHOCHT Ramzomy Bexktopy f[E€  ueayio dyHKuHIO
0T Z co 3HaueHuaMH B £, Dro orToGparenHe SRAHeTCH OHO-OJHO3HAY-
nuM. [IpH 3TO0M OTOOpaEHHH onepaTop [ NEPEXOIHT B ONEPAaTOp
YMHOMEHHA Ha 2, T. e ecIH g = Hf, 10 ga(2) = 2fg(z). Srum
H OOLACHAETCH HasBaHHe «£-neasiii onepartope.

B nonyueHHOM mnpeacTaByieHHH cKaJfpHoe NpoHsBejeHne OGyner
3aMHCHBATHCA CAERYIOmHM ofpasoM:

(, &)= i) do@)fg)

—

roe @ (A) = o (h — 0) (0 (— oc) = 0) — HeyOuBaWILAR OrpalHueHHas
onepaTop-QYHKIMS, 3HAYEHHAMH KOTOPOH CHYMAT HeoTpHIaTeNbHbE
onepatopsl, AeHcrbywomne B & Ecau £ ogHomepno, 10 Bce crosuHe
agech GYHKIHA MOKHO PaccMaTpHpaThk Kak cKandpHue. [laa npuaanus
npasok uacTH Gojiee H3RIHOTO BHAA HCnoJb3opaHo clelylomee ofosHa-
yeHHe AR CKaNAPHOrO NPOHSBENEHHA BeKTOpoB H3 £

(@, b)=b*a  (a, bEQ).

(f, g€ 8 (13)

Dopmy.noi
o (1) = PoE (3) Pg,

rae E(A) — rakan-nutio ofofmiensas CnekTpanbHas QYHKIKA onepa-
Topa H, a Pg — oproroHansHeiff npoextop Ha £, ONHCHBAeTCHs MHO-
wecTso Z(H; L) Bcex cnexTpanbibix Gynkumii o)), pawmux npej-
crapnente (15). CymecTayeT THCTO aHAJIHTHYECKOE OMHCAHNE MHOKECTRA
Z{H, L); ono noayyaercd ¢ NOMOWbI0 TaK HasblBaemoll pesodnBeHTHOMR
mMaTpuns W(z) BTOpOrc nopsaka, sNeMeHThH KOTOpOH CYTh ONEpaTopH,
neiicteyiomne 8 €. B wenasuefi paGore noxnamunxa u III. H. Caakauna

14%
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[23] Guio nonydeHo caeyioulee KOMMaKTHOe npefcTasvieHHe STol
MaTPHILBI:
I— . -
W’[z}:( 2F(z) B* () 2F(z) F*(0) )T

2E(2)€* (0) I +28(z) £* (0)

rae F (z) — nenasi onepatop-gyuknms, corswas c dywknueir & (2);
OHa ONpejeasiercd pPaBeHCTBOM

F(2) =Pg (H—21) (1—8 (2)).

C nomompto stoii MarpHUL-byrkuan W (2) waxonurcs oSwHi BHA
HHTErpana .

_gm do _{?;J

(16)

A

(o ez (H; ).

[TonyuaeMbiff TPH 5TOM PE3YALTAT CENYeT PACCMATPHBATh Kak 0606Ie-
HHE KJaccHyeckoro pesyaetata Ponsha Hepawnmmuuns, galomero omea-
HHE BeeX pelenii neonpefeneHHol npobaemsl MoMerToB. B HexkoTopom
OTHOIMIEHHH 5T0 He ABJIAeTcAd HeomHIaHHEM, Ha cnextpanbuyio Qysk-
Mo ¢ (A) MOMHO cMOTPeTh Kak Ha pemlenHe oGobieHHOMN npobaemit
MomenToB. B camom pene, B pasencte (15) B JeBOM YACTH CTOHT
HIBECTHAN BeJIHYHHA I NIOOLIX [ W g€ §), H3BECTHHIMH ABASIOTCH
TakKe QYHKuHH fg(2) B gg(z). 10T peayiLTaT NpHMLIKAET K CTaphiM
Hecnenopanuam M, A. Halimapka W 10KJaA4HKa 110 OTHCAHKIO 0606IIeH-

HHIX PESOILBEHT H mocaedywomum paGoram A. B. llrtpayca n ero yue-
HHKOB.

Heoxnpanibm 0kasanock, 4710 NPH BeCkMa oflux yeaosusax W [%-)

ABVIAETCA XapaKTepHCTHYecKon dyukumei (B cmbicae M. C. Bponckoro)
HEKOTOpPOro BOAbLTEpPoRa onepatopa. [MosTomy Ha ocHoBamuK peayabTa-
To8 B, I1. IToranosa u M. C. Bpoackoro 3Ta QyHKIHA Aonyckaer
MYJABTHINIHKATHEHOR TNpPEeACTARJeHHe

[
=

W(z)= B exp (— 2080 (£) dt),

rae & ({} — PyHKIHA, 3HAYCHHAMH KOTODO# ABANIOTCA OrPaHHYEHHBE
SPMHTOBBl OMepaToOPel, JAelCTBYIOIME B OPTOTOHAABHOA CyMMe ABYX
KOmHH npoctparctna £: €@ L, a J — pemecTsenHel KBagpaTHH

KOpeHb H3 — {:
0 {
1=(Zs o)
—fg 0
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IToMy NpelCTABNCHHIO OTBEYAeT KAHOHHUECKOE jH(pdepenuHalbHOS
ypaBHEHHE ;

%‘E—:Lﬂ{t}cp (0<igh.

OkaspiBaercd, wro MHoxectso 2 (H; ©) cnextpanbuuix ynxnmit o (A)
COBTANEET C MHOMKECTBOM CTEKTpaibHRIX (YHKUHE HenowHol Kpaesoi
sanaul A8 TpHBEAEHHOro KanomEveckoro ypaseenksi. Henonnora
03HAUZET, YTO IPaHHYHOE YCHOBHE 3af2eTCA TOABKO Ha JIEBOM KOHLE.
[Ipu stom camu HyAKuME fo(z) MOMHO HHTEpNpPETHPOBATE KakK 0606-

mennne mnpeofpasopanus (@yphe COOTBETCTBYWOWHX (GYHKUHA H3
Lo(0, I; ) c noMomE onpeeseRHEM oGpasoM HOpPMHpOBAHHOH (yH-
aamenTanbioll GyRKnEE @(f; A).

[Myerb Tenepb H — NpOH3BOJBHHNA CaMoCOnpAMEHHBIA oneparop,

oy

H= S AdE (M)

& O

— er0 CreKTpaiabHOe pasiciKerHe, a £ — HEKOTOpOE MHHHMAIbHOE
BOCIIPOM3BOJsLIEe MOXNPOCTPAHCTEO, T. €.

Ly (EW =4

Okasnisaerca, onepatop H MOmHO paccMaTpHeare Kak npejen
paciHpsiomefics cHCTEME £-UEAHX onepaTopoB. ¥lHaue sTo O3HauaeT,
Y10 eMy MOXKHO CONOCTARHTh KaHOHIYECKOe ypapHeHHe THIA (15), anna-
KO YIKC Ha NOAYOocH, KOTOPoe GYAET HMETh B KauecTBe ceoefl egHHCTBEH-
HOl crexkTpanbHol OyukuMH GyREWHIO o(A) = PoE(A)Pg.

MBl BHEHM, YTO HaM yganock 000HTHCE YypaBHEHHAMH MEPBOTO
nopsaKa, oAEako (Ga3opasd pasMEpHOCTh STHX ypasHeHHH paBHa yaBO-
egHofi pasmeproctH £ (ecan & KoHeuHOMEpPHO). Ecan onepatop H
NOJIOXKHTENEH H HMeeT TpocTofi CnekTp, To oTBeyaioliee eMy KaHoHHYe-
cKoe ypaBHEHHe MOXHO npeofipa3opaTh B ypPaBHEHHE CTPyHH ¢ npo-
H3BOJBbHBLIM pacnpegenentem ace. K coxanennio, raMuibTOHHaH S (1),
poo0lle FOBOPH, ONpENEAeTCd HEDJHO3HAUHO. [No-pHpEMOMY, BODpoC
O TOM, KaKue JONOMHUTENLHLIE VCIOBHA CHelyer HalaraTb Ha FaMHIb-
ToHHaH ¢ (f), uToOH OH onpeaenanct OfHO3HAYHO, ABAAETCA BOTIPOCOM
OTPOMHOI TPYAHOCTH, H BPsiJL JIH MOXHO HAAEATLCHA, UTO OH GYACT peIlen
B OaiDKaliiode HecHoOILKO Jner,

Ilna cayuas n = dim £ =1, kKorma cnekrpanbHas QyHknus
a (k) — ckanapuas neySumawmas GyHKIHS, el Beer1a MOXKHO conocTa-
BHTH KAHOHHYECKYIO CHCTEMY ¢ BEIIeCTBEHHHM TraMuiLTOHHaHOM ¥ (1)
(co caegom = 1). Oxono nATHamIaTH JET ToMy Hasal # NpHIIET
K TPeANONOXKenEIo, YTo NPH TaKOH HOPMHPOBKE B STOM CIy4ae raMuib-
ToHHaH GYAET ofpeNenATbCA O/IHOsHaYHO. B pAje BaXHEX Cly4aes OHO
MHOI0 OB MonTBepikeno. [TonHoe J0Ka3aTeNbCTBO STOMO NPEANGIOoRe:
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HHA HejapHo noxyumn Jlyu ge Bpanm [86] B ero uccaemosamusx no

rHALGEPTOBHIM NPOCTPasCcTBaM ueduX hyHKIHA. TeM caMuM 6ubio no-
Ka3aHo H BTOpoe Moe mpennoacwenue (24] o ToM, uro ecaxud eeuse-
CIMBEHHBIUL NPOCMOG B0AbMEPPOB ONEPAMOP C 0BYMEPHOL KOCOCUMMEMPL -
YECKOL KOMNONEHMOLl ABAALMICA RELUECIBEHHO OOHOKAETOYHAIM .

5 ne HMero BoaMoOKHOCTH ChopMyJTHPOBATE Pas/HIHLIE NPeANoaoKe-
HHA W NDOG/IEMB, BOSHHKIIHE B TEOPHH KaHOHHYECKHX (PEICTasieHHil
camMoconpsiKeHHblX onepatopop. s paspHTHA 3Tofl TeOpHH BeckMa
CYLIECTBEHHO pacnpoCTpaHHTE €€ Ha TOT c/VuaH, Korja B Kayecrtse £
BHGHpaeTcA npocTpancTno OGOGCLICHHEIX EMEHTOB MEPBOro nopAiKa
CHHIYJADHOCTH OTHOCHTennHo oneparopa H. Hns cayuas KoHeuuo-
mepHoro £ coorsercravioiiee ofoGmEenne nonyuaercs Ges Tpyaa.
B cayuae Geckonesnomeproro £ 3jeck me BupaGoTaEa eime TOYHAR
floctaHoBka npoGnemu. BepositHo, ¢ 5THM CBS3@HO, 9T0 A0 CHX NOp
€llE HE MOCTPOEHH! Ledble SPMHTOBE ONEPATOPHl, H3oOpaaeMmue IHG-
(epeHUHANLHEIMH OMEPaTOpaMH B YacTHRIX NPOH3BOIHAIX.

3akanuusas ceolt foknaf, 7 xoTen Gul MOJUYEPKHYTh, YTO HCNOIHA
06A3aHHOCTH He apXHTEKTOpa, @ CKOpee rHid, NOKAasHBAIOWEr0 OT/Aeb-
Hbl€ IOCTOTIp HMedaTelLHOCTH Goablioro Hoporo nentpa. Mroraa Mul mn
MenenHee, HHOTAA MYaAuCh, MPOJETAd CTPEMIVIAB LEABIE MarHCTpasiH.
Ectectsenno, 3a npexoctansiennsii KOPOTKHFA CPOK A HE MOT He OrOPYHTH
PYKOBOAHTENEH UeAHX paiioHOB, TEPPHTOPHH KOTOPHIX Mbl NPOCKOYHIIN
Wi naxe ofomnu croporofi. IlpuHowy um MOM H3pHHeHHa '),

Odecorcurd uKMeRe pro-cmpoumesseld  uncrmumym, CCCP
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0 HEKOTOPBIX NOrPAHHYHBIX BOMPOCAX AJITEBPbI
H JIOTHKH

[A, i. MAVIBILE B|

B nacrosmem noknaje Mbl XoTHM CIEAaTh 0030) HEKOTOPHX Pesyiib-
TaToB H NpofieM, OTHOCHUIHXCA K MaTeMaTHueckoll NHCUMMIHHE, Bo3-
HHKILell B nocaefHHe JECATHIeTHA Ha pyfexe Mely MaTeMaTHUeCKOH
MOTHKOH W KiaccHyeckoll aGeTpaktHol anreGpoHd H noka He NOJy4HB-
e ofuienprHATOrO HanMeHoBanus, HanGonee yacTo oHa HaswBaercq
TeopHe#t MoJeaelt W yHHUBepcanbHo#l anreb-
p o ii, mexoropue xe ropopAT o6 oGme#i anrefGpe

OcHOBHBIMA MaTEMaTHYECKHMH CTPYKTYDaMH, H3yuaeMhIMH B STO
obme# aareGpe, ABIAIOTCH aAre(paHuecKHe CHCTEMHl, T. €.
aHcaMOIH, COCTOALUHE H3 KAKOT'0-TO HEMYCTOro MHOMKECTBEA H HEKOTOpOro:
YHcna onpefefeHHHX Ha HEM ONEPANHMH H OTHOWEHHA DAIMHYHEIX
KOHEeUHHX apHocCTell. TunHuneM npHMepoM anreGpandeckort
CHCTEMB MOMET CIYHHTE YHNOPAAOUEHHOE KOJbILLO (A; =—, -, < ;T
COCTOMIIEE H3 OCHOBHOI'O MHOMECTBA A eMEHTOB KOJIbIA, HA3HBAEMO-
ro TAKHE ero HOC H T €J1 e M, CHMBOJIOB —, - , GHHAPHEIX onepanHi
BEIYHTAHHA H YMHOMEHHA, CHMBOJA = OHMHADHOrO OTHOWEHHS Nopai-
Ka ¥ oToGpaKeHHd T, CTABALIEro YNOMSAHYTHM CHMBOJAM —, -, < Te
KOHKpETHbIE ONepamkH H OTHOWMEHHe, KOTOPLIE CAYMAT IHAMCHHAMH
CHAMBQJIOB B JlaHHOM KoHKPeTHOM Kodblle. COBOKYIIHOCTb CHMBOJOE
—, *, &, PacCCMaTpHBAeMbIX BMECTe ¢ HX apHocTaMH 2, 2, 2, Haswnder-
¢H CHrHAaTypoH YyIOpPAIOUeHHOrO KOJbIA.

B ofem caywae cHrHaTypo# mnaseHsaercA napa £y, 9,
HenepeceKaloIHXcA MHomecTn M otobGpamenne a: ;1) &2, — N obbe-
JHHEHHS HX B MHOMECTBO HatypasabHuX wncen N = {0,1,2, ...}
AneMenTsl £; HasLBAKOTCA (YHKIHOHANLHEIMH, & SJeMeHTH H3 (),
NPeIHKaTHHMH CHPHATYDHBMH cHMBonamu, B pnanwuefiiuem cursatypa
H MHOMECTBOD BCEX CHPHATYPHEIX CHMBOJNOB GyIyT 0603HAUATLCH OIHOH
u ToH e Oykpofl Q. OTevaioiee NPOHIBONBHOMY CHIHATYDHOMY CHM-
Boy @ € £ Hatypadbloe 9HCA0 Cw HA3HBAETCH AP HOCT b0 CHM-
BoVId @,

Anrefpanueckoli cucTeMOH JaHHON CHrHATYpH 0 HaswBaercs
ancamOab

A={A; 8; 1),

COCTOSLIHI M3 HemycToro MHOKecTBa A, cHrraryphl £ 1 oTobpamenHs T,
CTABAIIErO B cooTBercTBHE KamaoMy fE &; Hekotopyl dyHKuMHIO
fr:A%) — A u kaxjpomy NpejMKaTHOMY CHIHATYPHOMY CHMBOMY pEQ,
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HeKoTOpHiH npepuxar p* < A%, MyHKUAH [* H npeiHKaTsl P* Hasbi-
BATCA 3 HAYENHAMH COOTBETCTBYIILHX CHrHATYPHHIX CHMBO-
n0B f, p B cucreme A, a oTofpakeHHe T H43LBACTCH O3 H A Y H B 4 10-
MHM o0TOOpamMeHHEeM HIH NPOCTO 03 HAYHBAHHEM.
CHMBOJ 03HAUHBAHHA T HApH 3anHcH anreGpaHyeckKHX cHCTeM ofbluHo
onyckaerca H Buecro (A; &; 1) nuwercs (A; Q). Aare6panueckas
CHCTeMd HAsLIBAETCA & AT e O pofi, eclIH eé CHrHATYPA He CONEPHHT
NPENHKATHEX CHMBOJIOB, H HashBaeTCd M OJ €1 b 10, €C/IH ee CHrHa-
Typa HE COAEpHKHT (YHKUHOHAIBLHHX CcHmBoMOB. AJarepauueckas
cHcreMa A KOHeuHa, ec/H KOHEUHO €e OcHOBHOE MHDMecTBO A.

OfLypLIM - MyTeM ONpEfeNSIOTCH IOHATHH TNOACHCTEMBl JaHHOH
aarefpaHuecKoi cHCTeMH H TOMOMOP(HOrO H H3OMOpPHHOrO oTobpaNKe-
HHil ofHo# anrefpadueckoll CHCTEMH B NPOHIBOJBHYID CHCTEMY ToH e
curaarypel. [lpoM3aponbHan CoOBOKYNHOCTL adrefpaHdecKHX CHCTEM
ONHOA H TOH e cHreaTypH £ HasuiBaeTcAd KJIaccoM CHCTEM CHIHATYV-
pul §. Knace cucrem HasniBaercs aGCTPAKTHEIM, €CIH OH BMECTE C Ka-
JIOH CROCH CHCTEMOH CONEPIKMT H BeCe et HaoMopdHhe.

Hpesa o HeofXOAHMOCTH H3yueHHS CBOWCTB anre0p NPOH3IBOJBHOMN
CHrHaTyphl BO3HHKIA elle B KoHue npourioro sexa, Onpaxo B TeyeHke
Gojlee TpeX TOCNEAVIOIIHX JeCATHIETHH oHa He MOJNYYHIA CHOJIBLKO-
HHGY AR CylIeCTBeHHOrD passHTHA, BMeCTo 5TOr0, € 01HOA CTOPOHN, ObliH
€coananul rAYG0KHE TEOPHM YACTHHEIX Kiaccop ajirebp—nonedi, Kojael,
rpyni, pemefok, a ¢ Apyro# CTOPOHLL, B MATEMATHYECKOH JIOriKe OblIH
NpoBeIeHkl MHPOKHE HCCASNOBAHHA NPOCTEHIIHX (HOpMaNbHEIX A3LIKOB.
Bo sropoit nososure 30-x romoe GHA0 3amedeHo, 4To OOBEIHHeHHEe
HieH anreGpaHdecKo# cucTembl H A3bKa 1-f cryneds nossouser cdop-
MYJIHPOBATE NPEIOKEHN, CIEIHANHIAIAH KOTOPBIX I KIACCHUECKHX
CHCTEM — IT0JIeH, TPYNN — HE TOTbKO JAIOT HETPHBHANDBHLIE YIKe H3Be-
CTHEIE TEOPEMBI TEOpHI TPYTN H nonefi, HO AalOT OTBET M HAa HeKOTOpHe
B TO BpeMsA OTKpHTHEE ponpockl obuieft Teopun rpynn. Tak na creike
KaaccHyeckol afcTpakTHoll adarefpel H MaTeMaTHYeCKOH JIOTHKH BO3-
HHKJa HOBaA JHCHHNAWHA — oblyas anrebpa, B KoTopol B OTIHUYHE
OT KA4CCHYECKOH aireGphl BHAHOE MECTD SaHANH NpofieMbl 3aBHCHMO-
cTefi MEXIY CTPYKTYPHBIMH CBOHCTBAMH KaaccoB aarelp H cofcTBaMH
GOpPMANBLHBIX A3LIKOB, HE KOTOPHIX MOTYT OHITE OMpeeneHLl YHoMAHY-
Thle KAaccH. [losinoro passHTHA Heoslenopaunsa no ofwed atrebpe
JOCTHTVIH B NoG/AeBoeHHBE roasl. Ocofento 3HauHTebHbIE 32 KOHYEHHBIE
peayAbTaThl ObinH nmonyuensl 8 konue B0-x u 60-x ropos. HocraTouro

Ha3BaTe COSIAHHEe TeOpHH [])HJIhT].‘I'EIHBI-IHhIX HPUHEEEEEHH?[ H TeopHH

nonHex knaccor. TMoppofinke o630pH: 3THX TeopHilt yXe NOSBHJIHCH
B XYpHanax, H NoToMy B JadpHeHiueM Mul OyleM paccMarpHBaTh AU
JApyrHe HanpapieHHs HcClegoBaHKH.

HanoMuum eumte neckosbko nouatuf. [lyers sanana kaxas-Hu6yib
curnatypa £, KOMGHHHpYSt 1o H3BECTHHM INpasHIaM CHIHATYpHble
CHMBOJIbI, CHOOKM, CHMBOJBI Xy, ¥g, . . . HDEAMETHHX [ePeMeHHHX,
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CHMBONE! JIOTHUECKHX cBAsok &, \/, =, 77, = H KBaHTOPH
Yy, — edag Kamdozo seemenma x; Hocumeas A cucmemep,
Ax; — ecyuecmayern makod saemenm x; € A, umos,

MOJIYYHM KOHEeYHble TOC/IeJ0BATeIbHOCTH CHMBOJIOB, HasbiBaeMble gop-
myramu 1-d emynenu curHatrypsl Q. Hanpumep, nocieaopaTedbHOCTH

(Vx) (Vxg) (g + X2 =X+ Xy )1 (1)
(V) () (22 << 2y &y 55 %) (2)

spasores gopuytamu 1-ii crynesn awoGoft cHrHaTypsl, BKTodaomed
aHakd -+, <. Ecaw Tteneps aanann kaxas-aunbyns anrefpawveckas
cHcremMa A currarypsl Q H gopMyaa o Tolf e cHrHaTypHl, TO B COOT-
BETCTEHH ¢ COISpHRATEILHLIM CMEICTOM CHMBOMOB, YHYACTEBYIOUHX B 3aMH-
cH popmyan 4, onpenenaeTcd HCTHHHOCTL HIIH JIOMHOCTE opMyasl of
B cucTeme A. HanpuMep, ecan

A:{{G, I, 21 ]: "i‘l '5;}!

Faoe CHMBOMWL -}, < HMEHT O0bLUHLIE ApMPMETHUECKHE IHONEHUR, TO
dopmyna (2) nomua, a Popmyaa (1) AcTHEHa B A,

CumBonom & yenoBumcs 0003HAYATE KJACC BCEBOIMOXHEX (PopMya
l-cTynesn awBoH CHrHATYPH, @ cHMBosioM &g OyieM of03HauaTh MHO-
mectso Gopmyn 1-H CTYIEHH, CHrHAaTypa KOTOPEX coaepurcA B £,
[MomMeMo knacca & panee HaM ToOTpeOYIOTCH HEKOTODHIE MOJKAAcCCH
Gopmya cnenpassHoro uga. Hanomuus, uro hopMyasl, B 3aITHCH KOTO-
PHX YYacTBYIOT JIHUE (PYHKUHOHAALHBIE CHMEOJE W CHMBOME Mpef-
METHHIX MEpPEMEHHbIX, HA3hBAKTCH TepMamH (NONHHOMAaME) OT yKa3aH-
HHX nepedenHelx. Hanpumep, ecimn -+, M r:}f'rh GuHapHuLe (QyHKIHO-
HANbABIE CHMBOME, TO BHPAXKEHHS '

i+ gy (R F (42

ABNAIOTCS TepMaMu or X, y curHatyps {--, A\ ).
Beenem Temeph caenyiomme crnenMadbibe  Kaaechi  dopmya:
J —Kagee moxcdecms, T. €. GOpMya BHAA

(v‘tl} ) (vx“}P(flv R | fﬂ]1

rae P—Kago#d-HHOYAE NpeIHKATHEIA CHrHATYPHLIA CHMBOJI HAM 3HAK
PABEHCTBA, a fiy - .« oy fo — TEPMBEL OT X4y « .« «y Xni
G — Kaacc xegaumoxcdecma, T. e. OpMYa BHia

V%) o (V) (Py (Fay o oos P &eon o & Palyy oo B —> P (L o s B,

rae Py, ..., Py, P — HeKoTODHIE NPeJHKATHBIE CHIHATY[HLIE CHMBO-
JIHL HIH 'aﬂa:-m PaBERCTBA, & fiy «vuy fro Pus ooos Play By ey lp—

TEPMH OT Xy, - . ., Xui
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V — kaace obupocmunx (yrusepeaasueix) dopuya, T. e. dopmyn
BHIA

(Vxg) ... (Vxn) #,

rie F — dopmyta, He cofepmanlafd KBaHTOPOB;
V3 — kaace dopsya suda

(Vxy) oo (V) (Fxm=y) - . (3x) B

rie cHopa # — opMyna, He CONCPMANIAS KBAHTOPOB;
F — kaacc' duoghanmossexy opaxya, T. e, GOPMyn BHaA

@xg) ev o @) (P (Fro v vor )& oo &Py (has oy ),

rae Py, . .., Py — npejHEaTHLE CHMBOJIM HJIH 3H3KH paBeHCTBd,
afi oo fro By - .., Rg — TEPME OT Xy, .. ., X,.

[Tyers I' — Knace bopmya 1-# ctrynen Kakoro-HHGYIbL cneliiaiLaO-
ro BHZA, HAaNpHMEp ORMH H3 TOMBKG YTO BBeAEHHHIX KaaccoB J,
G ..., T, u nyere % — kaxofi-uubyae ®nacce anarebpaHuecKHx
cuereM curHatypsl €. Toraa I-reopweit kaacca & HasnBaercs CoBo-
Kyn#octe I'S Bcex Tex (3anpuTaix) dopmya H3 I', CHPREATYpa KOTopBIX
cofiepuTca B () H KOTOpHe HCTHHHE B Kampoll CcHCTeMe Kiacca &,
Hanporus, ecan sagano Kakoe-To KOHKpPETHOE MHomecTBo dopmyn T,
10 uepes Kgol' ofoanavaercd Kaace Bcex Tex anrefipaHueckHx CHCTEM
cHruaTypel Q, Ha KoTopeX HeTHHHA To6asn gopmyaa wa T', caruarypa
Kotopoil cogepxutcs B 2. B uacthoctu, Ko (9 ABAsieTcs Kaaccom
«Bcex» anrefpanyeckHx cucreM curHatypsl . On Gyger Gojee KpaTko
obosHadatbesi uepes K. Yepes K1ip Gymer ofosnavarbea knace Bcex
KoHeYHulX CcHCTeM, MpHuapjexamux &, -

Muoxectso Eg dopmya 1-i crynern curuatypsi {2 ABASETCA UaCThIO
cosokynuoctH Wp BCEX KOHEUHMWX nNOCAENOBATENBHOCTEH, COCTaBJeH-
HLIX H3 CHMBOJOB CHrHaTypbl £, cKoBOK, JAOrHueckHX 3HaKOB &, . . .
... =, ¥, 3 HcuMBONa x 1), T. e. ABNAETCA MOIMHOMECTBOM MHOXKe-
CTBA CJIOB B aldaBHTe, COCTOAEM H3 YNOMAHYTHX cHMBonos. CoBo-
KYIMHOCTD BeeX ClIoR B (MKcHpoBaHHOM andaBuTe HeceT Ha cefe WaBe-
CTHYKO CTPYKTYPY HHAYKTHBHOH anreGphl, KOTOpas NO3ROAET BBECTH
JU18 COBOKYNHOCTEH CNOB NOHATHA DEKYPCHBHOCTH, DeKYDCHBHON nepe-
UHCAWMOCTH H T. 1. STH NMOHATHA XOpOLIO HCCNENOBAHE B TEOPHH anro-

HTMOB 151 KOHEUHHX andaputos, Ho HelapHo P, [erep, @, Llsenkensb
rﬂl H3y9HAH HeKoTopuHe HX ceoficTea H aAA GeckoHeyHHX andaBHTOB,
4TO NOIBOVIAET HLIHE MOBOPHTL O PeKYPCHBHOCTH HIH HEPEKYPCHBHOCTH
TeopHfi Be ToABKO KaccoR anrefpaHuyecKHX CHCTEM KOHEUHO CHrHATy-
phl, HO H KAACCOR CHCTeM OECKOHEYHON CHrHATYpHL.

1) Kax ofuWHO, npesMeTHOe nepemernoe x; o003uausercd NpH STOM CAOD-
BOM (XX ...x).
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B pedyJbTare ecrecTBeHHO BO3HHKAIOT cnenylolliiie 2 Kpyra Bonpocos:

1) naa naubosee paxuux kaaccop ® aarefpaHuecKux CHCTEM
d HauGones WHTepecHHX Knaccos I' dopMys HaliTH anropHTMHYECKYO
npupoxy Teopku I'K;

2) ann nanbonee HHTepecHHX Kiaccop dopmyn I' malirn obmHe
anrefipaiyecKkHe CBOHCTBA KJAaccOB anrebpaHdecKHX CHCTEM BHIa
Kol'y, rne I = T

Knaccu supa Kol (I'y = T') ofitiyeo | masueanTea I-xnaccamm,
B uacTHocTH, J-KhnacChl HasHBalOTCds MHOTrooGpasHAMHE,
l-kMaccsl —KBasHMHOrooOpasHsaMu K V-Klacce —
YHHBEPCANbHO BKCHOMATHIHPYEMbL MH_Klaccamy
(W11 yHHBepcasdaMH) anreGpaHuecKHX CHCTEM.

Mul xoTHM Tenepb caenaTh HeGovibmiHe oG30pHI HOBRIX Peay/bTaTOB
H OTKPHITHX npoCiaeM, NPHMEKaOUHX K YKa3aHHHM HanpapJeHHAM,

1. AJropHTmMHYecKas: NPHPOJA TeOpHH

1.1. E-TeopuH W TEOPHH TOTAJAbHMX Kaaccos. Bonpoc o pexypcHs-
HOCTH TeopuH EK (! Gui HipecTel Kak npoGideMa paspellHMOCTH Y3KOro
vcuncnenns npeaukaror, Ing goctaTouno Gorarof curHaTyps £ ox Guin
pemed orprnatensno A, Yepuem (1939) [10]. Bonpoc o pekypcHBHOCTH
teopun 'KQ, TKQ:;, ana pasnuunnx tanos dopmya I' B pasnnunbix
cHruaryp  npusnexkan BHHManHe MHorHx asropos. Omun 3 HauGonee
3EMENATEALHEX Pe3yALTATOB 3ITOr0 HanpaeaeHEHs 6ulm noayued Ban
Xa0, [0K43aBIIHM HepeKypcHBHOCTE Teophu V!IWIKC, rze uepes
V'3A'¥! ofiosnauen knacc Qopmyn BeEaa VxIyVz# (F xsanTOopoB
He copepiiT), a £ cOCTOHT H23 onHoTe GHHAPHOrO H OECKOHEYHOrO THCAA
YHapHHX npenuKaTuniX cuMpodop. [loaesysick merogamu Bau Xao,
[ypesuu [12] nonyuwn B KOHLe TMPOLVIOTO FOAa B KAKOM-TO CMBICAE
OKUHYATE/ILHEEH PE3yJLTAT B YKasaHHOM HanpasdeHnH. Brofs smecte
¢ Typesnuem ofoznauerns

I' — HeRoropas COBOKYNEOCTh ¢10B BHAA (Quxy) (Qz¢z) . .« (QmXm)

{Qf — v:ai QI 5& Qi+’l m = ]_-! 2- 3! LA '};

€ — curHaTypa, He COLepKaulas (YHKUHOHANEHBIX CHMBOJIOB;

T’y — COBOKYMHOCTE 3aMKHYTHX GOpMYJ IPEHEKCHOr0 BHAA, HE COflep-
MAILHX 3HAKA PaBEHCTBA, MMEIDUIHX CHrHATYpy £2, KBaHTOpHas
yacTk KOTOpbiXx npHHapnexur I';

FE—*TU We, HO AONYCKAETCH 3HAK pPAaBEHCTEA,

Di={N"2% m,n=0,1,2,...5
Paﬁ{amvfan: i=1| 2; n, ﬂﬁﬂ, ]+ 21 ""‘};

£2,—CHrHaTypa, COCTOSALLAN JIHIL HS OZHOMECTHHIX [PegHKATHLIX
CHMBOJIOB,
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MOMHO HPIBIICTEBHT‘L Erg pesybTaThl B cleiymied BHIe:
RecTgKQ <= RecTEKQ <= RecTg(KQ)pn <>
<= Rec ' (KQ)pyp = "1 Creat I'gKQ ==
<>Qc=Q VI =TUT; Y (Fin Q& Fin(F N\ (T3 UTy)),

rae Rec M, Creat M, Fin M osHauator, uro coBokynxocts M “coor- :

BETCTBEHHO DPEKYPCHBHA, KPEaTHRHA, KOHEUHA.

Tlo TpagMui¥ STH HCCNEIOBaHHA NPHUHCASIOTCSH K «YHCTON JAOrHKes,
Hanporee, sonpocel o pekypcHeHoctH teopHii &R, G, I8 rae
£ — TOT WAM MHOH CNENHANLHLI KaIacc cHCTeM, HanpHMep KJaacc
FPYNI HIH KJlacC KOHEYHWX FpPYNN, 9ame OTHOCATCH YiKe K TEOpHH
camoro knacca & (TeopuH rpynm, TeODHH KOHEYHHIX FpYAN  T. M.).
HMexoansiMu pesy/ibratamil 5TOr0 HaNPaBAeHHA MOXKHO CIHTATh TEOPEMBI
Poccepa o HepekypcusrocTH apudmerHkn & ( N; -, - ) u TpecGypre-
pa o pexypcusHoctH & ( N; + ). :

3HavenHe 3Tofl ofiacTH HecAenoBanHil cTalo ocofeHHO ACHO nocie
abor A, Tapckoro, JokasaBliero pexypcHBrocT: & { K: —, - ),
§<c; +, ), B paboret 1O. PoGuucon [13], ofnapyxupmedi
nepekypcHBHocte & ( R; +, - ), roe K, C, R — noas KoMmfeKcHmx,
BellleCTBEHHRIX H PAIHOHAALHBIX yHceld. B H3secTHo# Kumre Tapckoro,
Moctosckoro 1 PoGuncona [14] 6uuim nogpesens nepsnie HTOMH pasBH-
THA HOoBoH ofnactH, Opnaxko AJA OYeHb MHOrHX BaMHBIX Knaccop R
anropuTMHYeckas npupona reopHu ER ocrapanack B To speMms Hename-
cThol. B reuewme crenyiomero AecAThieTHa Gblia NoKasaHa Hepexyp-
CHBHOCTE SVIEMEHTADHEX TeoDHH MHOIHX K1acCOB CHCTEM M, B 44CTHO-
CTH, SMeMeHTapHHX TeopHli mHia &R, 7. €. BJIEMEHTAPHHX TEOPH
COBOKYIHOCTEH BCeX KOHEYHBIX CHCTEM, COJepHallHXCH B TeX WIH
HHBIX OoJiee H3BeCTHBIX knaccax ®. Bulin nalfilens Takke cpaBuuTeNb-
Ho HemHorue kaaccel &, nns kotopuix Teopua &R oxasanach pexyp-
cisrofi. B oGsope Epwosa, Jlasposa, Tadimanosa u Taiuauna [15]
llaHa eBOJlKd Peay/bTATOB, MOMydeHHBIX K 1964 romy.

B nocnexnne roful pesko ysenHYHJIOCh BHHMaHHe, YAeAsieMoe Teo-
pusm uia I'® a5 pasanunsix Tenos I'. C APyroit cTOpOHE!, eCTECTBEH-
HO CTIPAIHBATH, HE TOJbKO PEKYPCHBHA HAH HET KaKaa-HHOYAL TeopHs
I'f, Ho W KakoBa ee crenens Hepa3pellEMocTH. Hakouer, Goablioii
HHTEpeC npejcTaBifer H Bormpoc ¢ toM, Ang Kakux R, £, T' umeer
mecro papencteo I'S = I'€. !

B cBfian ¢ paGotamMH no CTPyKType TeopHi Obl PasBHT PAL OGIIEX
meronos. B wacTHocTH, And MOKA3aTeNLCTBA HEPA3PEIIHMOCTH TeOpHI
AeTalbHO HCCAefoBaH Meton HHTepnperauui. Jlas noxasatenberea
PeKYPCHBHOCTH Hap#aly C HPAMBIM METOJOM HCKJIOYEHHS KBAHTOPOB
OCHOBHOE 3HaUeHHe MpuHoGpen MeTox MoAelbHON TMOMHOTE, OTKPHITHI
A. PoGuucononm [16]. MeToas AoKasaTe/IbCTB cOBNANEHHA HEMEHTAPHBIX
TEOPHH TAKKE HIBECTHH HbHE B PA3NHUHLX (hOpMax: MeTON MepeKHIb-
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BaHHA, METOJ YJbTPanpoH3BelieHHil, MeTol cTpaTerHid. TeM He MeHee
W CerofHs cyumecrsyer GOMbIIOS YHCAO BAXKHEIX TEOPHH, AJMrOpHTMHYE-
CKas NpHpoJa KOTOPHX OCTAeTCH COBEpINEHHO HEHABeCTHOMH,

Hmxe A nosponio cefe yKasaTh pAj BaXHHEX HOBHX De3yinLTaToB,
noJl y4eHHLIX ToCae NpOoIIoro KORrpecca, H HANOMHHTL B CBA3H ¢ HHMH
0 HEKOTOPRIX OTKPHITEX IpodseMax.

1.2, Teopus uncea. Onnoii W3 HauGoNee 3aMEYATENLHBIX HepellleH-
HEIX npolaem Bee elne ocraercs Tak HaswiBaeman 10-2 npobaema uas-
fepma:

a) pexypcusna uau wem meopus & (N; — - )?

He pewen 1 Tecno cnaaannuii ¢ aroft npofnemofi Bonpoc:

6) ModNcHO au Jas A06020 PeKy PCuBHo-nepewUcaumO0 Muoxcecmsa M
HAMYpaasHsix yuces naddmu maxod muozousen [ (xg, Xy, . . ., Xp) C yeasi-
Mu Kosghihuyuenmamu, wmo

xEM*:b(gﬂp foe ey yn}{f{xv'yh v = ey ynJ b D}?

Hurepecen tamme crenyiomuii papuasr npolnemb [uibGepra:

B) CYLYECMBYIOM Al HAMYPAABHOE HUCAO § U HEAOSHAUKDIE MHOSOLAEHE
fuln), .. ., fu(n), maxue, umo cosoxynwocme mex n, das Komopex
PA3PELIIMD  YpasHERLE

i
3} £ A o,

Aaasemca Hepexypousnod? Ecau cywgecmsyiom, mo KAKOSs HAUMEHAULLE
3nauenua s, t u cmenered fr; (n)?

XoTa 5TH OpofiieMBl OCTEIOTCH BCe CIIE OTKPHITHIMHE, TEM HE MeHee
oYeHL GMH3Kas MpoG/ieMa CYIICCTBOBAHHA ANTOPHTMA, Pacno3Haiomwe-

ro 1o KospdpHuHenraM nonHHOMA f(X(, . . ., Xmy Y1y - -« §m) Paspe-
IDHMOCTh TIOKA3ATENRHOTO YPABHEHHSA :
-
- f(*s ooey Xmy 27, ..., 2") =0,

Obl1a pelleHa oTPHIATEeNBHO B 3aMedaTenbrofi pabore [lepnca, ITyrha-
ma i PoGuncon [17]. Ho 1 3jiech ocTancs oTKPHITEM BONPOC 0 HAXOMK -
HHH MHOrOWIEHOB f MO BOSMOMHOCTH MPOCTOrO sSHAA, AIS KOTOPHIX
BCE elle He CYLECTBYET aATOPHTMA pPElUEHHS.

1.3. Teopus mosefi. B KakoM-To cMbic/e POJCTBEHHBIMH Apofieve
['mnpbepra ABAAIOTCA BONPOCH O PEKYPCHBHOCTH 3MEMERTADHBIX TEOPHIl
knaccop novedi, Ilockonbky Ha [JAHHOM KOHrpecce STOMY BONPOCY
nocssien cnenkanbubil goknan ¥0. JI. Epuwoea, g orpannuycs anwb
HEKOTODEIMH 3aMetanHsaMH, B reuenwe nowtd 15 ner uspecTHol ORUIH
Mo CYWECTBY TWibKO 2 Kiacca GecKOHEYHHIX [OJIEH ¢ pa3pelllHMbIMH
TeOPHAMH: anrefpaHvYeckKH 3aMKHYTHE noad HKcCHpoBanHOR XapakTe-
PHCTHKH M BeIECTBEHHO 3aMKHYTHIE Nosid. B To e BpeMa uHe10 H3Be-
CTHBIX K4CCOB NOJeH ¢ HepalpeliHMEMH TeopHaMH GHICTPO pocio.
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Toabxko B 1964—1965 rr. Axcom m Kowenom [18] meropom yawtpa-
npousseaeruid 1 Heaapucumo 10, J1. Epwossm [19], [20], [21] merozom
MOZle/ILHOH NOVIHOTE Obl/1a yCTaHOBAEHA Pa3pelinMOoCThb 3JeMEHTapHo#H
TeopHH P-aIH1eCKOro no/1s H sfieMeHTapHBIX TEOPHH pAfla APYTHX oved.
Mox#o cuuTats, wro cerogus paloramu 10. JI. Epuwoea # Akca —
Kouena y:e sanoneH dyHaamesT TeOpHH nofefl, HMEOIHX PA3peminibie
aneMeHTapHbEE TeOpHH. OTMETHM TAKIKe, 4TO, HCNONL3YS TOHKHA annapat
Teopud Mopenelt, Axe, Kowen u Epuios cmornu momyTho pokasath
H HeKoTopHe runoTesu Jlewra W ApruHa o dopmax.

Pabotet no npoGaeme [unvbepra u pabor Akca, Kouena u
Epmosa npencrapas0Tes 0cofeHHO HHTEPECHHMH, TAK K&K OHH OTKpH-
BAWT NYTH ¢BHeJDEHHH» TEOPHH MoJeded B oflflacTh KJaccHYecKod
TEOpHH UHCE] M, BO3MOKHO, B anreGpPaHuecKyld [eOMeTpHIO,

Hecworpsi na Goabmine ycnexw B usyyeHHH 3/eMeHTapHHIX TeopHf
KAaccoB NONedl, MHOMO OYCHL IIPOCTHIX Mo (OPMYAHpoBKe npoliem,
OTHOCAMUXCA K 570/ 06/1aCTH, OCTAIOTCH OTKPLITHMH. Y IOMSAHEM JHUIS,
YTO CErujiHfl HE H3BECTHO, PEKYPCHBHA WIH HET SJeMEeHTAPHAA Teopud

a) Kaacca ecex KoMewHswr nosed (0. PoGuncon);

6) noaR PAYUOHAAbHLIX (hyHKYUL OM NEPEMEHABE X1y o . oy Xy HQD
RPOUIBOALHBIM NOAEM  KO3DPuyuermos;

B) NOAS Mex KOMNAEKCHOIX ILCER, KOMOPGIE Moyt Gomb ROCTIpoeHs!
Apu ROMOIE QUPRYAR U AUNEdRY, U €20 NOONOAR GELYECIBERNIIY YUCEA
{E Tapckuf)

B cawvoit Teopuu uHcen Goawloli HuTepec npeicTapi 0T npofiieMbt
stxpeKTHEH3AUHH B Teopemax Thna Teopemil Tye. IpumMencune Metonos
TeOpHH MOJENEH, BOSMOMXHO, OKaMETCHA MOJAeantM # B 510l ofnacTu.

1.4. Teopus rpynn w noayrpynn. HepaspetumocTs 3eMeRTapHOH
TeopHH Raacca eeX rpynn @ Owmna ycranosnena A. Tapckum. Bonee
TOKKaA TeopeMa o nepaspewnMoctH (8 goxasada I1. C. Hornkosnim
u Bynom. 60-x romax noxa’aHa HepeKypPCHBHOCTh SIEMEHTAPHEIX
Teopuil MHOTHX KAACCOB TPYNN, B TOM YHCAE KJacca BCEX KOHEUHHYX
CpYNOMN, BeeX n-cTynedHo (n > 2) paspemwwmux rpynn u T. n. He ma3pe-
CTHO, PEKYPCHBHEI WIH Her

a) meopus (08, (npobieMa SKEWBANEHTHOCTH CJoB B Knacce ©,

n-CTYNEHHO PaspeiHMbx rpyno (n = 2, 3, 4, .. )
6) meopuu AF,, 3F,, F,, rae F, — ceoboxnas rpynna padra
a (nz2);

Henasno A. Jl. Tatimasos nokasaxa, gro
V3ivV3F,=V3aviF, {m, n>2).
Ontiako BCe elle HEeH3BECTHO, BEPHH JH YTBEpAICHHSA

B} gszaFn I:Mo H}E);
r) 8Go=8G, & §Ho—8H, = & (Go s Ho) — & (G, + H,),
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rie G;+H; oanauaer csoBoJHOE NPOHIBEACHHE NpoH3BOIBHEIX TpynAm
Gil H! [‘ — ﬂl I-)

0. H. Mepanakos nokasan, uro B F, Het HeaGemenmix AgArpynn,
NPEeNcTABHMBEIX  MO3HTHBHEIME  dopMyaamu. OfHako ocrtaercd He-
ACHBIM, :

A) ecmo wau nem 6 F, neabeneos chopmynsunie nodepynnst, omausxse
om Fy (n=2)?

. Emg B 1949 r. B. Ulvenepa gokasaia paspemnmMocTs vieMeHTapHOT
TEOpPHH Kjacca peex aGenepwix rpynn. B 1964 r. 1O, I, I'ypenny [22]
AOKasaj, 4TO SJeMeHTApHas TeOpHs KJacca BeeX ViopALodeHHHX
abenepbix TPYNN Takke paspemwnMa, HM e nafinenn M ycaoBHsA cosna-
ACHHA IEMEHTAPHBIX TEOPHH NBYX YNOpAAOYEHHHX abe/leBHX rpyIim.
A. U. Kokopuy u H. I'. Xucamues [23] nsyuunu snemenrapusie reopuu
CTPYKTYPHO-YTOPAIOUEHHMX aleneBrX rpynn. Hmu Goiu Haiinessl
YCIOBHS cOBNafeHHs E-TeopHi CTPYKTYPHO-VIOPAMOMEHHHX TPy,
HMEHOUIHX KoHeuHoe ukeno Huredl, H. I'. Xucauneswm (1966) [24] Gbuio
noKa3aHo, 4To V-reopus aGeaeBblX CTPYKTYPHO-YIOPAAOYEHHHX TPy
pexypecusna. Bompoc,

€) PERYPCUBHA UAU HEM SALMEHMAPHAR MEOPUR KAACCA 6CEX abetesolx
CHPYKIMYPHO-YNOPAOOYERHBLX 2pynn, OCTANCA NOKa OTKPHITHM 1),

Kaact aGeneBbix noayrpynn Gollee caomHbif, yem kiace aGeneBuX
rpymi. M. A. Taduane H A, Tapckiii nokasan, uro sJieMeHTapHasn
TeopHA Kjacca afeseBmX MOAYTPYIN ¢ COKPEUIEHHEM HEePeKypeHBHa.
B rexywenm rony M. A. Taiinnn [25] Hamen cepuio Knaccob aGe/neBHX
NOJMYIpyNn, HMeuHY paspenrimue &-reopud. B wacrnocTn, on ofna-
pyxua, uto &-Teopus Kamioll oTIenbHoli KOHEWHO-TOpOKUEHHOH abe-
JAEBOH NOJYTPYNNsl PeKypCHBHA.

[lns reopun abeseBbIX NOMYTPYNN HMEET IPHHUMIHANBLHOR 3HAYCHHR
ciaepywmas npoGiema HaoMopdH3Ma:

#) Cyudecmeyem au ar2opum, noseoaswouwud 048 aobex deyx noay-
ZPYNNOBHIX KOHEHHDLX CUCMEM ONPEefessiouiuy COOMHOWEHUE YIHAMD,
ONPeceAsion Au SMu CUCMEMb 8 KAQcce 6cex abescsnix noayepynn uso-
mopibisie noayepynnu® :

Jas cooTHOWEHHH C IBYMS TOPOMAAMMIMMA YIOMAHYTHE aJIropHT™
6o wssecten (cp. Pener [26]). M. A. Taliuane ykasan cooteetcTBYyIO-
mHA aITOPHTM B noayrpynn ¢ 4 nopoxaatomumy, B knacce atenesux
nu.ngrpynn C cOKpaulesHeM npofnema usomopduama Owina pemesa
E. A, Xanezopem. M. A. Tafinann nawen Goablioe 9HcAo APYTHX BAXK-
HBIX KAAcCOB a0eeBbiX NOJAYIPYNMN, B KOTOPHX NpofieMa H3omopdH3Ma
TaKe peliaeTcd nofomutensHo. Ecnm 6w 10-1 npoGnema ImarGepra

') B cenrabpe 1966 r. 10. [ Typepns ofuiqusMH METOJAMH peursa Sty
npofacMy oTpHUATENbHO. -

1 5=1220



296 YACOBLIE JOKJIAZLB ONE-HOUR REPORTS

HMETd NOMOMHTENRHOE pelnende, To H npofjema H3oMmophH3Ma Ana
afeNeBRIX NOJAYTPYIN pelanack Obl NONOXKHTEALHO. BepHo au ofpar-
HOe — HEH3BECTHO.

Coraacno I1. C., Hoskxkosy, npofiiema HaoMopdi#aMa B MEOTOOOpA3HA
BCEX TpVIN pellaercs oTpHiarte’wio. B MHorooGpasuH afeneskix rpynn
sTa npofiieMa pellaeTcd nojoxFTeabHo. OHa pellaeTcd NoJOKHTEILHO
H B HECKOJLKHMX JPYIHX MHOroobBpasHax rpynn, ofXajawiiix Tem
CBOMICTBOM, UTO BCE KOHEUHO-MOPOKAEHHBIE MX TPYNNu Koneunul. Kax
peiraerc npofneMa HaoMopdu3Ma B APYIHE MiorooGpasusx — HeHsne-
cTHO. B YacTHOCTH, HeH3BECTHO, KAK pemasTcA 3Ta mpobdaeMa B Heale-
JEBEIX NOMIHHHILMOTEHTHHX MHOrooOpa3MAX rpynn H jame B MHOMQ-
ofpasid MeTaGeneBbIX TPy,

1.5. MMpoGaema Tokaects. PexypcHsxocTs TeopuH J& nna kakoro-
Hubyas Muoroobpasns & o3wavaer, yro csoGoanue anrefiphl B Kaacce
£ nmonyckaoT KOHCTPYKTHBHOE ondcakie (eM. [27]). Bo meorax cayua-
fIX TaKoe onicanue Obl10 HafigeHo, Hanpumep, ecaH & — Kiaace scex
KoJIel, ACCOLMATHBHBIX KoJel, Kodeln J1u, peiweTok uaH npoH3BoasHOE
NONHHHALIOTEHTHOe MAOroo6pasue rpynn. OAHAKO CYIIECTBYIOT KOHEY-
HO-2KCHOMATH3HD YeMEe MHOrODOPasHA KOMMYTATHBHBIX JIyIL, J-Teopua
KOTOpEX HepexypcHeHa [27]. Harepeco Guilo Gbl BEIACHHTS,

a) CHwecayion AW KOHEYHO-GKCUOMAMUIUPYEMBE  MHO2000paiun
zpynn, obandaioujiue nepexypcusnod J-meopued, u

8) CHECITIBYHOMT AL KOHEYHO-ARCHOMAMULPYEMbE MHO000PAIUA acco-
yuamusHsix (AL AUEEHIX) KoAel, UMEUILX HEPEKYPCUHY0 J-meopuio.

B nacronliee spems HEH3BECTHO [ame,

'B) RE1HeMCH Au Kaxcdoe MHO2000pd3uE 2PYNR KOHEYHO-GKCUOMAIT LS
pyemeers (B, Helimamn) u

) ABAREMCA AU KOHEHHO-GKCUOMAMU3LPLeMyM Kaxcdoe muozoodpasue

accoyuamusios (aueamx) woaey (I nmex 1),

1.6, Crenexd HepaspewnmocTH Teopwit. 3 Teopembl nonHoth lege-
A4 C/eRVeT, YT JJ4 KaMJ0ro pekyPCHBHO-aKCHOMATH3HDYeMOTo KJaacca
cicrem % teopun ER, J%, @®, V& asasejomo  pexypcusno-nepe-
ydcaumul. KakHe crenenu HepaspeurHMOCTH MOIYT HMETh 3TH TEOPHH?
B uacTHOCTH, KaKHe CTEMeHH HepaspeluMOCTH MOTYT HMeTh VIIOMAuY-
THE TeopHH [ KOHEUHO-aKCHOMATHIMPYEMHX Muoroobpazuil £? Cos-
CEM HETPYAHO JNH KamAoH PeKYPCHBHO-NepeuicIHMON CTeNenH Hepas-
PELIMMOCTH MIOCTPOHTL BGECHOHEYHO-AKCHMOMATH3HpYeMblli  Kkaace &,
V KOTOPOro Teopus &% HMeer 3aaHHVIO CTeNeHb HePASPeIiHMOCTH.
[as xoHeuno-aKCHOMATHIHD YeMEIX MHOrOOGDa3HA aHANOTHYHGLI DE3YIk-
TaT noayven Xangom [8]. Tem He MeHee v BCeX eCTECTBEHHMWX (T. e.
MOCTPOeHHBIX He3aBHCHMO 0T LadHHOH npobneMbl) KOHeYHO-aKCcHOMaTH-
supyembix kiaccos &, y korophix crenens nepaspewnmocts Teopun €8
H3BECTHA, 9Td CTEMeHbL OKalanack HAM Hviepoll (Muoxectso &R
PEKVPCHEHO), HAH HaMBecued (.
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B cBasH ¢ Hanomennbm NpencTaBnsier ocobeHHbili HHTepeC cremyic-
mufit sonpoc (FCKeropyw k)
a) KAKo8a CMenens HEPA3PELILMOCTY Meopuy

g{c; '+‘1-‘! exp}1

20e C — coBOKYNHOCTIE BeU{ECMBEHNbIX Yucen?

ITyere Ar — COBOKYMHOCTB MOIMEOMECTE HEKOTOPOro TONOMOrHYe-
ckoro mpoctpanctsa T (), ', ~ CyThb onepannn ofbeadHeHHS, AONOI-
HEHHA H 3aMHKaHuA MuoMecTs. Paccmotpum Teopmio ’

F:S{ATF U- ’r_:"

Ecan T — xsaapar (0,1) x (0,1), 1o, cornacho Txeropunky [28],
Teopks . HepekypcHsHa. UIHAKO 10 cHX NMOpP HEH3BECTHO,

0) kaxcea cmenens Hepaspewumocmu 7, ecan T — npocmod unmep-
exa (0,1) (FxKeropuu k), o

Bowio 61 uuTepecHo HafTH BOSMOMHEIE CTENEHH Hepa3pellHMOCTH
npoGaeMbl HiOMOphHIMA B KOHEYHO-AKCHOMATHIHDVEMBIX MHOrooGpa-
3HHX, @ TAKHKE, NOILIYACE NOHATHAMH MeTPHYeCKoH TeOpHH aaropwt-
MOB, HAHTH CTENEHH cnoX hocTu Teopuit ERX, J&® B rex cay-
4anx, KOrja 3TH TeoDPHHM PEKYPCHBHH,

2. MuorooGpasus M KBa3WMHOrooGpasus

2.1. Pewerxn noamuorooGpaswit. Tycts dHKcHposan Kakof-HrGYIE
mHn I' gopmya. CoBokynwocts Bcex I-nomwmaccos npoM3BofbHoro
I'-knacca ABAAETCA MOJHOH pemeTKol OTHOCHTENBHO TeoperHko-
MHOMECTBEHHOMO OTHOWEHHA BHJAKNUeHHSHA,

3Ty peweTKy Mbl YCAOBHMCS 0B03Hauath uepes Lp&.

Aromu pemersn L-KQ naswsaores [-muEEManbuumy win [-mon-
HbIMH KnaccaM#. flcro, uro [-xaace ® torma ¥ toneko torma L-muuu-
ManbHbiH, Koraa pewerka Ly® neyxanementnag. 3ameruM, uto Hau-
menbuiM saementom B Lr& moxer okasatees nycroit knace. Cosjauue
ofieit TeopuH E-NONHRBIX KAacco (cM. [29]) Grino, no-pHaHMoMY, oxHuM
H3 raasueix cobutHit B ofuiel anrefpe B noclegHHe roaw.

C uncTo anreGpanieckoil TOUKH 3peHHs TaKoe ke GoblIoe 3BaYeHHe
HMeJI0 Gbl M CO3JEHHE, M0 BOIMOMKHOCTH, AeTanbholl Teopun ¥, @ u ¥
KiaaccoB, HaHGonee NPOCTHIX ¢ TOYKH 3PEHHA NOHYECKOTO S3biKa,
Ha KOTOPOM 3TH Kiacchl 3ajaworcs. XoTs YAOOHHE TeopeTHHKO-MHOMe-
CTBEHHLIE XADAKTEPHCTHEH YKA3AHHBIX KAaCCOB XOpOINO HapecTHH [34],
TEM He MeHee STH XapaKTePHCTHKH MOTYT CAYKHTL JHUb OTIPABHBIM
MYHKTOM HCCISAOBAHHE,

Havanom ofmeit teopuu MHorooGpasuit anrefp MoxHO cumTarth
erathio . Bupkroda (1935) [4], a nawanom reopun muorooGpasnui

15%
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-rpynn — crateio B. Hefimana (1937) [30]. ¥aeasemoe oboum sTuM acniek- .
TaM Teopuu mMHorooGpasuit BHHMAHHE peako yBeaHunitock ® 50-x ronax. .

[Tpamoil monpoc o ABHOM oNkcaiHd pelleTkH L+& mis kaaccHueckux
MHoroofpa3ifi § okasancs peckMa TPYIHEIM H Obl1 PelleH TOMBKO 1A

OYeHb MPOCTHX MuorooGpasui. Hanpumep, ofiosHauseM wepes Ny mHo-

roofpasde Beex R-CTYMEHHO HWJIBNOTEHTHEIX W yepea &, mHOroobpasHe
BCceX k-cTyneiHo paspemtmmux rpymm (8 =1, 2,3, .. M = & —
mHorooGpasie aGenepulx rpynn). Jasno wssectro, uto pewerka Ly T,
COCTOHT H3 noiMHoroofpasuit U, sujensembix B My TOMpecTnamu
xm=1(m=2012,...), npuyeM A;=,, PaBHOCHNBHO YCJIOBH-
puc d | m. Pemerka Lﬁ‘ﬂh HelapHo Hafinewa A. A. BuHOTrpanoBeM
[35]. B otauuke or cuernoit pewetkd LyM, pewerka LgM, okasanack
MOUIHOCTH KOHTHHYyMa. B mnacTosilee BpeMa NOMHOCTHIO ONHCaHH
pewerky Ly, LyMNy (om. [B6], [37]) u wacrnuno pewerxa Ly&,.
B ¢BA3H ¢ HEXOTOPHIMH [HIOTESAMH O CTPOEHHH PELIETOK NPEICTaRJ HET-
CH BamHBIM ,

a) madmu noawve onucanue pewemsu L&, (B. Hediman
H X. Hefiman), a makace naimu cmpoesue pewemnu LM,

Mano gro uasectHo o cTpoennn pewerks Ly @, roe € — muorooGpa-
. 3He pcex pewetoK. [HauBonee HW3BECTHBIE ee 3NEMEHTBI — 3T0 MHOIO-

- ofpaate BCeX MORYJAPHBEIX DellleTOK H MHOrooGpasHe IHCTPHOYTHBHHX
pemerok. [locaennee H3 Hux ABAReTCS emuHCTBeHHbLIM aToMoM B L €.
Hpyrue mHoroofipasus pemerok ykasansl HkSaayuunaoi [39], a rakxe
Jléaurom [40]. TTo-puaumonmy, HoKa He MoTepsAHa HANEHXKAA, YTO PeIUeTHa
Ly & uau pemerka Ly (M — kaacc MomynspHBIX PELICTOK) HE OYEHb
CHOKHA H ylactes

6) nadmu onucanue L y8 wiu Ly, :

Ha ofmux coolpamedui! BHTeKaeT, 4To B Ka¥JoM MuOrooSpasuu
€OflepMHTCA XO0TA Gbl 0AHO J-NoNHOE MHOrooGpasHe H B Ka#JI0M KBa3H-
MHOT00Gpa3H| CONEPIKHTCA XoTA Okl oflKO ({-NoNHOE KBA3HMHOrooGpa-
ade. B uwactmocTH, Kamjloe MHNHMalbHoe MHoOrooGpasde CoNepHHT
MHEHMAaBHOE KBasHMHorooOpasme. (Qupako He Kamoe MHHHMAalbHoe
KBasHMHoroolpasHe CONEPHMHTCH B NOAXOAAILEM MHHHMAALHOM MHOIO-
ofipaaun. TlosroMy uHe10 MHHHMAJBHBIX KBasHMuoroobpasuit B npo-
HABOJALHOM M![OFI‘.}O&PBSHH R ﬂﬂu‘!b]_.UE HJ1H paBHO I'II-II‘.‘.II}’ MHHHEMAJABHLIX
Muoroo6pasmii, copepamnxcs 8 K. ;

Atomer pewerky Ly ® Lmi MuorHxX KaacéHuieckHX MHorooGpasmi £
6oy B ABHOM BHAE Haigeww Kanuuxkum # Tapexum. Kanuuewit noka-
33/ Takme, 9T0 MHOroobpa3sHe BCEX TPYNIMOHIOB COLCPKHT KOHTHHYYM
MHHHMANBHEBIX NOAMHOTOOOPa3Hi, B TeKymeM Tofy 3ToT peayabTar
Gult yeuaen BonsGorom (HosockGrpek), nokasasmmkM, yTo MEOrooGpa-
sHe TPYNNOHA0B, ONPEABAAEMOe TONAECTRAMK X Xy = yx: X = X, TAKKe
CONEPAHT KOHTHHYYM MHHHMAJIBHMX - IDAMHOr000pasHi. ' '
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Hs TeopeMil KOMOAKTHOCTH CJ€LYeT, YTO PelleTKH L.ESI, Ly 2,.!,,32
He MOryT HMEThb Ipou3BoibHOe cTpoenue. Cnpamusaercs,

B) Kakue pewernku mozym Gwmo peaiusosamn 6 sude pewemnok Ly &,
Lg® 0aa nodxodsuyux muozcobpasudl (xeasumroeoolpadui) R

2.2. Fpynnouawu ksasumuorooGpasnii. Hoseil noaxoa Kk Hayuénkio
mHorooGpasufi rpynn samna 8 1956 r. X. Hefiman [31]. Ona seena
aCCOMHATHBHYIO ONEpamHi0 MepeMHOMeHHA MHOrooOpasuih  rpynn
H NpenioMnna BMecTo pemeTks Ly® uayuars noayrpynmy Gy® seex
rpynnoBelx MHoroofpasifi OTHOCHTENLHO YIOMAHYTOTO YMHOMEHHA.
OnHpasicb Ha peayJbTaTel nurHposasno# craten (311, B. Hefiman,
X. Heifiman 1 I1. Hefiman (1962) ESE? 1 Hesapucuno ot HAX A. lImensknn
(1963) [33] nokasanwn, utoG 5@ apasiercs cBOGOAHOM MONYTpynMok ¢ Hy-
aem H egiunLedi, OgHAKO MOIHOCTE 3ToR NOAYIPYNNL (3aBeAoMo GecKo-
HEYHas H He NMPEeBHIUAIONIAA MOUIHOCTH KOHTHHYYMa) OCTAETCH BCE ellle
HeH3BECTHOMH. ;

BeposaTtHo, uenecooBpasHo no aHANOTHH C YMHOMeHHeM MHoroobpa-
aWit Tpynn BBeCcTH caenywiuee $-ymHoMeHne MoOLX NOAKAACCOB MpPoO-
H3BOJILHOrO (DUKCHDPOBAHHOrO Kiaacca & anreGpaHuecKHMX CHCTeM.
A wuMenno ana awobux ¥ < K, £ = & nonaraem A€ U & £, ecan

A € ® u cywectsyer Takan Gaxrtopercrema A/0, uro A/B € & u noGof
emekHufl Kaace al (a € A), apasiomuica -nogcueremofi B A, npH-
napnesxur A (em. [411). Jlerko nokasupaercd, uto ecid ¥ ects V-kaace
nid. @-knace Koweunoft cHrHaTypsl, To K-npoHseegenue MIOOGLIX ABYX
ero V-Nnojikaaccos (COOTBETCTBEHHO (-nojkiaccoB) ABNferTcs CHOBA
V-nogknaccom (E-noaknaccom). Takum ofpasoM, HapALY ¢ pelleTKaMH
Ly®, Lg® B ykasaHueiX caydasx MoMHO DACCMATPHBATH [PYNNOHIH
Gy R, {]ﬁi. HurepecHo oTMETHTB, 4TO [@me B ciyuae, Korza § —
MHOrooOpaske moayrpynn, &-npoM3BeneHHE NOAMHOroUGpasuii MoMeT
ne 6uTH mogMHOrooOpasHem. OfHAKO ecllH Ha BeeX anrefpax KaKoro-
nubyAb MHoroofpasun ® KOHrpysHIHH nepecTaHOBOYHH M CyllecTByeT
TEPM, BCE 3HAUeHHA KOTOPOrO COBMAJAKT H 00PA3yIOT OIHOSAEMEHTHYID
nonaareGpy B Kawaoii &-anrebpe, To K-npouapeneHHe noaMHOroobpa-
aufi 6yger noaMuorooGpasuem B K, 7. e. B 3TOM CIyuae rpymnnoHa
Gg & oyner-cozepxats G, & B KagecTse cBoero noarpynnonsa. Moxuno
YKa3aTb H YCJIOBHS, NMPH BHNOAHEHMH Koropeix rpynnoxas Gg &,
G® Gyayr acconuaruerbl (cm. [41]).

IMycrs & — xBasuMHoroo6paske Kokeunolf curuatypsi H £ € Gg &.
flcrHo, uto B ofuiem cayuae L-npoHaBegeHHe JBYX NOiKBasHMHOroo6pa-
suit ¥3 £ Gyler omaHuatbes oT K-npoussenenus ux H noromy Gg@

e Gyaer moarpynnongom rpymnonna Gg®. Ecan ke okamercs, uro
2g8 = &, 10 Gg¥ Gynmer nofrpynnoHioM B Gg & Bro nokasumaer,
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HTO, MOMHMO HaXOWAeHHs obinell CTPyKTypLl IPYNNOHL0B Gy &, ocobuift

:;;‘gpec [IpeAcTaBAser 3ala4a HAXOMIeHHA HIEMIIOTEHTOB 3THX IPYINO-
C nocnenwedi sajaueit Tecwo csssama 3anaua T. Tamyprr [38]
gﬁ HAaXOAIEHHH TAK HA3LIBAEMBIX 1 OCT M # H M B X [01KBA3HMIIOTO-
pasuil B laHHOM KBasuMHOrooSpasum. JLefCTBHTEILEO, JIErKo 3ame-

THTb, HTO H3 AOCTHAHMOCTH NOAKBa3HMHorooGpasus W B & BuTexaer
uTO ‘

(od)oW =%

Ang  npoussonsioro ¥ € Gg &, ITpu nexotopsix
H o6paTHoe. a p PBIX YCAOBHAX BEepHO M

H3 cxasaWHOro peillie BrTeKaer, B YacTHOCTH, gTo ecliH & — MHoro-
ﬂgpﬂﬂﬂ KoJIell, YN HAH KOMMYTaTHBHBEX JYI, TO noaMHorooGpasa §
00pasylT rpynnoHa orHocHreabHo K-ymuomenws. Boamomno, wyro

:;:;mpue H3 ITHX rpYNNOHAOR GYAYT HMETh HE OueHb CAOMKHYIO CTPYK-

Cutiupckoe omdenenue AH CCCP,
Hosocubupck, CCCP
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ABTOMOP$ HBIE & YHKLHH
H APHOMETHYECKHE rPYNMbI

HOHNSTEUKUA-WANMHUPO

Beenenne

Teopua aBroMopdHEIX byHKuKE o MEOrEX nepeMellHLEIX CoBEpIteri-
HO HE AHANOrHYHA KJAacCHYeCKoH Teopuu 4BTOMOPDHEIX GYHKuul or
OAHOrO KOMIJIEKCHOrO nepeMentoro. OaHa u3 MPHYMA STOrO B TOM,
uTO BCe anrefpaHdecKHe KpHBLe YHHGODMHIHD YeMhl, B TO BPEMA Kak
B Clyuae MHOTHX TIepeMeHHHX anrefpauwveckne MHOrooGPasHs, Kax
NpaBHIO, He YHRPOPMUIHpYeMEl., AHaJorH4HAs CHTyallH HMEET MeCTO
ANH AHCKPETHHX rpynn. B ciyuae ognoro koMmaekcHoro nepeMesHoro
AHCKDETHLIE TPYNNLl CPABHHTENBHO MPOCTO CTPUATCA H ONHCHBAIOTCH
€ MOMOMBI0 TeOMETPHYECKHX coofipamenuii. B- MHOTIOMEPHOM CJyuae
COOTBETCTBYIUIHE AHCKPeTHRIe TPYUNE  CTPOATCA, KAK mOpasuio,
€ MOMOUBK apHOMETHYECKHX cooBpamenwii. BechMa BEPOATHO, wTO,
32 HeGOIBIIHM YHCIOM MCK/IOUCHHI, Boe AHCKPETHEIE TIOArPYINk! momy-
MPRCTHIX rpynn /I (He TobKo BemecTBeRnEIX, HO faKe H P-alHYECKHX)
ABNAIOTCA apUOMETHUECKHMH Tpynnamd. Tounas (hopMyaHPOBKA 3TOH
THMOTERH, O0CYMIeHRe HCKAIOUENHR H3 Hee H HeKoTopHe ofofiuennsn
AAOTCHA HuWe B M. 3 H 11 Hactommero JOKaa0a.

CoBepuiento me scHnl B HacToAwee BpeMs HCTHHHOE MecTO M podb
MHOTOMEPHBX YHHPOPMHIHDYeMBIX anre6panyecKHX MHOrooOpasufi, He
ACEH 1a¥e A3bIK, Ha KOTOPOM MOMKHO GRITO 6kl ONHCATL STH MHoroobpa-"
3ug. CKnajbiBaercs BmeuaT/leHwe, uto CTAaHAapTHBIA ALK anrebpanue-
CKOH TEOMETPHH He NOAXOAMT ANs 3Toii nesu. Brogne BO3MOMHO, UTO
Al pelUeHHs SToH NpoGieMbl Hy®KHO anreGpaH3OBaTs> TEOPHIO ARTO-
MOPGHEIX DYHKUHEH, T. e. NpHaaTh efl hopMy, B KOTOpoH oHa 6ul HMeaa
CMBICTT Hal NPOHIBONBHEIM TOJIeM KOHCTAHT.

Knaccuyeckass Teopus aGenemmx OVHKIHH NOJHOCTRIO PACTBOpH-
JIACH B COBPEMEHHO alrebpaHueckoii TeOPHH AGeJeBhix MHorooOpasuit
Hal MPOHIBOALHLIM noneM (cu. Tarme pabory Mambopaa [25]). ITojo6Ho
STOMY COBDEMEHHA TeOPHH KOMILIEKCHO-IHATHTHYECKHX apTOMOpHLIX
yBKiHE, OHTE MOXKET, JHLIb AOJIMHA NOCAYHHTE HCTOYHHKOM Il
KaKofi-inbyap Gonee anreGpanueckoif TEOPUH  (HAMPHMEp, TeOpHH
anre0paHyeckHx MHorooGpasuii, ofuragamowwuy KBa3HOAHOPONHEIMH
HAKPRITHAMM; M. 1. 9),

B xnaccuyeckoii TEOPHH apToMOpPHEIX GyvHEUHA OT omHoro xom-
TIEKCHOrO NEPEMEHHOro BO3MOXKHA H Apyras KOHUEMUH:, B KoTopoi
Ha [1epBoe MeCTO BLIBHIAETCA He MpoLece YHHpOPMHIATHH aarefpanye-
CKO#l KPHBO, & CTOCOGE KOHCTDYKUHH JAHCKpeTHOH Tpynne. 3ra KoH-
UEMIHA TAKKe MOABEPrAach B MOCAEAHHE TOAM 3HAYHTENLHOMY pa3eu-
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THi0 H obobumenwmo. [Ipexue seero oTmersm, uTo ¢ TOUKH apeHHs
AHCKPETHEIX TPYNN OLUI0 HEeCTECTBEHHO OTPAHHYHTLCH TOABKO CJy-
HasAMH, CBA3AHHEIMH C KOMIIEKCHO-aHAMTHTHYECKHMH ABTOMOPHhHBIMKE
bynxunamMy; OGolee ecrecTBeHHOH SBAfeTcH 3afaua  HCCAENOBAHHKT
AMCKPETHHX MOArpYNN BeeX rpynn JIH, B TepRyio ouepent 01 ynpocTLX
rpynn Jlu. Tlo-BHanMoMy, HenenecooBpasHo OrpaHHYHTECA TONBKO
BEILECTBEHHBIMH  rpynnaMu JIu; p-apudeckne rpynnu JIH AouKHb
3aHATE PABHOMPABHOE MECTO HApANy C BEMECTBEHHBIMH rpynnaMmi JIn.
He nckimioueno, ato nanGoliee HHTepecHsle apH{METHYECKHE NPHIONKE-
HHA GYAyT CBA3AHBI HMEHHO ¢ pP-aJHYECKHMH rpynnamu Jiu.

3afaua MCCAEAOBANMS CBOFICTE KOMMJIEKCHO-3HAIMTHUSCKHX ABTO-
MOPPHBIX PYHKIHA H aBTOMOpGHEIX opm TparedOPMEpOBaNach B 3aaa-
4y Hce/efOBaHHs BCEX (YHKUME Ha NanHofl ToNMoMoruveckodi rpynne G,
KOTOpLle HAB2PHAHTHL OTHOCHTENbHO AaHHON AHMckperxoft rpynnu I
B ocHoBHOM 3nieck HHTEpecHO PA3IOAKHTL Ha HENPHBOIHMBIE TIPEICTABIe-
HHA npeicrasienue rpynnel G B npocrpanctee L2 (T G).

HauGonee comepmatenchum slech #misercss cayuaf, Korga G —
rpynia apeneii HeKOTODOH DEIYKTHBHOH anre6paHuecKOH rpyniiu,
onpefenennoit Han Q, a I' — ee noarpynna raasumx anencii. B stow
Ciy4ae ecTecTB€HHO BOIHHKAKT HEKOTODLIE A3€Ta-(VHKIHH, TECHD CRfA-
SAHHHE C KnaccHueckol A3eta-dpyuxuHeli Pumana, a nHoraa name apHo
BhipaMaiounecs yepes nee. OTMETHM TaKie, YTO H3BECTHAS THIOTE3a&
[Merepcona o coBcTBeHHBLIX 3HAYEHHSX OnepaTopos [eKKe oweHb ecTe-
CTBEHHO HHTEPNPETHPYETCA B TéPMHHAX CBORCTE HeNpPHBORHMBIX Npel-
CTaB/IeHHH, BXOAAIMMX B NpeacTasiense B npoctpancree L2 (T'N G);
cM. [9], [22]. Boxee noapoGio o6 strom 6Gyaer ckasaHo B 1. 6,

I. OGnacts cymecTsoBaHHs aBTOMOPOHEX dyHKURI

Hyere D — orpanuuennas o61acT B 7-MepHOM KOMIIEKCHOM Npo-
crpaHcTee, a I' — mHckpeTHas rpynna aHaaMTHYECKHX ABTOMOPHH3IMOB
(B33aMMHO ONHO3HAYHKEIX AHANHTHUECKMX oTobpamennil) ofnactd D Ha
ce6s. Mepomopdnan B D dynKuss, HHBAPHAHTHAS OTHOCHTEIbHO BCeX
npeoGpa3sopadiii H3 rpynnkl I', nasweaerca aproMopdHoll dyHKuHeH.
B cayuae korja D) — epprHYHBI KPyr, HakJagLEBAETCH A0NONHHTE b
HOe OrpaHHueHHe MepoMopdHOcTH B napaGoHYecKHX BepuiHHAX rpa-
HHLLI. )

HanGonee Bamubifi Kiace obnacreii Jis TEOPHH ABTOMOPGHBIX
QYRKIHMA — 3TO TaK Ha3kBaBMble OrpaHHUEHHLI® CHMMETPHYECKHE 00Ma-
ctH. Kak HapectHo, o6nacTs [ HasuiBaeTCA CHMMETpHUeCKofl, ecau ns
KaKJoH ee TOUKH 2p CYNIECTBYeT HHBOMIOLHA, T. €. abToMOphHIM o
obnacth D, KBajpaT KOTOPOro paBeH elHHHIIE H Y KOTOPOro HeT B ofia-
crd D) HenoJBHAKHEIX TOMEK, 338 HCKJIOWCHHEM TOUKH 2. Beskas orpann-
YeHHaf CHMMeTphueckas obaactb OAHOPOAHA, HO OOpAaTHOE HEBEPHO.
Kaxpan orpanHueHHass CHMMETpHYECKAs OGNACTh HBJASETCH OHOBPE-
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MEHHO CHMMETPHYECKHM pHMaHoBbiM npoctpaicrsoM. [Tonnayack sThm,
3. Kapran [1] nonsocrero packnaccuLEpOBan Bee orpaHHUEHHble
CHMMeTpHUeCKHe olnacTH,

Tunaduei npHMepoM cHMMeTpHHCCKHX ofnacteli SBINETCH Tak
HaspipaeMul Kpyr 3mrens. [lyere p — uexoTopoe nodoMHTENBHOE

+1
1eoe uHcao. PaceMmorpum % -MEPHO® KOMILIEKCHOE NPOCTPAaHCTBO,

TOUKAMH KOTOPOro CIYMAT CHMMeTpDHYeCKHe MaTpHusl Z nopsgka p.
OGo3natum uepes K, COBOKYIHOCTE TAKHX MaTpHu Z, Y KOTOpHIX Bee
COGCTBEHHLIE 3HAUEHHA MaTpHlbl Z Menbire 1. K, ecto Kpyr 3ures.

YnoMsaHem 3jech Takike 06 OrpaHHYEHHEX ONHOPOAHNHX ofulacTax.
Monnan kraccHpHKaUMT H HooAeloOBAHHE CBOMCTEA OIHOPOIHLIX ofna-
CTeH ORVIA Mo yyeHsl cpaBiHTeAbHO Hepasho [15), [16], [17]. Oxasanocs,
WTO OHH OGIANAI0T PHAOM CBOACTE, CXOMHEIX CO CBOFCTBAMH CHMMeTpH-
yeckHx ofmacrefi, Hanpumep, ece ogHopopunie ofitactH onapasor
peanusalnel B BHAE HeorpanuuenHof adPHHHO ofHOpoAHOH o6nacTH,
2HAMOMHYHOH DeANH3alHKE, KoTopas CyUeCTBYET AAf CHMMETDHYECKHX
oGnacreil. Bee oqnoponubie 06lacTh romeoMopdibl BHYTPEHHOCTH 1apa
u 7. JI. ONHAKO OJHOPOAHHX OfnacTell 3HAYHTENBHO GOJbLUe, YeM CHuM-
METPHYECKHX, HATIPHMEP 9HCIO CHMMETpHUECKHX obnactell 1amHof pas-
MEDHOCTH KOHEYHO, & OLHOpOmHbIX oflacTefi, HaukHas C pasMepHo-
CTH 7, yHe KOWTHHYYM [l]":’.‘U

Xota opuopogHbie 061acTH 061analoT MHOTHMH CROACTBAMH, aHAJO-
THYHBIME CBOHCTBAM CHMMETPHYecKHX of/iacTefi, HX HenoCpejJCTEEHHAR
pPOiL B TEOPHH apTOMOphHBIX dYHKIHHA, BHAHMO, HERENHKA. 3T0 ofbac-
HaeTcs cnenyomuM. HanGonee paxuyto ponb HrpaeT KIace IHCKpPeTHRIX
rpynm ¢ KoHeYHuM 00neMoM dyHiaMeHTaNbHOl ofacTy. TakHX JHCK-
PETEHIX TPYNN HET B ONHOPOZHLIX HecHMMeTpHuecKHX olmacrTax.

Hackonbko sHaer aBTop, B HacTosiee BpeMs HEH3BECTHO, MOCYT JAH
CYWECTBOBATE HEONHODOAHHIE OrpaHHYEHHbIE OGACTE ¢ AHCKDETHBIMH
TPYNnaMH aHalHTHYECKHX aBTOMOPPHIMOB C KOHEUHBIM OGheMom 1)
dyHIaMeHTANLHOH obMacTh.

Ouenb BO3MOAHO, 4T0 npocTpadcTso Talxmionnepa ABARETCS TaKoil
ofaacTei0. Ty FHOTeay BHCKaswbaa npopeccop Bepe. He uckmovero,
UTO . TakHe OOJACTH MOMHO NOCTPOHTh, DPACCMATPHBAA NOXXOLANIHE
NOAMHOIOOOPa3Hs CHMMETpHuECKHX o0aacreli, anallOTHUHO TOMy, 4TO
BCAKYIO OTPRIHYEHHYI0 OQHOPOIHYH) O6IACTE MOMKIO BIOXKHMTL B BHIE
KOMILIEKCHO-dHA/IHTHYECKOrO  MOAMHOr006PA3HT B CHMMeTpHUECKYIO
obaacth, Hanpumep B Kpyr 3urenss K, npH HeKOTOPOM AOCTATOYHO
Gonbmenm p. BAQHKEHHE Jame MOMKHO COETAThb OIHOPOIHEIM, T. €.
TAKHM, 4TO NOArPYNna rpynnel BeeX AHATHTHUBCKHX aBTOMODGHIMOB
o6aactd Kjp, llepesoasimas AaHHOe NoaMHorooGpaske B ceGfl, TPaH3H-
THBHA Ha HeM [13].

') HueeTca B BHAY 0GbeM B CMBICAE MEDLI, CBASAKHON C MeTPHKOI Beprmana.

H. H. DATEUKHA-IWWATTHFO 235

2. Noas asromopubix dynkumik

CoBoKynHOCTb BCEX aBTOMOP(HEIX OTHOCHTR/BHO JaHHON THCKpPeTHOH
rpynne GYHKUHE, oueBanH0, obpasyer none. Kaxosa crpykTypa storo
NoNa? 310 OHH H3 UEHTPATBHHIX BOMPOCOB KAACCHYECKOM TEOpPHH
KOMIIEKCHO-aHANMHTHUECKHX aBTroMOphHuix  diwvKnui, B tHnnunmx
CAYuaax 3TO fNojie SABAAETCH nolem anrefpanyecKHX GyEKuHA OT TaKo-
TO e YACla MepeMeHHHX, KakoBa pasMepHocTe ofmacte [,

[lyerb D) — enHnunmé Kpyr: |2z | << 1, T — QHCKpeTHas rpynna
ApobHo-THRefHLX npeoSpasopanai D Ha ceba. O6osnauum uepes P
nofie asroMopdHnix GyHKnul orsocHTensHo rpynna I'. Xopowo u3pe-
CTHO, 4TC nofte P apasercs noneM anre0paHyeckuX ¢yHKIHA oT ofiHoro
nepeMeHHOro Torja M TOALKO Torja, xorga paxtopnpocrpanctso D/T
MMEET KOHEYHYIO IVTOIanb B cMbicie Mepw JloGagesckoro. Bectma
BeDPOATHO, YTO aHANOrHYHAS TeOpeMa cnpapelffea A1s mobofi orpaHy-
ueHHOH cHMMeTpuieckoli ofaacTh wan aawe nasa moGoft orpanuyernof
obuiacti D, OfHaKo, HACKONBKO H3BECTHO 8BTOPY, 3TO [0 cHX NOp He
JIOKA3aHO,

3. ApudmerHueckne rpynns

HauGonee Bamuulli Knacc OHCKPETHHX rpynn B CHMMETpPHUECKHX
o6nacTAX — 570 apAdmeTHUeckHe rpyNNbl. THIHUHBM NpHMEDOM apRd-
METHYECKOH rpyNnsl MOKET CIYHMHTh MOLYASPHAS TPYNNA, T. €. rpynna
ApOGHO-AHHeAHEX NpeobpasoBaHuil pepXHed noaymnaockoetd Imz > 0
C LEeNHME KO(PHIMEHTaMH W OnpefenHrenem |:

az--b
_}cz-i-d *

ApHpMeTHYECKHE TPYNNH ONPelefsioTea Kak MHOMKECTBA IeIbIX TOUeK
HEKOTOpOi anreGpanyeckoii rpynnbl, onpeleseHHol Haj NoleM pauyo-
HAMLHWX YHcea

Hanomuum BHayane onpenencHue anreGpandeckoil rpynnul. [Tyets
GL (n, C) — mauxyngoc'rh BCEX KOMIIEKCHBIX HEBLIPOAKIEHHBIX MaTpHI
nopanka n. Anrefpativeckoll rpynnof HasWBaeTCA NOATPYINA IP Yk
GL (n, C), swaenseMas YCIOBHAMH oOpalleHHs B Hylb HeKOTOporo
UHCAA [I0AHHOMOE OT 3JeMEeHTOB Matpul. Ecad 3t nolnHoME MOMHO
BROpaTh TaK, 4TOOW BCE HX KOS(MOHIHCHTH NPHHAANEKANH MO/
PAUHOHANBHLIX uHeeN (, TO FOBOPHT, WTC 3T4 rPYNNa onpenesena nag
nonem Q. Ecnn k — vexoropoe Kodbito, T0 uepes (G, ofosmauaercs
MHOMECTBO Touek rpynisl G, onpefenenuulx Ban k, onpenedurels KoTo-
pBIX ecThb eHHHLA Koabla k. Tloarpynna Gz (£ — koasio ueanix uneen)
HA3LIBAETCH apuipMeTHUeCKol nogrpynnofl rpynnkt Gy, JlrwoGas guckper-
Hag noarpynna I' rpynnu Gy, mepecesende Kotopod ¢ noarpyniol Gz
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NpEnCTapiaAeT MOArpynmy, HMeoUlyio KoHeunnf Hugexe Kak B T, Tak
n B Gz, makke Haskisaercs aphdmernuecxol moarpymmofil. Otvernm
eme caenyiomee. [Iyers rpynna Gu npegcrannsier coboii npsamoe npo-
H3BEJeHHe KOMITaKTHO# rpynnil X H Hekoropoll rpynnu Gy, O6oanaumum
uepe3 @ ecrecTRexnyl npoekuuio G Ha Gy, Herpyaso BHmers, uto ¢
MEPEBOIHT MHOMECTBO, NHCKPeTHOE B Ur, B MHOXKECTBO, AHCKpeTHOe
B G;. Cnenosarensuo, ¢(Gz) npencranager coGoft IHCKPETHYIO MOArpyn-
my rpynnk Gy. Jluckpernnie rpynns, nofyuaemste Takoi HOHCTpyKuHed
H3 ApHQMETHUYECKHX TPYNN, Takxe HA3LIBAIOTCH apHOMeTHYeCKHM
rpynnamd, Takum o0pasoM, OKOHYATEALHO 4718 OMHCAHHS Beex apadMe-
THHECKHX MOArpYnn AaHHOR pelllecTBeHHOR Nonynpoctofl rpynms Jiu
G, Hy#Ho naiTH Bee anrefpanveckne rpynns G, onpeleteHALIE Hal Q,
H TaKHe, uto Og = K = Gy, rue K — HEKOTOPAA KOMMaKTHaA rpynna
J1u. ]

OyunamenTansusil pesyabtat npunaplexur A. Bopemo u Xapuur-
Hanapa [4]. Onn nokasanm, wro ecin G — noaynpocras rpynna Jlu
H I' —ee apudMervueckas mnoarpynna, 1o ofbeM daxropnpocrpan-
ctea I' G wkouneuen.

[laBto ¥3BeCTHO, KAK MOCTPOMTL AHCKDETHBIE CPYMNL B MAOCKOCTH
JlofaueBcKoro ¢ KoHeuHofi nOWANKIO -(yHASMEHTaNLHOH oBAacTH.
B apyrux ciyuasnx ouens Joaro He ymaBamoch MOCTPOHTD TAKHe npHMe-
pei, A, CebOepr BHCKA32/ THIOTE3Y, UTO Bee JHCEpeTHsle Nogrpynms [°
NOMYVIPOCTEIX BEIECTBeHHWX rpynn JIin ¢ Koneunbin ofbeMoM daktop-
NPOCTpaHCTBA, 34 HEGOIBIIHM YHCJIOM HCK/UOYEHHH, ABAMIOTCH apHdme-
THYECKHMH rpynnaMi. B noabay storo upeanonoxenns rosopaTt nomy-
YeHHLIE HeJlABHO 3aMéuare/ibuble peayibrarsl A. Befing [20] u A. Cenb-
Gepra [3].

A. Beitis nokasa/, uto MpOCTPAHCTBO HECONPSHMEHHAIX THCKPETHBIX
NOATPYNN BEWECTREHHOH Npoctolt rpynnst Jli G ¢ KoMnakTHEM hakTop-
MPOCTPAHCTBOM COCTOHT H3 H3OJIHDOBAHHBIX ToueK (ecid G oTiHuHO
OT TPyNNbl BEIIECTBEHHLIX MaTpPHIlL BTOPOro MOPHAAKa).

A. CenbGepr NpH TeX e NpeAnoIoKeHHAX N0Ka3al, Yo CYULECTBYET
NpeacTaBaenye rpymibl G, NpH KOTOPOM BCE SMTeMenTHl rpynnut ' samnu-
CHIB3IOTCA MaTPHUAMH ¢ ajareSpaHuyeckHMH 3sqaemenTamu, |locaemuui
Pe3yALTaT ¢ MepROre BAMMAla KameTcH SKBHBANCHTHBIM FHIIOTE3E O TOM,
uto rpynna I' apapmernveckan. Xors 570 BRewatieHue u obMaHIHRO,
BCC e Haleala HCOWIBL30BATH ITOT pe3yabTaT AAA JoKazaTteNbLCTBa
runoresst A, CenwGepra ocraercs. .

B Hacrosiee mpems runotesy A. Cenufepra yaamoch HoKasaTh
JAHUIL TMpH HEKOTOpPHIX JONOMHHTEABHEIX npeanoioxedHsx. Hanfogee
HHTEDECHHH DE3YALTAaT B 3TOM HAMPABNEHMH NPHHALIEKHT CAMOMY
A. CennBepry, Kotophil paccMaTpHRAN AHCKpeTHbie TPYNnLl B NpOH3Re-
JerHH n (n > 1) ndockocreit JloGaueBckoro. -3Tor pesyabTaT Obla
ofbasien A. Censbeprom Ha MeXIyHapomioll KoHpepeHIuH no TEODHH
¢$yHKUMHA KoMIteKkcHoro nepementioro 5 Epepane 8 1965 r.
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Apyroii pesynsTaT B 5TOM HaNpamICHHN NPHHALIENKHAT JOKTA LM KY.
On cocroT B TOM, WTo BCAKas AHCKpeTHas noirpynna THoa [exke
npocrofi rpynoet JIn G, pacuwennsemof Han R, smisercs apudmeTHe-
CKOH, ecJid panr rpynnd (G Goasllle yeM elHHHMA.

Tlpex e uen npuBecTH onpenenelue rpynnsl Thna ekke, Ham npH-
JeTcid HanoMHuTb -psf noHatHli. [lyete G — npocran meutecrsensas
rpynna Jla, A — MakcHManbHasA KoMMyTaTHEHAas MOATpYMna rpyn-
nel G, AMaroHand3yemMas Haj NoJeM BeMeCTBEHHHX uHced. O603Havmy
uepes Z (A) u N (A) nentpanuaatop W Hopmanusatop rpynms A,

Tpynny 8 = N (A)/Z (A) npunsto HaswBaTb rpynnoit Bedtns rpyn-
m G. ' '

Huckpernyio noarpynny I' rpynmut G yeaoBuMes Haanisats rpynnof
THna ['exKe, eClK CyWeCTBYIOT TAKAA MaKCHMA/bHAas HHIBIOTEHTHAN
TOLrpynna Z W MaKCHMadbHas JHAroHalHayeMas Hal MoleM Beile-
CTBeHHHX uucea R nogrpynma A, uro

1) dakropnpocrpancteo Z/A (rie A = I' 1 Z) KomnakTHo,

2) A npHHAnneXHT HOpManHaatopy Z,

3) paxroprpynina N(AYNT/Z (A)OT coenapaer c S.

Hanpumep, nycTe G — rpynna BeiiecTBeRHEX MATPHIL 7-TO TOPAAKa
¢ onpefeaurene |, Ofosnaunm uepes Z BEPXHIOW TPEYTOIBHYIO Mof-
rpygny rpynnel G, a vepes A — nHaroHaNLHYH NOACPYNRY rpym-
nu G.

Ilyere guckpernas nogrpynna I' copeput mse noarpyuns A 1 W,
TaKHe, 4TO

1) A = Z u daxropnpocTpancrao Z/A xkoMmnakrHo,

2) W€ N(A), nopamox .rpynnet W/W () Z(A) parex n!

Toraa rpynna I' asmserca rpynnofi Tuna [exke.

Tlocse TOro Kak MLl NPUBENH H DOACHHIH NOJHYIO (popmynupoBKY,
CKa#eM HeCKONbKO CJ0B O MeToje joKasateabcTsa. LlenTpansuuif
NYHKT N0Ka3aTeJbCTBA — ITO NIOCTPOEHHE MO AKCKpeTHol rpymme T
HeKOTOpOH anre6pel JIu Haa Q. Pasymeercs, ranas KOHCTPYKLHS He
He HMeeT CMilCia B ofuiedl cHTyankd. OiHako B YC/IOBHAX TeopeMul
JAMCKPETHBIE TPYINLI OKA3BIBAKTCA KOPHeBEIMH, T. e. HX llepeceycHye
¢ HeKOTOpO#H CHCTEMOM COOTBETCTBYIOWHX KOPHEBHX NOATPYNN HETpH-
BHAILHO, [loIb3yACh STHM, MOMHO ONPENEAHTb HEKOTOPYI anreGpy
JIn U wan Q. Kouerpykmuio stoft anre6put Jlu MomHO NpoBECTH, NaKe
€C/H B YCIOBHAX TEOPEMH OTKA3aThCs OT TpeGOBAHHA, 4TOGB paHr
rpynnel € Obi1 Goabife equnnansl. Oanako B sTom cayuae Pa3MepHOCTh
anreopst ¥ Han Q Momer okasaThes faxme Geckoneunoit. B cayvae xe
Koraa pawr rpynnul G Goablue YeM €NHHMILA, MOMHO MOKA3aTh, YTO
pasmepHocts aarefput W nan Q pasua ToMy, ueMy el MOJOMEHO GHITH
PaBHEIM, T. €. BEllECTBEHHOH pasvepHocTH rpynnsl G. OrMernm, uro
Hlies KOHCTPYKIHE aireOpel JIH Mo AHCKPETHOH rpynne, GbiTh MOMKET,
obofuiaerca Ma- cayual, korma Qakropnpocrpaterso I G Kow-
NaKTHO. .
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4. Mprmepsl HeapHMETHUYECKHX JHCKPETHBIX TpymN

Ileppuiit npuvMep ReapHpMeTHUECKOI NHCKPETHOR PPYNINLL ABHMEHHE
B TpexmepHOM npocTpaHcTse JI06aueBCKOTO C© KOHEUHHM OOBEMOM
gymamemanhunﬁ obracti  npuHagnexnr B. C. Maxaposy [28].

. B. BunGepry [29] yaanoce ofofmurh komcTpykumio Makaposa
H NOCTPOHTh AHANOIHYHLIE TNPHMEDPBI B 4- H 5-MEPHBIX NPOCTPAHCTBAX
MoBaveackoro.

Bee stm npmmeps npencrasnsior coGolt rpynnbl, MOPOACIEHHBIE
otpaxiennaMH. O6ULYI0 TEOPHIO TPYNMN, NOPOKICHHEX OTPAMEHHIME
B EBK/IHJI0BOM H NCERIOERKAHIOBOM NpocTpancrse, pazpaGoran Kokee-
Tep. 2. B. Bunbepry ynanock ycnemro HCNOMLIOBATEH €€ 15 NOCTpoe-
HHA NpHMEPOB HeapHPMETHYECKHX JHCKPETHBIX CpyLi.

OtyeruM, YTO NOCTPOEHHEIE JAHCKPETHRE [PYMMh, No-BHAHMOMY,
06/1a0aI0T MECTKOCTBIO, XOTH 3T0 H He JOKA3AHO B HACTOALLEE BPCMA.
3. b. Bunbepry yaanock Takke nocTpoHTE MPHMEp HeapudMeTHueCKolT
AHCKPETHOH TPYNMBl € KoMNAaKTHHEM (aKkropnpocTpaHcTBOM B 3- M
H 4-MepHHX npocTpaHcTsax Jlo6auesckoro.

5. Mona asTomopdrbix dyHKuHA
OTHOCHTE/IbHO APHIMETHUBCKHX TpyNm

[lyete D — orpanuuennan cHMMerpkueckas ofVIacTb B n-MepHOM
KOMINIEKCHOM mpocrpadetse. [pynma G Bcex aHaJHTHYECKHX aBTo-
MopdHavos ofiactd [ npeiactasizer coGoff, Kak Xopolio H3BECTHO,
NOAYIPOCTYIO0 BelecTBeHHy D rpyniy JI4. Yenopumea aprpueTrueckne
NOArpYNIs rpynne (¢ HA3LBATL APHPMETHYECKHMH TPYINAEMH AHANH-
THUYECHHX aBTOMOpGHIMOE. [

O6osnauynm uepes P(I') nome Bcex dyuwuuii B D, arromopdmmix
OTHOCHTEABHO AaHHoii apudmerdyeckofi rpynow I, CpaeHHTEILHOD
HelaBHO Obino pokasauo [21], [22], [14], uto 310 mose peerna npen-
crapaser coboi none anreGpanyeckHX QVHKUHE OT 1 HEHIBECTHRIX,
rie n — KoMIIEKcHaf pasmepHocts ofiactu D,

BeceMa BepodATio takie, uyro Noae onpeleieHHs apToMopdubIx
dyHKUHA OTHOCHTENDHO ApHPMETHYECKONH IPYNON NpeicTaBafeT coGod
nogre anrefpaHuecKux uuce’. OoHaKo, HACKOALKO H3BeCTHO NOK/IafdM-
Ky, 310 B o6nieM BHIE enle He NoKasano. [nf MHOMHX BAKHBEIX Clyyaes
3TO AoKkasaHo B padotax lUumypel, Belinu v gp. :

OcraHoBHMCA BKpATUE HA cliocobe A0KA3aTe/LCTBA TEOPeMbl O TOM,
4TO NOJE BeeX apToMOpdmbX GYHKUMA OTHOCHTENLHO BaHHOH apHpMe-
THYECKOH TPYnmel ABIAETCA ToaeM aarefpandeckHX dyHEnHb., Sta
Teopema 1 AafpHefiuieM OyaeT HA3LIBATHCA TeopeMofi 06 anrefpanyeckux
COOTHOUIEHHA X.

Kaxk ussectHo, nosme MepoMOpQHEIX GyHKIMHA Ha N-MEPHOW KOMMAKT-
HOM KOMMJEKCHOM MuOroofpasuM Beerga mnpeactasiaaer caboil nome
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anrefipanueckux QyHKIMH OT r HEH3BECTHHIX, Ilie r< n. M3 stoil Teope-
Mbl Cpa3y ClelyeT HYMXKHAOE HAM YTBEPHICHHE, B Clyyae, korna gaktop-
npocrpanctso D/I' komnaktno. HyxHo BOCMOMb3OBATBCH TeM, uTO
BCAKAA aBTOMOpDHAA (YHKUHA MOMET paccMaTpPHBATLCA KAK Mepo-
woppuan Qyskuua va D/T W obpatuo. B cnydae koria axropnpo-
CTpaHcTBO- [)/I" HEKOMNAKTHO, J0KAa3aTeJbCTBO TEOPEMbI 3HAUHTEABHO
croxueii. Ecrectsenso Gbio Gul monpofosaTh 1OCTPOHTH KOMITAKTH-
(pMKaLMIO, T. €. KOMNAKTHOE KOMIJIEKCHOE MHOrooOpasHe, B KOTopoe
D/T" prnamgbipanoch Gt B BHOE BCIOY TVIOTHOMO 3HANMTHYECKOTO 110j-
MHOrooGpasns. OIHAKO NOKA TAKYI0 KOMNAKTHPHKALMIO He yiaiock
NOCTPOHTL NJA JAG0i apHipMeTHdecKoH rpynne. ¥Ynalock AoKazaTh
Jume Gonee cnafoe! yTeepikieHHe, KOTOPOe, BIPOYEM, JOCTATOUHO A5
AOKa3aTENECTSA Teopembl of adrefpanyeckHX COOTHOWEHHAX, 3 HMEHHD
UTO CYLleCTBYeT KOMIAKTHQHKAUMS, ABJIAIDIAACA HOPMATBHBIM aHATH-
THYECKHM MNPOCTPAHCTBOM, NpHYEM KOPa3MepHOCTE A0GaB/AeMOro MHO-
rooDpa3usd He MeHowe 2,

Apyrofi Nougxos K JAOKA3aTeNLCTBY TeopeMmel o6 anrefipaniecknx
COOTHOLIEHHAX COCTOMT B TOM, YTOGL NPOBEPHTE YCJOBHA [ICEBIOBEIYEK-
70CTH, KoTopue ObliH Hafiftens Aumpecrtd w [paysprom [24]. Fvo
b0 nponenano s pabore [14]. Tlockosbky, onHako, Takas nponepKa
XOTS H TUpOLLE, HO OCHOBaHA MPHMEDPHD HA TexX e conOpameHHsX, uTo
H NOCTPOEHHE KOMMAKTHQHKAIHH, Mbl OrPaHHYHMCS H3OMEHHEM JiHilb.
nocnefnei. KoHCTPYKUMA KOMNAKTHOMEALHH OCHOBAHZ Ha NPABH/L-
HOM 0DOGUIEHHH TOHATHA NapaboJH4ecKOol BepIIHHLL.

Kax uspecTHO, rpanuila Mi0GOH OrpaHHY4eHHOA CHMMeTDHYeCKoil
ofaacti D cocTOMT Ha aHaJHTHYECKHX KYCOUKOB (KOMNOHEHT) pasHofi
pasmeprocTH. Kamad H2 KOMIOHEHT aHAJHTHYECKH OSKBHBAJEHTHA
HEKOTOPO# OrpaHWyeHHOH CHMMETpHuecKoll o67aCTH B NpoOCTpPaHCTBE
MeHblllero uncia Hameperud. OGoblienuem nouATHs napaGonHueckol
BEPUWHHB CJAYKHT NOHATHE KOMIOHEHTHI, PAIIHOH&TEHOR OTHOCHTEILHO-
JaHHOH mHCKpeTHoi rpynnu ' unu, Gomee wkparko, I'-paunmonantuoii
KOMNOHEHTH, B cayuae ogHoro mepeMeHHOro KomnakTHHKAIHA, Kak
X0POLIC H3BECTHO, NPOH3BOAHTCH nyTeM fofaBleHysa K GYHAaMEHTATb-
HOW 067acTH HEKOTOpOro uHeaa napaGoiudecknx vepwHH. B cayuae
MHOTHX MEepPEMEHHEIX KOMDNAKTHQHKALUHE NPOHSBOAMTCA NyTeM 1o6anie-.
HHA HekoToporo 4uena I'-pannoHanbHBIX KOMNOHeRT rpaHuns. [lpuse-
AeM Tenepnb onpefeneHne I'-paudonansiof KOMNOHERTH rpanHus. Orme-
THM, 4TO 3T0 NOHATHE I'-PAUNCHATEHOH KOMIOHENTE MOXET GLITh onpe-
AeNeHo s Mool AHCKpeTHON rpynnbl I anajiuTHYIECKUX aBTOMOPQHa-
™moB obnacth D). MoKHO TakKe YKasaTe [pollecC aHaAHTHYeCKOrQ-
pacllHpeHHA QYHKUHOHAABHOH OGJIaCTH H MOKA3aTh, UTO OH NMPHBOJHT
K HEKOTOPOMY aHAJNHTHUECKOMY HOpMansHOMY npotrpasctay. Opnako
MOKa3aTh, YTO 5T0 NPOCTPAHCTBO ABAAETCA KOMIAKTHBIM, YIA10CH JHIIEL
ans apupmernueckux rpynn [14], [21]). Huxe Mt orpannsnMes onpe-
AenenueM "I'-palHONANbHOR KOMNOHEHTH JMIUE AJs ciyuas, Korja:
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I' ectb apudmernueckas rpynna. Mycrs F — HEKOTOpas KOMIOHeHTa

TpaHHuL oftacTH D. Bea orpanuuenns obUIHOCTH MOMHO CYHTATH,
uTo I' eCTh MHOMECTBO BCeX UenuX Todex rpynmsi Gz, rie G — HeKOTO-
pas anreGpauyeckas rpynna, onpefeseHHas Hag Q, npHuem rpynna &
- BCEX aAHANHTHYECKHX aBTOMOpdHamoB o6aactH D cosnapaer c Gy.
Obosnauum uyepes @ (F) Fpyiny BCeX AHANHTHYECKHX aBTOMODDHIMOB
ofnactu D, nepesopsunx F B ceba. YenosuMes roBOPHTB, UTO KOMNO-
HeHTa F apnsiercs I'-paunonanthoil komMmoHenTofl, ecau rpynna & (F)
NpeICTaBIAer coboH NoArpynny rpynne Gg, Onpefie1enyio Hal noiem
PanHoHaNbHBIX uHCEn

[Ipu npoBefiennn pasnuuHbIX I0KA3aTEAbCTB, CBA3AHHME C nporec-
COM KOMNAKTHDHKALHH, BEChMa NOME3HBIM SBAAETCA TO, UTO ¢ Kok
KOMIIOHEHTOR FPAHMIIL CBAZ3HO OHOPOJHOE pacc/oer e, 6aso KoTopo-
ro ABAFETCA MaHHAs KOMMOHeHTA TPAHHIB. ITO PACCHOEHHE MOMKHO
OlHCATE, HAMpHMep, CAeAYIOUIEM o6pasoM. MOMHO NOKAasaTh, 4To w15
Kakmo# reogeanueckoft z (f) eymecrsyer lim z (f) = z (co), sBaAsHHO-

ftao

THACH TOuKOA rpaHuusl o6aactu D. OxasniBaercs, uto MO6VI0 TOYKY
006nacTH [ MOKHO CORHHHTD Me0IE3HYECKON B TOUHOCTH C OIHON TOYKON
NaHHOH KOMMOHEHTs! IpaHHUB, TeM caMbiM BO3HHKAET ECTECTBEHHOE
oTobpamente obaact D Ha pannyio KOMIMOHEHTY rpaHHub. 3to oTobpa-
FKEHHE W 3a]1aeT paccinoeHue. Takum o6pasoM, CIO, COOTRETCTRYIOWHI
JAaHHOH TOUKE KOMIOHEHTH, COCTOKT H3 BCEX TOURK ofitacta D, KOTOpEIE
MOMHO COGIHHHTL C 310l TOYKOH reofeanueckumu. MomkHO MOKA33aTh,
UTO KAMIHH CNOH AHANMTHYECKH 3KBHBANEHTEH HEKOTOPOH OrpaHHYeH-
HOR OnHOpoAHO# ofnacTH, Boofiue roBops, He ABJAMIOWEACH CHMMETDH-
ueckoft. HMeHHo TakuM 06pasom 6Ll MOCTPOEH MepREl mpHMep ﬁ&i
OrPaHHYEHHOH HecHMMeTpUUecKofl OMHOPOAHON ofiactH, OTMeTHM eme,
H9T0 YRA3aHHEE BHIIE PACCIORHHS ABIAIOTCA OLHODONHEIMH, T. €, TPyN-
f& AHATHTHUECKHX aBTOMODOH3MOB, COXPaHSIOUIHX JAHNOE PACCIOCHHE,
TPAHIHTHBHA B o6nractH D. MomHo nokasatk, 410 Bee OIHOPOJIHEIE pac-
CnoeHHA ofiiactH D noayualorcs yKaszaHHo# Belme KOHCTp YK Hef,
[oanoe onucanue Beex ogmopommuix paccnoenuii meex OrpanHde HHbL X
OIHOpOIHHX oflacTeil Owao moayueno B [15].

OIb3YACE NOHATHEM ONHOPOIHOrO PACCIOEHHA, MOAHO OMHCATh
KOMTMAaKTHPHKAIMIO ellle APYTUM cnocoGoM: 1oBaBaseMble TOYKH MOMKHO
HHUTEPNIPETHPOBATE KaK aHANHTHYECKHe NoiMHorooGpasud D, a2 HMenHO
KaKk ca0H I-pau#oHa/NbHBIX OTHODOMHBIX —PACCJOEHHIL. Cyuiectyer
« B Opyroe Godee npaMoe onHcadie noamMuoroolpasui, ABRJAOWHICH
w1oAMH T-pauHoHalbHEX OZHOPOAHWX paccaoenuii. Lis Toro wroGh
€I'0 MPOBECTH, HYHHO ChoOPMYNHPOBATL ABa ONpeleents: a) OrpaHyeH-
Hofl ronoMopduoi ofonouku, 6) HEKOTOPOro CHeuHansHOrO KJlacca
PA3pEIMMLIX OATPY TN, HAa3kBAEMHX noArpyniamu Carake. v onpe-
JeNeHHs TAKOBH,

IMycre X — nexotopoe Muokectso Touek oaacty D, OrpanHyenHof
ronoMopdHoi  obanoukol O(X) MHoXectsa X nasniBaercs COBOKYN-
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HOCTE BCEX ToYeK 2 € D, TakuXx, uto furs Jiobolt ananHTHYECKON H orpa-
HuuenHoOl B D QyHKUMM ¢(Z) CNpaBeyIHBO HepaBEHCTBO

| @ (2)|<sup|o(x)]
X

Monuepknem, uto TpeGoBaHHe OrpaHHUEHHOCTH B D byurunn  @(2)
BECbMa CYLIECTBEHHD.

[pusenem Tenepn onpepenesve nogrpynnu Carake. [Tyers N —
paspelamMas noarpynna rpynna G, onpeaenennas Hag Q. Ipeanodo-
HHM, uTo noarpynna N paciienima nan Q. YcAOBHMCH HaswBaTh Nof-
rpynny N noarpynnofi Cataxe, ec/iu Ona SB/ASeTcs B CBOEM HOPMAaJIH-
3aTope MAKCHMANLHLIM PA3PENIHMEIM H PACIIENHMBIM Haj Q HOpMAAbHEIM
NEJNHTENEM.

[Nocse Toro Kak 3TH onpefeneHHs NPHBEISHH, OCTACTCH BHITIOIHHTS
ofelllanie i JaTh C HX MOMOIBIO HHOE oNHCaHHe C10eB [-PalHOHANBHLIX
ONHOPOAHBIX paccioeHui. OHO COCTOHT B TOM, 4ro Cio#t I'-palmonans-
HEIX OJHODOAHBIX DACC/OGHHHA CYTh oOrpanHYeHHbe roJOMOpdHELE
ofotouku opGutel nmoarpynnsk Carake. '

6. TMpexcrasnenue B npoctpancree LI )

ITyers G — nekoropas Tononorkyeckas rpynna, I' — ee AUCKPeTHa s
noarpynna, a X =I'"\G—dakropnpoctpascreo. [yets o(I"™ ) < co.
Paccmorphm cosokynnoers H =L (T G) scex dynxkuouft f () na X
¢ cyMMHpyemulM Kanparom. B H, ecrectenso, nelictsyer yuuTapuoe
npeicTasienie rpynnel G, onpefensemMoe CASLYIOUEM 06pazon:

Tof (x)=f (xg)-

Kak mpaemio, sto npeiacrapnenwe npHBOLHMO,

Bonpocy, Kak pasnarath s1o npeicraBienue Ha HeNPHBOAHMOe,
nocssvled oGsopHLli Aokaan -H. M. leawdanna wa nponiom KOHTpecce
[5]. IMosToMy B 31€Ch OCTAHOBHMCH TOJbKO Ha OIHOM JOBOJBHO YacT-
nom sonpoce. [lerepcony npHHALNEXHT runoresa, 4To COBCTREHHLIE
3HaueHHs ofepatopos I'ekke Tp B NPOCTPAHCTBE MOAYJAAPHBIX dopm
e npesocxoaar 2)/ p. Oxaswpaercs, 9ro sta rumoTesa SKBHBa/leHTHa
ClelylomeMy (akTy, CBA3AHHOMY CO CTPYKTYPOH mOpelcrasaeHHE »
NpocTpancTBe Ug ™, G, 419 cyuas, Koriia G— rpynna matpui BTOpOro
nopsaka. HmelHo kammoe HenpueoawMoe npeacTas/ienne rPYNML GGy,
B 4aCTHOCTH 10, KOTOpoe BXOJMT B L* (Gg N\ Ga), pasnaraercs B rensop-
Hoe NpoHsBeleHne npeacTarnennii rpynn Gy, I'unoreaa Metepcona oaua-
HAET, 90 COOTBETCTBYIONIHE HENPHBOAHMBIE IPEACTABEHHA IPY NIl G,
cofepxauttecs: B L? (Gg \ G.), PaataraioTes B TEH30PHOE NPOHSBENEHHD
npeacrasnenkit rpynn Gp M, TakuM o6pasoM, NWIUb KOHEYHOE YHIO
MOMET NpPEHALJeNKATh JONOAHHTEIbHOR cepun [9], [22].

16—l220
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7. MakcHManbHEe THCKPeTHBIE MOATPYNNGI

Bumecre ¢ pannofi rpynmoil I' moGas. cousmepumasn ¢ ueli rpynna -

raKkxe asaserca apudmernueckodi. B cBasu ¢ stuM npuoBperaer sua-
YeHHe ONHCAHHE BCEX NOArPYNN, COM3MEPHMHIX ¢ AanHofl apHpMeTHye-
ckoil rpynnoit I'. B stom nysxrte peyb Haer ofl ONHCAHHH BCEX MaKCH-
MA/MbLHEIX IHCKPeTHLIX MOATPYNN, COMAMEPHMBX ¢ aanHoi rpynnofi T.

Eean rpynna G e HMeeT ueHTpa, TO MOXKHO H0KasaTk, uto I' = Gg

[14], [22]. O6osnaunm uepes I'P aambikanue rpynns I' B p-agnueckoii
Tononordd. B psje ciyyaes uMeer MecTo caenyiomas teopesa. Ipyn-
na I' sBASeTCA MAKCHMAALHOH TMCKPeTHOH Moirpynmofi rpynnu Gy

TOTAa ¥ TIWIbKO TOTAd, Koraa rpynna I'? npH n060M KOHeYHOM p A8 der-
€ MAKCHMANBHOH KoMmaxTHO# moarpynnoft rpynnel Gg,. as pasa
rpynn 3Ta TeOpeMa npoBepeHd; HacKOJbKO H3DeCTHO asTopy AOKAaja,
o0lLero HCCNeNODaHHA CHTYanHH MoKa Her,

8. TNoarpynnosl KOHEYHOTO HHAEKCa apHGMETHHeCKHX TIpymn

[Tycrs I' — apudmernueckas rpynna, 3aflaiHas CBOHM MATPHUYHLEM
npencTaBieHWeM. bes cymecTBeHHOrD orpaHHYeHHsS MOMHO CYMTATH,
YTO 3T0 npefcrapiende nenouncaento. [Tyets m — Hexoropoe ueaoe
gicno. O6o3nauum depes 1'(m) comokynHocTs Beex MartpHn ua T,
CpPaBHHMLIX ¢ EIHAHYHOH MaTpHueH mo mopymio m. [Mogrpynna T'(m),
OYEDHHO, HMEeT KOHeuHuH HHueKe B I'. YejaoBHMCH HasblBATH KOHIpY-
sHi-nogrpynnol awbyio noarpynny Ty rpynnm I, comepiaurywo
noarpynny I'(m) npH HeKoTopoM .

Ecrecteno nocraBuTh BONPOC, CYMECTBYIOT JH Yy JAaHHON apHpme-
THUeCKOH TPYINE NOArpYNNL KOHeYHOro HHAPKCA, He ABNANIHecs
KOHTPYSHI-NOATp yImaMH?

Hume wmel npHsogum NpEMep, KOrAa BCE MOATPYNNE KOHEUHOTO
HHABKCA ABASIOTCA KOHIPYIHU-MOArPYINaMH:

1) I' = SL(n, Z), rae n=3; cm, [23];

2) I' — rpynna menmlx TOMEK HEKOTOPOA NPOCTOH OXHOCBA3HOA
anreGpaudeckoit rpynnu, pacmenuMoii Haj nomem airefpamuecKux
upcen k, paur xotopoft r=2, k— He aGcomoTHO MHHMO; cM. [22];

3) ' —rpynna uednlX TOWEK COHHODHOH Tpynnbl, CBA3AHHON
¢ HekoTopoill KBaJpaTHuHOH (OPMOR € NHATRI0 HJAH GONBIUHM THLIOM
nepemMeHABIX, B KOTOPOH 4HC/AO OTPHUATENbHBIX KBAAPAaTOB, TAK He KaK
4HCA0 NONOMHTENBHEX KBaApaTos, He MeHblle aByx (/1. H. Bacep-
IOTEHH, NOTORHTCH K nedaTh).

Bo pcex paccMOTPEHHEIX CNy4afX OAHOBDEMEHHO NOKA3BIBAIOCH,
YTO YHHOOTEHTHHIE SJIEMEeHThl, NpHHALIeMallde AaHHol noarpynne
KOHEYHOro HHAEKCa, LOPOMAIOT B Hell BCErda MOATPYNNY KOHEYHOro
HHfgexca. PaccMoTpeHHe YHHNOTEHTHBIX IEMEHTOB HIPAET BaKHYID
PO/ B MOKA3aTENRCTEE MNepedHCJeHHWX BRIE DEe3yJbTATOR.
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Ilns apadMeTHYeCKHX rpynn, KoTopse IeHCTBYIOT B eHHHYHOM
kpyre |z | << 1, cutyauus apyras. HMeHHO Bo BCeX HHX €CTh MOArPYTIb
KOHEYHOr0 HHJEKCA, He SBAMolHecHd KOHrpysuu-noarpynnamy, Kak
samerna H. P. llladapenny, 310 MoxHO AoKa3aTh caepyoliny ofpaom.
Kaxnas apudmerndeckas rpynna I gpobuo-auHeiiHbX npec6paioBannit
€MHHHYHOTO KPYra CONEpKHT NOATPYNNY KOHEYHOro WHAeKca, Kotopas
W1n cBoGopHas, WK ¢ ONHUM cooTHowenHeM. [lonb3yace sTHM, MOXKHO

Noka3atk, 4To nononHenHe ' rpynow I' no Tonomorku, uHayuwposan-
HOH BCEMH TOArpYNNAMH KOHEYHOro HHJEKCA, He ecTb NPOH3BEIcHHEe
p-apuueckHx rpynn JIu. B To e BpeMms Jerko NpoBepHTh, 4TO ecik
bl BCe MOATPYNNE KOHEUHOro HHjexca GuM 6L KOHLPYSHIL-NOArpyina-

MH, T0 I' Omiia Obl Dponsseaendem p-agHueckux rpynn Jlu.

9. HakpuTHa Hap apHMeTHYECKHMH MHOT00GpasHAMH

3decb Gyner uanoxena ofxa pacora H. P. Wabapesuda # joxnaj-
unka [19]. Yeaosumes Ha nporskenss HACTOSIEro NyHKTa anreGpanye-
CKHE MHOrooGpashs, VHHDOPMHIADYeMLE aBTOMOPPHBIMH BDYHKLHIMH
¢ apHpMeTHUecKoll IHCKPETHOR rpynnofl, HaskBaTh apHPMETHUECKHMH
MHOroo6pasHsaMK. B HacToAIEM nyHKTe ONHCHIBAETCA HEKOTOpPOE CBOM-
CTBO apHdmeTHYeCKHX MHOrooOpasHii B TePMHHAX, HMEOMIHX CMBIC]
Haj NPOH3BOJIEHLIM MOVIEM, 4 He TOMTBKO Hajl NOJIeM KOMIJIEKCHHIX YHCel,
Bechma npasaonono6HO, XOTA 3TO He JOKA3aHO, YTO STHM CBOHCTBOM
00133107 TONBKO apudMerHueckue MHoroobpasHs.

CBOHCTBO apHPMETHYECKHX MHOrO0GDAsHi, 0 KOTOPOM Ml TOBODHM,
TECHO CBA3AHO CO CMEAYIOUHM CBORCTBOM apHAMETHUCCKHX MOArpynt
noNynpoCTHX CBA3HEIX rpynn JIu.

IIpHsefiem BHauane caenyiouee onpenenense. ITyers I' — auckper-
Hag ToArpynna roliofordvyeckoll rpynns (. Haaomem smement g € G

-panHoHaNbHLIM, ecaH nofrpymnsl I' v glg-! comsmepumnl, T. e. Hx
nepeceyeHHe HMeET KOHEYHBIA HMHJEKC B KamIoH u3 mHMx. Jlerko noka-
3aTk, YTO COBOKYMHOCTH Beex [-paumoHanbibx snementoB ofpasyer
rpynmy. OxasuiBaercs, Bee apupmeTHueckue mogrpynmst I' nonynpoeTsix
rpynn G ofafaor CAeayiolluM cBoiicTRoM: Toarpynna I, cocrosmasn
u3 BeeX [-pauHOHANBHBIX 3JeMEHTOB, BClogy NAoTHA B G.

He jokasano o cHX nop, XoTA H BeCbMa BEPOSTHO, 9TO T0 CHORCTRO
HMEET MECTO TOVIBKO AJA apuMeTHYECKHX rpyI.

Onnako Gea Tpyna MomHo NokasaTs caeyiomee. Ilycrs D — arpa-
HHYeHHadA oOmactb B C*. T — nuCKperHAad NoArpynna aHaqHTHUECKHX
aproMopu3MoB ofnactu D, Takad, uTo cooTBeTeTRYIOMAR $YHAAMCH-
TaibHan OONACTh HMeeT KOHeuHBIH oOBeM. -

OGo3aHaunM yepes I' COBOKYDIHOCTb BLeX AHATHTHYECKHX aBTOMOp-
¢usmos g obaacti D, takux, uto rpynnst I' u gTg-! cousmepummi, T.e,
HX TepecedeHHE HMeeT KOHeuHMH WHlexc B Kamuod #3 wux. [lycrs

16
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rpynna I" ofnapaer opGurofi, koropas Bciody nnorwa B D, torpa-

ofnactk D srnserca cHMMeTpHuecKOH OGIACTRIO.

Onnako B cayuae, Koraa D ecth cHMMeTpHYECKas ofacTk, HE J0Ka-
34HO, YTO YKasaHHOe Bhllle CBOHCTBO BHAENSAET TOALKO apHPMETHYe-
CckHe rpynnkl. HacKolbkKo H3BeCTHO aBTODY, 3T0 He CIEAHO JaKe
B CAV4ae, Korja D— ﬂEHHHﬂHHﬁ KpYTr B IVIOCKOCTH OAHOTD KOMMJTEKCHOD- '

ro nepeMeHHoro. 3

CaoiicTBO apHMeTHIECKHX MHOrOoGpasHil, O KOTOPOM HIET pPeyb, .

cocTouT B caenyrwouieM. Kaxkpoe apudmerndeckoe muoroofipasue obna-
JaeT HaKphLITHEM, KAK NPABHIO HE KOHEYHBIM, KOTOPOE ABAAETCH KBasH-
OIHODOAHEIM H KOTOpPOE pasBeTRNIEHC TOMLKO HA NojMHoroolGpazum
MeHbIlell pasaMepHOCTH.

MNoscuum %10 yrBepmnmenne. Hakpoithe, o Koropom HeT peds, -
npeacTapaseT cofod NpOEKTHRHLIA Npefiel KOHEYHBIX HAKPBITHH JadHO-
ro ajareSpaHdeckoro MuHorooGpasus. [lpeicTannenHe B BHAE NMPOCKTHB- -
HOro mpejena MO3BOJINET BBECTH B HEro CTPYKTYPY KOABLOBAHHOrO

npocTpancTea H TEM CAMEIM OJHOBDEMEHHO OMPEeje/THTE TONOWIOrHID

¥ rpynny MopdusmoB. F10 HaKpuITHE HA3LIBAETCH KBASHONHOPOJHHIM,
€CNH CymecTByeT opbuTa rpynnsl MOPOH3IMOB, KOTOPaS BCIOLY B Hef

ILIOTHA.
Onumenm Tenepbk KOHCTPYKIHIO KBA3HOJHOPOAHOIO HAKPLITHA JaHHO-
0 apudmerndeckoro MHorooGpasua. Ilyets D — cummerpuueckas

obnacte, I' — apupmernveckas rpynna aHaJTHTHYECKHX aBTOMOpHS- |

moe ofnacrh D. O6osHaunm depes Xr daxropnpocrpancteo /T, ecnn
OHO KOMIAKTHO, WM ero HOPMAJbHYK KOMMAKTHOHKALMIO, eClH oHO
HekoMnakTHo, Ecau A — noarpynna Komewnoro Humekca rpynmet T,
10 X ectb Koneunoe HdEpuTHE Xp. INvets X(I') ofosuauaer npoexTHB-
ueilt npefesn X,. Jlerko nokasars, yro X(I') ecrs ksazsnogHopoamoe
HaKpRTHE apupMeTHueckoro MHoroobpasus Xp. OrveTuM, 9T0 Kpasu-
ONHOPOJHOE HAKPBITHE TAKiKe MOMHO NOJIYYHTL, €cid 6parb NpOEKTHB-
Heft npenen X,, Koria A npoferaer He BCe NOATPYNNE KOHEYHOro
HHJeKCa, 4 JIHIb BCe KOHIPY3HU-NOArpYNIL! HIH 1aXe TOAbKO KOHrpY-
SHU-TIOATPYNML, COOTBETCTBYIOWIHE JaHHOMY MHOMKECTBY NpOCTHIX
yrcesa. HurepecHo OTMETHTL, 9T0 rpynnil MOpPH3IMOB 5THX KBas3HOAHO-
PONHHWX HAKPHTHH OGLIYHQ ABAAIOTCA HAH pP-aIHYECKHMH TpYNIaMH
JIH, HAM MX npodspeleHHsIMH TAKOro e THNA, Kak B TEOPHH rpymn
aneneii. BecbMa mpasponono6HO, WTO sTa rpynna MopdHaMoB KBa3H-
_ ONHOPOIHOTO HAKPLITHA' NPH ecTeCTBRHHEX JONOIHHTAIBHHIX Tpennn-
JIOKEHHSX SBNAETCH BCerfla p-ajHuecKod rpynmod Jin,

Anamornsi Mexny ¢aKTOM CYUIeCTBOBAHHA OJHOPOLHONG TONQJIOTH-

HeCKOro HAKDHITHA H KBa3HOJHODOHOrO aarefpaHYeckoro HaKpHITHSA
npocTHpaerca JOBOJMILHO Janeko. B wacTHocTH, A8 anreGpaH4yeckoro
MuorooGpasna X, o6Iajaerc KBasHoIHOPOAHEM HAKPRITHEM, HETPyA-
HO OTMpelenHThL NoHATHe asToMopdnof opMul H MOKA3aTh, WTO ABTO-
MopbHrue dopMel ganHoro seca of6pasyldT KOHEUHOMEPHOE JHHefHOe
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npocTpascTeo H T. A. MMenno asromopdmiie GopMe Beca m Ha X onpe-
pensoTcH Kak Audwpepenunanst nopsaka m Ha X, KOTOphe perynaspHe
una 2.

B macrosmee ppems Hccaegopanie adrefpaHueckHX MHoroofpasHi,
ofiTafaloHX KBasHOAHOPOAHEIMH HAKPBITHSAMH, HAXONMTCH B 3ayaToy-
HoM coctoanny. [laxe camtle mepBoHAYANBHEE BONPOCH 3[8Ch HESCHEL
Opnako 3Ta TeOpHs NpHBJAEK&ET CBOHM OOUIHM NOAXONOM H BO3MOMHO-
CTBI0 anrefipaH3alHu KiaccHuecKolt TeopHH aBTOMODPHLIX (yHKUHAE.

10, Aucxpernnie moarpynne rpynn Jim |

[Mycts & — pemecTBeHHas HAW p-afuueckaa rpymma Jlu. Torza
cylecTayer Takas ee JHMckperHas nogrpynna I', uro mepa dakTtop-
npocrpanctsa ' @& koneuna, Kaxk ormerun 3urens, s cyllecTBOBA-
HHA TaKOH AHCKpeTHOR nogrpynnsl HeoGxofuMo, 4robu rpynia & Cuia
YHHMOLY/APHA, T. €. 4T00bl JepouHBapHadTHas Mepa Ha @ cosnapana
C NpaBOMHBAPHAHTHOA Mepo. STOro yCNOBHA, KAK H3BECTHO, HE JOCTa-
TOMHO jaxe aaq AuHedHux rpynn JIn, Heno no-paasomy oGCTOHT Ans
PEAYKTHBHHX H HHALNOTeHTHHX rpynn Jin. [ng HEILNOTEHTHHX TpyN
JIi TaKoBHle AMCKpETHBIE FPYIIIBL HAH He cYOIeCTBYIOT, KAK B Ciyyae
p-anuYeCKHX TPVIN, HAH CYUIECTBYIOT IIPH NONOMHHTENbHEIX YCIOBHAX,
nafaennoix A. 1. MaabuessiM (pallHOHATEHOCTE CTPYKTYPHBX KOHCTaHT
anre6put JIn). C Apyroii cropossl, Bo BCeX PEAYKTHBHHX [pynnax Jiu
TaKHe JHCKPeTHBIE I'PY Nk, NO-BHAKMOMY, cyilecTyioT. [na BeliecTBex-
HbIX peaykTHpHeIX rpynn JIu sto Gewto gokasaHo A, Bopenem [26).

O1mersnm ewe, 9ro ecad & ecth p-aguyeckan rpynna JIu, 1o, KaK He-
TpYAHO nokasatb, ecan '\ @ umeer koneuubtit ofnem, To '™ & kom-
nakTHO. B To JKe BpeMs B BellecTBEHHBIX rpynnax JIu cylnecTeyioT JH-
CKpeTHHIe NOATPY NIk ¢ HEKOMIAKTHBIM (aKTOpTPOCTPaHCTBOM KOHEYHOTO
ofibema. Kak Xopolo HapecTHO, B n10b0i BeliecTReHHOR HEKOMMaKTHOH
noaynpocroil rpynne Jlu & ecTk Takas AHCKperHas nogrpynna I', uro
v (I'\ B) << oo 1 I'\ @ ne koMnakrHo. CyllecTsoBaHHe TAKHX JIHCKDET-
HRIX TOAFPYNN CBA3aHO C CYLIECTBOBAHHEM CrelHadbHOro Kjacca VHH-
MOTEHTHHX TOATPYNT, TAK HA3KBAEMbiX OpHC(EPHYECKHX NOArpyIm.

11. JiuckpeTHHE NOArPYNNE NpouaseaeHHi rpynn Jin

IIycrh S — HEROTOPOE KoHeYHoe HAH OecKoHedHOe MHOMKECTBO Npo-
eTHX gHCe, B WacTHOCTH S MoMer comepxars oo. ITyers s Kakaoro
p € S ykasana p-aguueckas rpynna Jlu Gy m mis wamioro p = oo
B (G, oTMeueHa HEKOTOpad OTKpHTas KoMnakTHafA noarpynna K.

aHaunM uepes (g orpaHHYeHHOE NpPHAMOE [POH3BEIEHHE Tpynn
Gp ¢ oTMeyeHHbIMH noarpynnamu Kp. Derio Obl HHTEpPeCHD BHIACHHTL,
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Korjia B rpynne (g cyuecTsyer Auckpernas moarpynna I' ¢ koHeznbm
ofBEMOM (axTopnpocTpaHcTBa,

Pasymeercs, npu srom srTEpecen TonbKo cryuail, Koraa mapa (', Gg)

B €CTECTBEHHOM CMBIC/IE c/10Ba HenpHeoiuMa. Bo Beex M3pecTHHIX npw--

Mépax rpynn Gs, Korla yjasaloch NOCTPOHTL COOTBETCTRYIOILHE
AHCKDETHble TPYING, OTAENbHBE KOMMOHeHTh! (G, OKasblBaJiHCh COra-
COBAHHLIMH. A HMEHHNO CyInecTsyeT TaKas anreGpandeckas rpynna G,
ONpEISNEHHAA Ha) NOJEM PALHORAALHLIX 4YHCEN Q, 410 rpynus G,
NpPeACTABAAIOT COGOH MHOMKECTBO £E TOUEK HAML NIOJIEM p-agHUSCKHX WHCE,
BecbMa BeposTHO, 4TO 3T0 YoIOBHE HEOBXOLAMO. Ilpn nexoropom yTou-

HEHHH OHO SBAAETCA AocTatounkiM. [TyeTh G — muuelinas aarefpanye-

Ckad rpynna, onpemenennas wvag Q. OGosnauum uepes G, MHOMECTBO
€€ TOYeK, ONpeleleNHbIX Hal NovieM p-aludeckux Yucel, a uepes K, —

MHOMECTBO LEJIbIX TodeK rpynikl Gp. [Tycts nanee Gs— orpanHuennoe

NpAMOe NpOH3BEAEHKe TPynN Gp ¢ OTMEUEHHEIMH NOATPYNNAaMH K.
[TpeanonoxkHuM, 4to uAH co € S, HIK rpynna G KOMNAKTHa,

Paccmorpum rpynny I', cocrosumiyio s scex Touek B Gy, KoTopule
- ABNATCA LENHME TIpH moboM Koneunom p ¢ S. pynny I' moxno
eCTECTBEHHBIM 06pasoM BaoxuTL B Gg B BHJIE JHCKPETHOM NOATP Y sl
H, KaK HapecTHO, v (I'\ Gg)<C oo, ecim y rpynnst G ner xapaxrepos,
onpeleneHublx Haa Q.

Huckpernyio noarpynny I' rpynnu G, nonyuensvio VKa3aHHoi
KOHCTDYKIUHEH, eCTECTBEHHO MHa3BaTh apHpMETHUeCKOH NoArpynmoi
rpynuel Gs. OtMeTEM ewe, yro ecas rpynna Gg o6/iajaeT KOMIAKTHLIM
HOpMaJEHEM feaunteaeM R, 1o ofpas rpynnm ' s rpynne 8 = Gg/R
TAKIKE AMCKDETEH M ero Takke ecTecTBeHHO HA3BaTh ApHpMETHueCKOH
rpynmoit 6 @ = Gg/N. Takim ofpasom, yrobu nafiT pee apHdmeruue-
CKHe noarpynnel LaHHOH rpynnbl &-orpanHueHHoro npoM3BeeHHs
p-apmueckux rpynm Jlu, Hago mepeGpaTs Bce mnpenctasdends @
B Buge Gg/R, rae N — HekoTopHl KoMmmakTHbI HOPMANLHLH
AenHTENb.

Ipasaononobho, uto ecain S comepHHT He Menee ABYX MPOCTHIX,
T0 y rpynns & see iucKperHue noarpynos I' Takue, 4To v (I'\ @) <o,
ARTAKTCH apHMeTHIECKHMH,

B sax:mouenue aprop cumraer coMM npHATHMM foaroM noGuarona-
PHTH npodeccopa A. hopens, 03HAKOMHBUIErOCS © NPeABAPHTETBHEIM
TEKCTOM JOHJAfla M CHENaBIIero pAl YPesBnivaiHo HeHHBIX saMedaHH,
YYTEHHBIX aBTOPOM MPH OKOHYATE]BHOM pEJdKTHDPOBAHHH,

ABTOp CYHTAET CBOHM NPHATHBIM fOATOM noGnarofapHTe TaKmke

npogeccopa I. P. lladapesnua 3a uennoe obcyxienne npeAsapHTeNb-
HOIO TeKCTa J0KJaja.

Hucmumym npuxtadnod mamemamuxu AH CCCP,
Mockaa, CCCP
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MaTemaTHYecKa JOrMKA H OCHOBAHHA MaTeMaTHKH
Mathematical logic and foundations of mathematics
Logique mathématique et fondements des mathématiques
Mathematische Logik und Grundlagen der Mathematik

MODEL THEORY AND SET THEORY
ROBERT L VAUGHT

A number of results in model theory lie near the borderline of
model theory and set theory. I shall discuss a group of such results,
all of which can be considered as extensions in one direction or another
of the well-known Liwenheim-Skolem-Tarski theorem.

For a more detailed summary of results and open problems in
this area up to two years ago, see [15].

%, o and p will denote infinite cardinals (initial ordinals); «, p
ordinals; m, n natural numbers, A (finitary) relational structure
m= (M, UR, Rf’i’}ﬂgﬁ (U unary) has type (%, &) if x = | M | (the

power of M) and A = | U“I, Wewritex, A = %', A" if every countable
sel of elementary senlences having a model of type (%, A) also has
oneof type (x*, 1"). For simplicity, we adopt throughout the generalized
continuum hypothesis,

Theorem 1. (a) (R. Robinson) w,y,, 0, & Oatn+1, ©@p.

(b) ([L1]) If = = A, then %, A= @, w,.

(c) (Chang-Keisler {2]} %, h=u", A", if a2x">A"=M.

(d) (Chang [1) %, A= p*, p if x> %, p >, n regular.

(e) ([14]) og4a, 0g = A, pn if A=p.

It is conjectured that in general w,:,, ©, = ©p4,, 0p. In [14]
are several generalizations of (e), for example (extending the = nota-
tion in an obvious way):

(€) gy, - ooy O, =%, - .., % if & > a4y + © and

x:}:‘-CH.l fﬂl’ i{ .
A different proof of (e) was given by Morley [10].

The language @, is obtained from the elementary language by
adding a new quantifier Qx meaning “there are at least » x such %hatf’
We write » — A if every countable set of Q-sentences having a Q,-mo-
del also has a Qy-model.

Theorem 2 (Furhken [3], [4]). (a) = -+ & if % is singular,
A not; or if % is a successor cardinal, X not; or if % ==t w, A = @.
(b) x* — A* if & is regular. (¢) » — @, if * is inaccessible. (d) @ — %.
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The proof of 2 (d) makes use of a theorem of MacDowell and
Specker [9] on extensions of models of arithmetic.

Fuhrken has conjectured that » — A holds in all cases not blocked
by 2(a). Recently some more cases of this conjecture have been
established.

Theorem 2. (e) (Helling [6]) * — A if L == @ and % is weakly
compact. (f) (J. Silver) ®x — & if # is inaccessible and A singular?).

Recently Keisler [7] has obtsined some results which much
strengthen {cth 1(b) and 2 (c). Let Q,,, be the language having two
new quantifiers Q and Q" interpreted as in Q. and Q., respectively.
By Fuhrken's “normal form theorems” (|3]), Keisler’s results imply:

Theorem 3. (Keisler) Let % = © be regular. If a countable
set of Q, Q"-sentences has a Q,,,-model, then it has a Q,,, -model.

Notice that in such resulis, Q, has the same expressive power as the
so-called weak second order language. _

Call a language L complete if its valid sentences are r.e. (recursive-
ly enumerable); w-compact if a countable set of L-sentences must
have a model if all its finite subsets do. Fuhrken [3] showed that Q.
is w-compact if x = orif x ¢ Cp = {hcfh = 0} |J {A*:cf A=w}.
The author showed in [13] that Q,, is complete. An intermediate step
is that the set T of all elementary sentences true in all models of
type (w,, @) is r.e. Recently Keisler [8] has given an explicit set
of axioms for T

The Hanf number vyI. of a language L is the smallest n such that,
for any set I of fewer than A senfences, if £ has a model of power at
least p, then £ has arbitrarily large models. -

Theorem 4. ([14], [15]) (a) voQu: = VarQuy = .
VoQx = VitQy = Wy 40 if x=0, § C,.

Morley discovered a powerful method for obtaining Hanf numbers
which uses a transfinite version of Ramsey's theorem due to Erdés
and Rado.

Theorem 5. (a) (Morley [10]) vo,Qp = @u,.
(b) (Helling [5]) Indeed v,+Q. = w,+ whenever cf x = w.

Recently, J. Silver [12] obtained detailed information about the
Hanf number of the very strong f-language (in which < always
denotes a well-ordering).

University of California,
Berkeley, USA -

'} Silver's result is stated here for the first time, with his kind permission.
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PECULIARITIES OF CONSTRUCTIVE
MATHEMATICAL ANALYSIS

G.S.TSEYTIN, .D. ZASLAVSKY, N. A, SHANIN

By constructive mathematics we understand the approach characte-
tized by the following features (see [11, [2]):

(1) only constructive objects are considered; absiraction of poten-
tial realizability is used, while actual infinity is never considered;

(2) construciive understanding of mathematical statements and
constructive rules of conclusion are used;

(3) Markov's principle of constructive choice is accepted.
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A more detailed characterization of this approach and our views
as to its role in mathematics are given in the abstract of the report [3]
and we shall not repeat them?).

During the last decades a number of works appeared dedicated to
mb;;the:mlt |ca:|]1 rannl}'sisthased I?nl Iihe constructive principles mentioned
dabove. In this report we shall speak mainly of the wor -
fegs’?_l}'] A A _Markclr{v and his schoo]i'. y vk by pro

lere are works on the constructive theory of real nu
thauyles of various kinds of functions of real }"r.'ariable {unifm‘?ne;‘sy:
continuous, differentiable, Riemann integrable, functions of bounded
variation, etc.), theories of metric spaces, Banach and Hilbert spaces
ete. (See the reference list at the end of the paper.) ’

In all these theories were not merely constructive fundamental
notions introduced in place of non-constructive notions of the corres-
ponding classical theories, but preference was always given 1o notions
based on algorithms in order to make clear the computational sense
of the theorems.

On the basis of mathematicians’ experience with these theories
we can expect that other theories of constructive mathematical analy-
sis analogous to various theories of classic analysis can be developed
in a similar way. The aim o ithis report is to describe some general
features of these constructive theories and their correspondence fo the
respective theories of classic analysis.

1. Types of constructive objects (i.e., constructi i
introduced by the followi megms: ; FHRCICHG. e

1} basic types of objects (like integers, words in various alpha-
bets, integer matrices) are introduced by means of enerating rules;

2) subordinate types” of objects are introduced %}r pointing out
a h:;}ﬂtch tydpei:i c;{ nbje;:ts and af 5§Ieciing condition;

e definition of a type of objects may be supnli it
cial equality predicate. 4 J i

The word “set” means to us the same as the expression “type of
constructive objects”. If some basic type of objects and some language
for selecting conditions and equality predicates is fixed, then
“definable sets” can be regarded also as constructive objects of a certain
type. No general notion of set valid for all constructive mathematics
is introduced.

2. Many notions of constructive mathematics are introduced as
“constructive translations” of some non-constructive notions of ¢l assic
mathe.matu_:s. They correspond o the same real situations as the
classic notions and are similar in many respects to those classic no-
tions. But the mathematical basis of these notions, the “material” they
are made of is essentially different from that of classic notions; there-

') This paper gives a more detailed exhibition of the ifem T of the absiract.
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fore serious differences in some properties between constructive and
classic notions are inevitable.

For example, for real numbers we use the notion of FR-number,
based on algorithmic fundamental sequences of rationmal numbers
(some details are given below). In terms of FR-numbers we can
introduce, for instance, all the algebraic real numbers; the continuum
of FR-numbers is also complete and connected (completeness and
connectivity are understood here in the proper constructive sense).
But the most essential difference from the classic continuum is the
fact that for the FR-continuum Borel's theorem of coverings does not
hold, namely, there exists a constructive sequence of interva%s coveri
a segment and having no finite sub-covering [4]. In the theory of
functions based on FR-numbers this fact leads to greater differences
between local and integral properties of functions defined on a segment,
e.g., there is a function continuous at every point of the segment
(and even uniformly continuous in the neighbourhood of every point)
but not bounded on the segment [4], [5]. On the other hand, every
constructive function proves to be continuous at every point where
it is defined [6], [7].

Perhaps we could achieve closer similarity to the classic analysis
if we chose a different constructive version of the notion of real num-
ber. For example, we could consider fundamental sequences defined
not by algorithms, but by predicates of some kind (cf. [8]). But in
the constructive mathematics considered here the algorithmic notion
has been deliberately chosen since we concern ourselves with problems
of computability, and some “uncommon” properties of our real num-
bers are the price we pay for if.

In general, when in a classic definition such notions as “function”,
“sequence”, “operator” occur we use “algorithm” as their standard
translation for forming the definition of the respective constructive
notion. Buf the classic “set™ in such cases may be translated by some
kind of “definable set”, i.e., by a more general notion than “algorithm”.
For instance, constructive Hilbert space is defined as a set of words
with algorithms for addition, multiplication by econstructive
complex number and scalar product.

3. In many cases for one notion of classic analysis several con-
structive analogues are introduced that lead to different theories
(these theories in general may be not equally interesting and fruitful).
This “splitting ofg notions” is due to various reasons. We shall illu-
strate this again on real numbers.

1) Various classic definitions may be taken as a starting point.
For example, “constructive Dedekind sections” may be considered,
as well as FR-numbers based on constructive fundamental sequen-
ces. ;
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2) Sometimes slight changes in the classic definition are made '_*
that -are not essential for the classic notion but are very essential
for its constructive franslation. For example, we can define con- *

structive Dedekind section directly as an algorithm attributing
every rational number to one of the two classes. But under this defini-

tion there does not even exist any algorithm for the addition of two -

numbers. If we change the definition of the constructive Dedekind
section to make the classifying algorithm applicable not to every
rational number, but to every except at most one, then we obtain
a notion, equivalent in a certain sense to FR-numbers [4].

3) Differences in completeness of information contained in the |

object can be essential. An FR-number is by definition a word con-
sisting of codes of two algorithms:

the “base”—an algorithm defining a sequence of rational num-
bers, and '

the “regulator”"—an algorithm certifying its fundamentality
(Cauchy’s criterion of convergence).

The notion of F-number can be introduced. F-number is a code
only of a “base” on the condition that a regulator does exist (see [9]).
Every F-number by definition can be completed to an FR-number,
but there is no algorithm for such completing [10]. Moreover it can
be proved that lgere is no algorithm giving for each F-number
an FR-number, net equal to it.

4) “Splitting of notions” can arise from constructive non-equiva-
lence of classically equivalent logical connectives (e.g., because of
double negation). Wﬁﬂethe F-number is defined as a code of a “hase”
for which a “regulator” exists, a quasi-number is defined as a code
of a “base” for which the double negation of existence of a “regulator”
holds. Of course every F-number is a quasi-number and there is no
quasi-number that is not an F-number. But these two notions are
very different, which can be seen, for example, by considering sequen-
ces of F-numbers and of quasi-numbers. B. f\ Kushner has constructed
a fundamental sequence of quasi-numbers that has no limit [11].

For the notion of function we shall consider a still greater number
of constructive versions than for real numbers. The variety of con-
structive notions of function arises not only because of the variety
of notions of real number, but mainly because of the variety of
aspects of functions that are considered in various theories. There are
constructive theories for uniforml y continuous functions, differentjable
funclions, Riemann and Lebesgue integrable functions, functions
of bounded variation, ete. As we shall see later on, in many of such
theories separate notions of function appear. In some of such theories
functions are introduced not as number-to-number algorithms, but
as elements of special metric spaces; these spaces are constructed
by means of completing with respect to metric. Essential ideas of this

-
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approach appear as early as in Goadstein's papers on uniformly con-
tinuous functions [12], [13], [14]. In the same way constructive
measurable functions and Lebesgue integral are introduced [15].
It should be noted here that some theories of classic analysis also
use notions of function that are not based on point-to-point corres-

_pondence (generalized functions). In constructive analysis the use

of function notions of this type has increased.

4. We will now discuss some peculiarities connected with the use
of certain types of sets and variables. Let x be a variable for objects
of some basic type, A (x) a selecting condition defining a subordinate
type of objects, y a variable for such objects, and Rf the set of all
such objects. By the rules of constructive interpretation [16], [17]
the statement A (x) can be reduced to one of the forms: B (x) or

3zB (x, 2),

where z is a variable for objects of a certain basic type and B (in both
cases) is a so-called normal formula, i.e., a formula without disjune-

- tions and existential quantifiers (every normal formula is equivalent

to its double negation). In the first case the variable y and the set M
are called normal. A normal set is equal to its “double complement”,
i.e., to the complement of its complement. This is not the case for
sels that are not normal and this fact leads to some peculiarities. We
will refer to an interesting example from the theory of constructive
locally convex topologic spaces developed by Phan-dinh-Diéu [18].
There is a space where every neighbourhood of zero is a set whose
double complement is equal fo the whole space. Thus no point can be
separated from zero by a neighbourhood. However the intersection
of all neighbourhoods of zero contains only zero. :

Another peculiarity is connected with quantifiers on abnormal
variables. A statement of the form

YxAuR (x, u),

x being a basic variable, is interpreted as the existence of an algorithm
o applicable o every x and such that

ViR (x, x(x)).
For a subordinate variable y the statement
Vy3uR (y, u)
means that .
Vx(A(x) > 3uR (x, u)),

so its interpretation depends on the character of A (x). It can be seceri
that for y normal the same interpretation

‘o VHR(?'# @ (y))

I7=1220
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as for basic variables can be used. But for the second caze the correct *

interpretation of
Vy3uR (y, u)
is that an algorithm P exists such that

Va2 (B(x, F) = (!ﬁ{x* z) & R(x, p(x, Z)}])

(1B (x, z) means that p (x, 2) is defined). Thus in some cazes the state-
ment of the form V43 uR (y, u) is true though no algorithm e such
that YyR (y, & (y)) exists.
lot of examples of this kind are found in various constructive

theories. The example of completing F-numbers to FR-numbers has
already been mentioned. Here is another example. Every function
uniformly continuous on a segment has a least upper bound (l.u.b.),
but no algorithm exists giving the l.u.b. for any uniformly continuous
function [4]. The following example is offered by G. E. Minz: there
exists no algorithm giving a derivative for any function differentiable
on a segment though the condition of differentiability means just
that a derivative exists [19].

~ In classic analysis operators are often introduced in the following
way. I a binary predicate .# is defined such that for any ¥ there is no
more thanone U such that 32 (¥, U), then an operator .4 is immediately
introduced such that o (Y) is defined if and only if 3 U R (Y, U),
and in this case # (V, o (¥)). In such cases the operator notation
is usnally fpref{arre:d to the predicate notation. This is, for instance,
the way of introducing the difierentiation operator.

But in constructive analysis, if we want operators to be algorithmic,
we cannot follow this way. We have an alternative: either we regard
uniformly continuous functions, differeniiable functions, ete., as
particular cases of the general notion of function and then we have
no operators for l.u.b., derivative, etc., and use only predicates, or
else we introduce special normalized notions for these kinds of func-
tions. For example, the normalization of the notion of uniformly
continuous function is the notion of “uniformly continuous duplex”.
Uniformly continuous duplex is a pair consisting of a function and
a special algorithm certifying its uniform continuity. Likewise the
notion of FR-number iz the normalization of the notion of F-number.
In theories using normalized notions of difierentiable function, uni-
formly continuous function algorithms for obtaining derivative,
resp. Lu.b. do exist.- This approach is usually preferred in the con-
structive mathematics now discussed because we are interested in
problems of what information is really needed for a certain computa-
tional procedure. But as a result of this approach we have separate
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normalized notions in each theory instead of a single notion of
function.

5. Theorems proved in constructive analysis have dififerent degrees
of similarity to classic theorems.

I? Some theorems have exactly the same formulations as theorems
of classic analysis, but the terms and logical connectives involved
are understood constructively.

Examples. Every fundamental sequence of real numbers has
a limit. Every funclion differentiable on a segment and having
a non-negative derivative is non-decreasing [10].

2) Sometimes a formulation of constructive theorem differs from
the classic formulation in details that are unessential for the classic
theorem. However the constructive statement obtained by literal
translation of the original classic formulation does not held. For
instance, classically every bounded linear functional in the Hilbert
space [ can be presented as a scalar product by a fixed element.
Constructively, we must say “strictly bounded” instead of “bounded”
[15], [19]. This means that the values of the functional on the unit
sphere are not only bounded, but also have a l.u.b.; without this
condition the theorem is not valid [15]. Another example is the
Cauchy theorem saying that a continuous funciion taking values
of opposite signs vanishes at some point. Constructively, only the
double negation of existence of such a peint is true [10].

3) Sometimes ina constructive theorem analogous o a certain classic
theorem different constructive versions of the same classic notion
are considered simultaneously. For example, for the Cauchy theorem
just mentioned a constructive version can be proved stating that
there exists a quasi-number in which the function vanishes
[10]. Another example is the classic theorem saying that every func-
tion of bounded variation is a difierence of two monotonous functions,
and vice versa. In constructive analysis we distinguish functions
of weakly bounded variation for which the variation sums are bounded
and [unclions of strongly bounded variation for which these sums have
a l.u.b. It can be proved that every funclion of strongly bounded
variation is a difference of two monotonous functions and that the
difference of any two monotonous functions is a function of weakly
haﬂldﬁ] variation. The converse theorems in both cases are not
vali :

4) Some constructive theorems can be regarded as approximate
analogues of classic theorems. N

Examples. Every function differentiable on a segment is
uniformly continuous in the neighbourhood of every point of this
segment [20]. Every constructive function defined at least at one
point is the limit of a sequence of polygonal functions (not necessarily

17#
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uniformly convergent) [21]. Every constructive function defined at
least at one point is the limit of a uniformly convergent. sequence

of (so-called) pseudo-polygonal functions [6], [7]. For every- cons. :
tructive function f defined on a segment and taking values of opposite -

sigus and for every positivee thereis a point x where |f(x)]< e [14).

9) Some theorems of constructive analysis show a substantial
difference from classic analysis. We know a lot of examples of func-
tions with combinations of properties that are impossible from the
classic standpoint.

Examples. V.P. Orevkov's example of a continuous mapping
of a circle into itself without a fixed point 122]. A continuous function
defined on a segment and having no primitive function (and even
no integral in a cerfain generalized sense) [23]. A. A. Markov's
example of a function ana%ytic on a segment and unbounded on it
(see also [24]). A function, analytic on a segment, vanishing in infi-
nitely many points, but not identical to zero.

- Each of these functions is a counter-example disproving the literal
constructive translation of a certain classic theorem. It should be
noted that the literal constructive translations of some of the classic
theorems mentioned above are not valid though they cannot be
disproved by a counter-example (e.g., the Cauchy theorem).

6. But in ;f&ﬂera] these differences between classic and constructive

analysis usually appear in problems remote from conerete computation.
The nearer we come to concrete computational problems the less are
the differences. For example, tables of integration of elementary
functions are valid for constructive analysis as well as for classic
analysis. In some cases the difference between a classic theorem and
its constructive analogue warns us that the classic theorem suggests
an incorrect formulation of the computational problem, i.e., an
alporithm with the Empertiea suggested by the classic formulation
proves to be impossible (consider, for instance, computation of zeros
of a continuous function). Thus constructive analysis can be regarded
as a theory of correctness of computational problems when we are
- interested only in computability in principle.

On the other hand, because of unrestricted use of potential realiz-
ability Lhis approach is inadequate fpr problems of computation within
given time and given memory capacily. This is of course a subject
of special theories and perhaps also of some kind of “hyper-construc-
tive™ analysis still to be created.

Jlenunepadckoe omdeaenue
mamemamudecko2o unemumyma um. B, A, Cmexaosa,
Jlenunzpad, CCCP
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WHITEHEAD GROUPS AND GROTHENDIECK GROUPS
OF GROUP RINGS

HYMAN BASS

1. Introduction -

A number of problems in algebraic and differential topology have
led to the construction of invariants of an arithmetic nature, defined
in terms of the group ring, Zm, where n is some intervening funda-
mental group. These invariants live in groups which can, essentially,
be defined over any ring A. One is KA, the “Grothendieck group” of
finitely generated projective (left) A-modules. K,A denotes the quo-
tient modulo the subgroup generated by the frec modules. Another
is the “Whitehead group”, KA = GL (A)/E (A). Here GL (A) —
= UGL,(A) is the infinite linear group, and £ (4) is the subgroup

generated by elementary rmatrices; we have Whitehead's commutator
formula, E (A) =[E (A), E (A)] = |GL (A), GL (A)]. The definition
supplies homomorphisms GL, (A) - K; A, and, for n — 1, we write
U(A) =GL, (A) » KA. 1f A is commutative then determinant:
Ky A — U (A) splits the latter, so KA — U (A) @ SK,A, where
SK\A = SL (A)YE(A). If = is a group then + a — U (2Zn), and
we write Wh (a) = coker (&= a — K;2n). Thus, if = is abelian,
Wh (1) = (U (Zn)/+=x) (B SK, Zx.

This report will survey the few cases in which relatively complete
caleulations of K,Zn and of Wh () have been made. Some of this
malerial is discussed in Milnor's very readable report [10] on White-
head Torsion. The following contains both new results, and corrections
of results that I prematurely announced to Milnor (see [10, p. 3601}
Before giving the algebraic calculations, however, let me briefly
indicate some of the sources of interest of these groups to topologists.

Around 1950 J. H. C. Whitehead, developing earlier ideas of
Reidemeister, Franz, and de Rham, constructed his theory of simple
homotopy types [18]. Whitehead attached to a homotopy equivalence,
f: X =Y, of finite complexes with fundamental group =, a “torsion”

H. BASS 263

invariant 7 (f) € Wh (n). = (f) = 0 if and only if f is a “simple homo-
topy equivalence.”
- G. Higman’'s thesis (see [8]), written then under Whitehead, con-
tains the first and, until 1962, the oniy non-trivial calculations of
the groups Wh (z).

Since about 1963 Whitehead's torsion has begun to play an essen-
tial role in differential topology, due to the s-cobordism theorem
of Barden-Mazur-Stallings (see, e.g. [10, § 10-11]1 or {11, exposé 71).
This asserts, in higher dimensions, that an h-cobordism (W; M, M’)
is classified by M together with t (f), where f is the inclusion of M
in W, with a C'-triangulation of (W, M).

C.T.C. Wall [17], around 1964, constructed, for a CW-cum_Elex
which is dominated by a finite CW-complex, an invariant in K,Zn
(m = (X)). It vanishes if and only if X has the homotopy type
of a finite complex. In L. Siebenmann’s 1965 thesis [13] he found
an obstruction to putting a boundary on an end, &, of an open mani-
fold. This obstruction also lives in K Zm, where, this time, n =
=y ().

I will close this introduction by menlioning that recent work
of Novikov, Wall, and others, some of it discussed at this congress,
has led to the introduction of other Grothendieck and Whitehead
groups, defined in terms of hermitian and anti-hermitian forms on
Zn-modules. These present a rich store of interesting, and difficult,
algebraic problems that have yet hardly been fouched.

2. Finite Groups

In this section m always denotes a finite group, and all modules
are understoed 1o be finitely generated. We shall describe K;Z=n
{i =0, 1) with the aid of the homomorphisms

fir Kidn— K;Qn (i=0,1)
induced by the inclusion Zn < Qa.
Image fo: “Rank”

Theorem 2.1 (Swan [13]). If P is a projective Za-module then
Q ®3z P is Qn-free. Therefore Im (fg) == Z.

Kernel f,: “Class number”

Theorem 2.2 (Swan[15]). Fvery projective Zn-module is the direct
sum of a free module and a projective ideal. Therefore (thanks to

Jordan-Zassenhaus) Ker (fo) =2 KoZm is a finite group. '
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Example (Reiner-Rim, see [12] or [13, appendixl). If u is eyclic !

of pTimE order P then R z;r[, is isomo hic to the ideal clas
the field of p® Toots of unnit}r. rp ideal class group of :

Image f,: “Unit theorem”

We will say n has exponent e if x* — 1 for all x €n, and write
exp (n) for the smallest such e > 0. If n is an additive group, having

exponent ¢ means e - & — (),

~ We shall also write ry (1) (resp., re (%)) for the number of irredue- :
ible representations of n over Q (resp., R). These numbers can be °

computed from n as follows:

Theor em 2.3 (see [7, Theorem 42.8]).

(E. Artin): ry (n) is the number of conjugacy classes of cyelic sub-
groups of . _ .

(S.D. Berman, E. Witt): re (n) is the number of coniugact classes
of unordered pairs [x, x] in . o i

The reason for introducing these numbers appears in the next
theorem.
Theorem 2.4 (seell]land (2]). GL, (Zn) — K\Zn is surjective for
all n>2. Therefore (thanks to Siegel), K,Zn is a finitely generated
abelian group.

Im (f,) has rank rs (m)—rg(z) and its torsion subgroup has exponent
e (or 2e, if e is odd) where e — exp ().

Question. The units 4-n in 25 map into the torsion sub roup of
Im {fia} (with kernel [x, n); do they map onto this torsion su group?
For abelian n this was proved by Higman [8], and Lam [9] has verified
it for the symmetric group, S, and for the quaternion group.
The method of proof of Theorem 2.4 gives more precise information
on the torsion free part of Im (f,), as fol%ows: Suppose p : m — GL,(R)

is a real representation of m. This induces p:Zn—+ M, (R)(nxn
matrices), and therefore K, Zn % KM, (R) = U/ (R)'2L1R. Write

&p: KyZn— R for the composite homomorphism. Now let p,, . . ., Pr.,
represent the distinel irreducible real representations of n, and
Thy v oy O, the distinet irreducible rational representations. Define

ny€Zbye; &~ I nge(l<i<r).

LS /S rg
Theorem 25 (“Dirichlet”, see [2, Theorem 1I). The image of
g=(goys -+ -+ &, )} KsZun—R™
is a lattice of rank re— ry in the subspace, V, defined by the equations
2 ompx=0  (l<i<ny).

1=j=ry
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We can further give generators and relations for V. Suppose f
and s = 19 generate a cyclic group of order m in n. If £ is a mul-
tiple of q(m) then

=14+ ... 1 +i‘h—;~]~(1+f+...—[-t”‘”*}

is @ unit in Zx, not depending on a. @ represents an element, say [el,
of K;Z=x, and '

[sltl=(1/h)-gx]eV
depends only on s and ¢, not . The following theorem was conjectured,
and first proved in special cases, by Milnor.

Theorem 2.6 (see [2, Theorem 5]). With the nofation above,
{Is/1] | s and ¢ generate the same subgroup of n} spans V. A complete set
of linear relations between these generators is:

For all s, t, u generating the same subgroup of n, and for all x € =,

(Ry) [s74/4) = [sit],
(R2) [s/2]-+ [¢/u] = [slu],
(Rs) [xsxYxtx 1) = [s/t].

Kernel fi: “Congruence subgroup problem”

Suppose A is the ring of integers in an algebraic number field.
SL, (A) is said to haven%he C5P (congruence subgroup property) if
each subgroup of finite index contains all matrices =7 modulo some
non zero ideal. It was known that if this were always true (with n
large) then it would follow, for finite abelian n, that Ker(f,) =
= SK.Zn =0 (see [10, appendix 1] for a proof of this implication).
While this hypothesis had long been conjectured by several people,
including the author, (see [2, § 51 and [10, appendix 11), it was
recently proved not to be the case (see [6]). As yet, however, no .
example of a non zero SK;Zn is known, though the existence of
one no longer seermns unreasonable. We have, at least, the following:

Theorem 2.7 (Bass-Milnor-Serre [6]). Let n be a finite abelian
group of exponent e, Then Ker (f)) = SK;2Zn has exponent ¢, and it is
trivial if e = 2. [f the Sylow p-subgroup of n is cyclic, then SK,Zn
has no p torsion. :

In the general case (n not necessarily abelian) we have:

Th e]-::: rem 2.8 (Lam [9]). Ker (fy) is a finile group of exponent
I 102

Lam proves this by making a reduction to the abelian case, usi
the method of induced representations originated by E. Artin, an
later extended by Swan to inteial representations. The main point
is to establish that KyZ= is, functorially inn, a module over G, (Zn),
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the Grothendieck ring of integral representations of =1, and that these
structures obey a form of Frobenius reciprocity for induced represen-
tations. In fact f; is a morphism of such G,-modules, so that Ker (f,)
is anolher, It then follows formally from an “induction ar ument”,
used already in other contexts by Swan (see, e.g. [16]) that Theo-
rem 2.8 follows from the vanishing of Ker (f,) %r cyclic m (Theo-
rem 2.7), and from Swan's generalization to G,(Zn) [15, Theorem 4.1]
of Artin’s induction theorem on G,(Qn). Lam’s axijomatization of this
argument yields a number of new results of the same genre.

3. Free Products

The situation when nn = n; e, is a free product is quite satis-
factory.

Theorem 3.1(Stallings [14]). Wh (%, + 1) — Wh () E Wh (ny).
Theorem 3.2 (G. Higman [8]). Wh (Z) = 0.
Corollary 33 Wh(n) =0if x is a [ree group.

Only the latter has been generalized to K.
Theorem 3.4(13]). If n is free then projective Zn-modules are free.
Hence KyZn = 0.
Question. Is KoZln en,) o K327, @ K,Zn2? This seems to
be rather plausible?).

4. Abelian Groups

Here n will always denote an abelian group, and, modulo a simple
direct limit argument, there is no loss in assumning that n is finitely
generated. The theorems below on K, are rather complete, module
the case of finite abelian groups. Those on K, are much less precise.
Recall that K,Zan — (U {Zggu?fi x) B SK,Zn, now that n is abelian.

Theorem 4.1. Suppose m has rank r and torsion subgroup .
(a) (See [2, § 111, [5, Proposition 5.121, and [8].)
U@ZrY+t—»U(Zn)f+n
is an isomorphism of torsion free groups. '
(b) (L1, Ch. 1) SL, (Za)— SK,Zn is surjective for n>r | 2.

The next theorem can be construed as a strengthened analogue,
for Ky, of 4.1(b) above on K. Let A be any commutative ring with
no nom-trivial idempotents, e.g. Zn. Then a projective A-module P

1) Added in"proof. This question has been answerced affirmatively by Cer-
ster, using the refults of [4] and 114].
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{always assumed to be finitely generated) has a well defined rank
n>0(see, e.g. [1, § 15]). We writedet P = A"P. Since det (P &P Q) =
o det P @. det Q, we obtain a homaomorphism, which is surjective,

det: Ky4— Pic(A),

where Pic (4) denotes the group, under ® 4, of projective A-modules
of rank one.

Theorem 4.2 (Bass-Murthy [5]). For any abelian group =,
det: K Zn — Pic(Zn) is an isomorphism.
When n is finite this is equivalent to a “stable” form of Swan’s

Thecrem 2.2 above.

Hentejorth we shall deal with a finitely generated abelian group,
which we can write as a direct product, = X T, where & is finile,
say of order m, and where T is free abelian of rank r = 0. (The case
r = Ois treated in § 2.) If p is a prime we shall write n, for the Sylow
p-subgroup of n. We also denote by ry, (n) the number of irreducible
representations of = over Z/pZ. Recall that ry (n) and r. (n) were
defined similarly above, by replacing Z/pZ by Q and R, respectively.

Theorem 4.3 (Bass-Murthy [5, § 8]).
Pic(Z [n x Tl) == Pic (Za) B (T @2M (7)) @ N, (n, T), where:
(a) Pic (Zn) is a finite group (Theorem 2.2);
(b) M (n) is a certain free abelian group whose rank is

( 2 rp@)-(ro (mp)— D)) —(ro (1) — 1).
poriie
M (n) = 0 if and only if m is a prime pewer.

(c) No(m, T) is a torsion group of exponeni some power of m.

No (n, T) =0 if m is square free, and otherwise it is not even finiftely
generated.
Theorem 4.4 (Bass-Murthy [5, § 101). With the notation above,
Wh (e x T)=Wh (n)B(T ® z Pic (Zn)) D (A T&z M (=) @ N, (=, T),
where Ny (n, T) is a torsion group in which each element has order divid-
ing a power of m. (Hence Ny(n, T) =0 if n =0, ie. if m =1.)
If m is not square free and if r > 2 then Ny (n, T) is nof finitely genera-
ted. The rank of Wh(n x T) is

(re@—ro )+ (( Y 160 (o (3p)—1) ) — (0 () — 1))

plm,
P prime

The term N, (z, T} above remains somewhat inaccessible, whereas
all the others are reasonably well understood. In particular one
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doesn’t know whether Ny (%, T) has bounded exponent, nor when,
precisely, it is finitely generated. It is plausible that the latter oceurs
whenever m is square free, '

Theorems 4.3 and 4.4 are proved with the aid of theorems of
Grothendieck and of Bass-Heller-Swan (see [4]) describing KA [T]
when A is a regular ring. However Z [n x T] — A [T] where 4 — Zx
Is never regular unless it — (. The theorems just mentioned intervene

on passing from Zn to its integral closure, and on passing from Zx -

modulo the conductor o the latter’s reduction modulo its nil radical.
A variety of techniques are used to carry out the detailed analysis.

Institute of Advanced Study,
Frinceton, USA
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SOME PROBLEMS IN DIFFERENTIAL ALGEBRA

E. E. KOLCHIN

Introduction

It is 36 years since the publication of Ritt's first paper in differen-
tial algebra [1], and almost 16 years since his death. The fact is that

“during the twenty years preceding his death the subject progressed

at a much faster rate than afterward. This is in no way due to a lack
of worthwhile problems, but rather is a reflection of the scanty atten-
tion these problems have received. The experience and techniques
of algebrists and especially algebraic geometers are particularly
suited to differential algebra, and it is surprising that so few of them
have turned their talents in this direction. I hope that my description
of a few of the more challenging unsolved problems will lure some
into accepting the challenge. o

- Consider a diflerential field §, i.e., a field in the ucual sense (which
we shall suppose to have characteristic () together with a finite num-
ber of mutually commuting derivation operators 8,, ..., 8, when
m = | the difierential field is ordinary (and we usually write a'
instead of 6,a), and when m > 1 it is partial. Our problems have
to do with algebraic differential equations of the form A = 0, where A4

- is a differential polynomial over § in a finite number n of diffe-

rential indeterminates (i.e. 4 is a polynomial, with coefficients in
&, in the derivatives 81 . .. 8V, (0<is oo, .. . 0 < i, < oo,
l<j<n). The set ® = §{Y,, ... Y,} of all differential poly-
nomials over § in ¥y, ..., ¥, is a differential ring. A subset X -
of R defines a system of differential equations: A —0 (4 € 2).
A solution (n,, ..., n,) of this system, having coordinates in an
extension (i.e. differential field extension) of §, 1s also called a zero
of Z. It is convenient (albeit not essential) to work in a fixed universal
extension U of §. Such a U, which always exists, is, roughly speaking,
so large that it contains enough elements for every purpose we can
have.

An ideal % of R is differential if 8 A = A (1<i<m), and -
is perfect if the condition A% € ¥ implies that A € M. The smallest
differential ideal containing the set £ is denoted by [2], and the
smallest perfect differential ideal containing ¥ is denoted by {Z};
because tﬂe field characteristic is 0, {Z} is the radical of [£]. The
zeros of £ are the same as the zeros of {Z}. A fundamental fact is
that £ always has a finite subset ® such that {®} = {2}, this is

the Ritt-Raudenbush basis theorem. As a consequence, every perfect
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differential ideal ¥ is the intersection of finitely many prime difier-
ential ideals none of which contains another; these are the minimal
prime differential ideals containing ¥, and are calléd the components
of A. These general facts from ﬁ'lﬁ' Ritt theory, as well as others
referred to below, can be found in his book [2].

1. Singular solutions

Ritt’s theory of components is eapecialI{ interesting when ¥ is
the perfect differential ideal {A) generated by an irreducible difier-
ential polynomial A € ®. Consider any tofal ordering of the set

of ail derivatives 8§ ... 6™, such that for all such derivatives g
L m T
and v and all &

(i) u<8u, (ii) u<<v=8u < b;v;

such orderings exist (e.g. the lexicographic ordering relative to .

(eteee +lmi iy ou o im)) but in general are not unique. The
highest derivative u present in A is called the leader of A, and the
partial derivative dA/du is called the separant of A; of course, a diffe-
rent choice of ordering may give to A a different leader and separant.
A zero of A is called singular if it is a zero of every sepa-
rant of A.

Among the components of {4} there is one, which we denote by
p(A), that contains no separant, whereas each other component
contains every separant: p(A) is the general component, and the
others are the singular components, of A. Every zero of a singular
component is singular, but a singular zero may be a zero of the gene-
ral component. It is remarkable that all the singular components
of A are the general components of other irreducible differential poly-
nomials in §; Iurthermore, there is an effective procedure for finding
these others. Yet, given a zerom =(y,, .. ., M) and a component,
no general method is known for deciding whether v is a zero of that
component. Because it is possible to translate by y (extending % if
Eenm@-ta{}'}, this question reduces to the following problem posed

y Ritt:

Given an irreducible differential polynomial A € W, to determine

whether (0, . .., 0) is a zero of p (A).

Only very special cases have been solved. When m =1, 5 — |
(ordinary difterential equation in one unknown), and the order of A
is<2 the solution was given by Ritt [3]. Beyond this there are only
certain sufficient conditions and other necessar conditions, Whicl‘{l
are far apart: these conditions, successively eveloped by Ritt,.
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H. Levi, A. Hillman, and me, are described in [4] where references
are given,

e condition that (0, . ..., 0) be a zero of p (4) is equivalent
to the condition that p(A) =Y, ...., VY.l. Thus, the above
problemabout A is a special case of the following: given a prime differ-
ential ideal p of W, to determine whether or not p(A) = p.
A second interesting special case s that in which p is the general compo-
nent of another irreducible differential polynomial B: Given A and
B, to determine whether p (A) < p (B). Here, too, the results are
meager,

2. Extensions of differential specializations

Let (y, ..., W) and (&, ..., L) be points of ¥, We say
that (L, . .., L) is a difierential specialization of (ny, .. ., n,)
over §, and write (ny, ..., na) — (&, . .., &), if every differential

polynomial in §{¥,, ... Y.} that vanishes at (g, ..., n)
vanishes also at (L, . . ., &,). When this is the case, and when £ is an
integer with 1 < k< n, then obviously (v, .. ., M) —%r o RS 4 |

we say that the former .differential specialization is an erfension
of this one.

Let (ny, ..., ny) and k be given, and let BEBEY iy ¥al
By, ..., n) 5= 0. It is known ([5], [6], [7]) that there exists
a nonzero By € §{Y,, ..., ¥Yu} with By(ny, ..., na) 520 such
that every differential specialization Wi amiiiia) -;:- e o Y

1
with Bq (&, ..., L) 5= 0 can be extended to a differential speciali-
Zﬂtiﬂl’l {‘]l- e wj TIH} E} (':i: LR ) gn] WIth B("‘;is e oay ;n} ?ED*

[t might be expected, in analogy with the usual notion of speciali-
zation as used in algebraic geometry, that every differentiai specializa-
tion (ng, .. ., N8 T (Ci, ..., L) can be extended to some diffe-

rential specialization (m,, ..., m.)—= (&, ..., L), provided that

sore of the elements Ly, ..., &, are allowed to be oo in an appro-
priate sense. It is noteworthy that this is not so, even in the simple
case in whichm — 1, n =2, k — 1, and § is the ordinary differen-
tial field C(x) of rational functions of a complex variable x. For
example, if we take 1, = I (x), where I" (x) is the usual gamma fune-
tion, and ny— g [S I‘{x}—ldx), where @ is a doubly periodic func-

tion of Weierstrass, thenn, —> 0 but there does not exist any I, such
that (ny, m2) = (0 &) or (y, ) ?{ﬁ, La).
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The problem, then, is fo find a criferion that a differential speciali- .
zation (Mg, . .., Mw) —> (L4, - - ., Lx) can be extended to a differential E

specialization (ny, .. ., 7,) g T 1 §

A special case is met in the problem of indeterminate forms.
Let F, GEF {Y,, ..., V,} be relatively prime, with G =20, and
suppose that F and G vanish at'(0, . . ., 0). The problem is to assign
a value to the quotient F/G at (0, . . ., 0). If elements by, ..., L, €N
are diflerentially algebraically independent over § and we set w —
=F(t, ..., )G, ..., 1), it is natural to say that F/G admits
thevaluec at (0, . . .; 0) when(t,, . . ., t., ra}? 0, ..., 0, ). Thus,

the problem becomes that of finding the extensions of § PNF ) —>

"%':" 0, ....0 to (4, ..., ¢, u). This is equivalent to determinizﬁg

the elements & € 4l such that (0, .. ., 0, @) is a zero of the peneral
component of the differential polynomial ¥,.,G — F € § {¥y, ...
+ -y Yniq}. Ritt conjectured [8] that either & is unique (possibly o)
or else @ is completely arbitrary: he proved his conjecture in the
cassem =1, n =1, ord (FG) = 1. .

3. Diiferential dimension polynomials

A prime differential ideal » of § {¥i, ..., Y.} has a generic
zero: this is a zero (n,, ..., m,) such that every element of
8{¥s, .... ¥,)} that vanishes at (n,, ..., n,) is an element of p. The
extension 8 —§ (n,, ..., n,) has a finite differential transcendence
degree that we denote by d (p). This number dﬂ?'is called the
differential dimension of p, and is the “correct” definition of what in
the classical literature is called the number of arbitrary functions of
m complex variables on which the solution of the system P =0
(P € p) depends; it measures the size of the set of zeros of p. If
q is another prime differential ideal, and if » — q, then d (p) =
>d (q), but if the inclusion is strict, the inequality need not be.
For this reason a finer measure of the size is desirable. This is provided
by the differential dimension polynomial 0, of p; we recall its defini-

tion [9]. For any natural number s the ring M,=F 6P ...

. --.F i:sn'“}’;};ﬁ_,,.,,im:;-_., t<jen] i3 a polynomial algebra over § in
(am ) n indeterminates; the intersection p R, is a primme ideal
of ‘Bi‘_. and therefore has a dimension in the usual sense; there exists
4 unique polynomial ©, in one variable over Q such that dim (PN

NRa) = o, (s) for all sufficiently big natural numbers s. This pqu-
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nomial has degree < m, and therefore can be written in the
form wp(s) = 2 a,(p) ("“] The coefficients «;(p) are then
=izm ]

integers. We order these differential dimension polynomials by
defining o, > o, to mean that o, (s) > o, (s) for all sufficiently big
integers s, i.e. we order them lexicographically with respect to
(@m (P), .. -, ap(p)). Then the inclusion p = q implies the
inequality w,> @, and when the inclusion is strict so is the inequa-
lity. The connection with the differential dimension is given by the
equation a,, (p) =4 (p).

It may happen that an (p) = 0. The biggest natural number
1 =1 (p) such that e, (p) 5= 0 is called the differential type of p, and
a. (p) is called the typical differential dimension of p. This terminolo-
gy is justified by the fact that if we regard §§ and @ as differential
fields with respect lo t new derivation operators 8. =, M e by

=i=m
(l<i<1), where the ¢;;- are constants in § subject to a cer-
tain inequation, then @& becomes a finitely generated extension of
& of difierential transcendence degree o, (p).

The differential dimension polynomial o, is a birational invariant
but not a differential birational invariant; this means that if n and
are generic zerosof p and q, respectively, then the condition § () =
= % (£) implies that @, — w, but the weaker condition § (n) =
=% (&) does not. Nevertheless, wy carries certain differential
birational invariants with it. An obvious example is the differential
dimension a,, (p); two others are T (p) and Ggpy (). It would be
interesting to discover other differential birational invariants, for
any suech invariant should have great significance for p. 1 should
mention that an interesting connection between w, and the character-
istic polynomials of Hilbert-Serre has recently been discovered by
Joseph L. Johnson; his work will appear in his Columbia University
disserfation. .

Consider a subset £ of % {¥,, ..., ¥, ). If the elements of £
have bounded orders then the differential dimension polynomials
of the come’unents of {Z}aresubject {o certainrestriction. Specifically,
if for each ¥'; the order in Y ; of every element of X is < e;, then for any
component p of {L}, the condition a, (p) =0 implies the condition
-y (D) < X e;. (This generalizes to any m the result proved by
Ritt [2, p. 135] for m = 1.) There are grounds for conjecturing that
in general

e;—m—t(p}—l)

Gy ()< 2 ( m—1 (p)

1=jn

18--1220
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When v(0) =m this states that a, (p)<m, which is obvious,
and when T (p) =m — 1 this reduces o the result just mentioned.

When the set T < § {Vy, ..., V,} consists of precisely n
differential polynomials F,, ..., F, then there are two further
conjectures. Set e,;:arder; (l<ign, i<j<n) and h =
= max (Eia(ty + ... -+ €unm) where ; runs through the symmetric

gr{:u.i}'::-I ©,. This number k, heuristically arrived at by Jacobi, is in

general smaller than the number ) e, The first of the conjectures
then is: For any component v of {Fy, ..., F,}, if a, (p) =0 then
Qm-1 (P)<Ch. Ritt [10] proved this conjecture in fwo special
cases: I°’m =1, n =2; 2°m = 1, each F; linear, Aside from these
cases, nothing seems io be known. The second of the conjectures is:
' For any component p of {Fy, ..., Fu}, if am (P) =am-4(p) =0
then @, = 0. When-the F; are linear this may be regarded as a pre-
cise formulation of a conjecture made by Janet [11]. Even in this
case the problem is open. :

4. Picard-Vessiot theory

Now let %E be an ordinary difierential field and denote its field
of constants by €; denote the field of constants of U} by ®. Consider
a homogeneous linear differential polynomial L = Y™ g, Ytn—1)
+. .. + &Y with coefficients in §. If € is algebraically closed
then L has a fundamental system of zeros (v, . . ., v,) such that the
extension 8 =F (my, ..., 1, of % has the same field of con-
stants @, and then the set of all isomorphisms over % of & onto an
extension of § in U has a natural group structure; by means of the
fundamental system of zeros (wy, ..., w,) this group can be iden-
tified with an algebraic subgroup G of GL, (n) defined over §. This
G can be called the Gailois group of L over %. Of course, a different
choice of fundamental systems of zeros in general gives a different
Galois group; G is determined only up to conjugation in GL (n) by
a matrix that is rational over ©. (This ambiguity can be removed
by taking for G an algebraic subgroup of the group GL (V) of all auto-
morphisms of the vector space V of zeros of L.

As in ordinary Galois theory, there are two general problems:

I° Given L, to determine G.

2° Given @, fo find an L of which G is the Galois group.

Of course, the nature of these problems depends on the differential
field § which is given. For example, when §§ = @ then it is easy to
see Lhat, for every L, G is reducible fo triangular form (and hence
is solvable). A. Bialynicki-Birula [12] has shown that if § has
finite transcendence degree over & and G is a connected and nilpo-
tent algebraic subgroup of GL (n) defined over @&, then there exists
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a homogeneous linear differential polynomial L with coefficients in
% such that the Galois group of L over § is isomorphic to G. Aside
from this and some work in a slightly different direction by Lawrence
Goldman [13], even when § = C (x) very little of a general nature
is known. For the second problem this is not unexpected, in view of
the history of the analogous problem in classical Galois theory. The
obstinacy of the first problem is somewhat of a surprise, and it now
appears that we should be grateful for almost any kind of information
about G; the difficulty stems in part from the fact that a zero of L
that is not a zero of any linear differential polynomial over C (x) of
lower order may very well be a zero of a nonlinear one.

5. Rational approximation

Let me close with my favorite problem. This is to prove for alge-
braic differential equations an analog of the Thue-Siegel-Roth
theorem [14] on approximation to algebraic numbers by rational
ones.

Let K be any field and x be an indeterminate over K. The fiéld
K ((x?)) of formal power series in x' over K contains the field
K (x") =K (x) of rational fractions in x over K. There is a discrete
nonarchimedean valuation of K ((x%)) such that | e (x)h | =

k

A !
= & when ¢, 5= 0; K((x) is the completion of K (x) with respect
to this valuation.

Relative to the derivation operator dfdx, K ((x71)) is an ordi-
nary differential field; K (x) is a differential subfield of K ((xY)),
and K [x] is a differential subrinﬁ of K (x) such that |b |=1 for
every nonzero b € K [x]. Suppose henceforth that the characteristic
of K is 0. Then the field of constants of K ((x%)) is K, and |16 |=
= | b |e for every b € K ((x%)) such that | b | =1,

Consider any differential polynomial P in one differential indeter-
minate y, and let z be another difierential indeterminate. There is
a smallest natural number d such that P (y/z) 20 is a differential
polynomial in y, 2; we call this smallest d the denomination of P.
(When P is a polynomial, i. e. a differential polynomial of order 0,
then the denomination of P is its degree.) An element u € K ((x- )}
that is differentially algebraic over K (x) is said to have denomination
d, if u is a zero of a differential polynomial in K (x) {1} of denomina-
tion d but is not a zero of one of denomination < d.

It is known ([15], [16]) that if u € K ((x'?) is differentially algeb-
raic over K (x) and of denomination d then there exists a real number
o = 0 such that
L+ 4

__""_,-\_-.__
[

ot

b

18%
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forall a, b € K |x] with b 5£ 0 and u == a/b. This generalizes the ana-
log for algebraic functions of Liouville's simple precurser of the
Thue-Siegel-Roth theorem.

The problem, then, is fo show that the exponent d here can be rep-
luced by any number greater than 2. This seems fo be extremely diffi-
cult, and at present any improvement in the exponent would be of
interest, One of the difficulties arises from the fact that in Ritt's
process of reducing a differential polynomial A, by a differential
polynomial B (analog of Euclidean division of polynomials), it is
necessary to multiply A by a power of the separant of B; this spoils
all estimates.

Dept. of Mathemalics,
Columbia Universify,
New York, USA
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R. STEINBERG o7

CLASSES OF ELEMENTS OF SEMISIMPLE
ALGEBRAIC GROUPS

ROBERT STEINBERG

Given a semisimple algebraic group G, we ask: how are the ele-
ments of G partitioned into conjugacy classes and how do these classes
fit together to form G? The answers to these questions not only throw
light on the algebraic and topological structure of G, but are impor-
tant for the representation theory and funclional analysis of G;
conversely, of course, we can expect the representations and functions
on G to contribute to the answers to the questions. In what follows,
we discuss some aspects of these questians, present some known results,
and pose some unsolved problems.

To do this, we first recall some basic facts about semisimple algeb-
raic groups. Our reference for all this is [7]. A linear algebraic group G
is a subgroup of some GL, (K) (n = 1, K an algebraically closed field)
which is the complete set of zeros of some set of polynomials over K
in the n® matric entries. The Zariski topuiogy, in which the closed
sels are the algebraic subsets of G, is used. G is semisimple if it is
connected and has no nontrivial connected solvable normal subgroup;
it is then the product, possibly with amalgamation of centers, of some
simple groups. The simple groups have been classified, in the Killing-
Cartan tradition. Thus there are the classical groups (unimodular,
symplectic, orthogonal, spin, etc.) and the five exceptional types.
The rank of a semisimple group is the dimension of a maximal torus
(a subgroup isomerphic to a product of GL,’s). We also need the
notions of simple connectedness and Lie algebra as they apply to linear
alpebraic groups, but we omit the definitions. Henceforth K denoles
a fixed algebraically closed field, p its characteristic, G a simply conne-
cted semisimple algebraic group over K, and r the rank of G. The
simplest example is G = SLyy; (K). L denotes the Lie algebra of G.
If x is an element of G, we write G.. (resp. L) for the centralizer of x
in G (resp. L). We shorten conjugacy class to class, and dimension
to dim.

Now we take up the problem of sur\rE}'inF the conjupacy classes
of G and finding for them suitable representative elements. Recall
that an element of G is semisimple if it is diagonalizable, and unipo-
tent if its characteristic values are all 1, and that every element can
be decomposed uniquely x — x,x, as a product of commuting semisim-
ple and unipatent elements. An element x will be called regular if
dim G, = r, or, equivalently, if dim G, is minimal [12, p. 49]; here x
need not be semisimple and may in fact be unipotent, Various chara-
cterizations, hence alternate possible definitions, of regular elements
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may be found in [12]. The regular (resp. semisimple) elements form’

a dense open set with complement of codimension 3 (resp. 1) in G

[12, 1.3 and 6.8]; thus most elements are regular (resp. semisimple).

In [12, 1.4] we have constructed a closed irreducible cross-section, C,

isomorphic to affine r-space, for the regular classes of G. Also, we have

proved [12, 1.2]:

(1) The map x — x setsup a 1-1 correspondence befween the regulﬂr‘-

and the semisimple classes of G.
Thus by choosing the elements of C and their semisimple parts

we obtain a system of representatives for the regular classes and for

the semisimple classes of G. If G is the group SL,, the representatives
of the regular classes chosen turn out to be in one of the Jordan cano-
nical forms. Thus we are led to our first problem.

(2) Problem. Determine canonical representatives, similar fo

those given by the Jordan normal forms in SL,, for all of the classes
of G, not just the regular ones.

In pmvin% the results described above, we are naturally led to
consider the algebra of regular class functions, those regular functions

on G that are constant on the conjugacy classes of G. This is a poly- '

nomial algebra generated by the characters Y1, A2, - .., % of the

fundamental representations of G [12, 6.1]. (If ¢ = SL,.,, the s

are just the coefficients of the characteristic polynomial with the
first and last terms excluded.) First of all these functions give a
very useful characterization of regular elements of G: x is regular if
and only if the differentials of ¥, %, .. ., % are linearly independent

at x [12, 1.5]. And secondly they are related to our classification

problem by the following result [12, 6.171:
(3) The map x — (x, (x), %2 (£}, . . .. % (X)) on G induces a bijection

of the regular classes, and of the semisimple classes, anto the points of

affine r-space.

() Problem. Assume that x and y in G are such that for every
rational representation (p, V) of G the elements p (x) and p (y) are con-
jugate in GL (V). Prove that x and y are conjugate in G.

By (3) this holds if x and y are both regular or both semisimple,
and it can presumably- de checked when G is a classical group, but
we have not done this in all cases.

To continue our discussion, we will use the following result.

(3) IT y is a semisimple element of G, then G, is a connected reductive

group (i.e. the product of a semisimple group and a central torus).
More generally one can show: The group of fixed points of every
semisimple automorphism of G is connected. Such connectédness the-

orems are important in problems concerning conjugacy classes, as we

shall see, and also in problems about cohomology [1, p. 224].
Assume now that x and x’ in G have the same semisimple part y.
Then x and x’ are conjugate in G if and only if ¥, and x;, are conjugate
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Ain Gy, in fact, by (5), in the semisimple part of G,. The latter group

may not be simply connected, but this is immaterial for the study of
unipotent elements. Thus the study of arbitrary classes is reduced to
the study of unipotent classes, and these are the clases we now consider.

At present not much is known about the elassification of the uni-
potent classes of G. Observe, though, that (1) implies that regular
unipotent elements exist and that they in fact form a single conjugacy
class.

(6) Prob | em. Classify the unipotent classes and determine cano-
nical representafives for them. o

If p = 0, the study of unipotent classes in G is equivalent to that

. of nilpotent classes in L, and a classification of these latter classes

together with representative elements may be found in[3; 4]. The result,
however, is in the form of a list, which, though finite, is very long,
thus subject to error and inconvenient for applications. The main proce-
durein the construction of the list, that of imbedding each nilpotent
element in an algebra of type s/; and then using the representation
theory of this algebra, or the corresponding procedure with G in place
of L, is not available if p 520 [12, p. 60l. In studying the nilpotent
classes of L (still for p =0) one is naturally led to study the class H of
G-harmonic polynomials on L: indeed these polynomials are in natural
correspondence with the regular functions on the variety of all nilpo-
tent elements of L, by results in [5]. To our knowledge, no one has
succeeded in efiectively relating H to the classification problem
at hand. : , '

(7Y Problem. Do this.

(8) Problem. Do the same for the unipotent classes of G (for p
arbitrary), having first found an analogue for H.

Now it follows from (5) that a unipotent element centralized by
a semisimple element not in the center of G is contained in a proper
semisimple subgroup of G. Thus an important special case of (6) is:

(9) Prob lem. Same as (6) for the classes of unipotent elements x
such that Gy is the product of the center of G and a unipotent subgroup.

As is easily seen, the class of regular unipotent elements always
satisfies this condition. If p = 0, then relatively few other classes -
do [3, Th. 10.6].

A more modest problem is as follows.

(10) Problem. Prove that the number of unipotent classes of G
is finite.

fHere only classes which satisfy (9) need be considered. Observe
that a proof of (4) would yield the finiteness together with a bound on
the number of classes. From the work of Kostant one obtains a rather
lengthy proof of (10) fogether with the bound 37, in case p = 0.
Richardson [6] has found a simple, short proof that works not only
if p =0, but, more generally, if p does not divide any coeificient of
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the highest root of any simple component of G, this root being expressed

in_terms of the simple ones. In the sequel such a value of p will be -

called good. Richardson's method depends eventually on the fact that
an algebraic set has only a finite number of irreducible components;
thus it yields no bound on the number of unipotent classes, hut it
does yield the following useful result.

(11} I} p is good and G has no sitmple component of type A,,, then L, .

is the Lie algebra of G, for every x in G.

(12) Problem. Extend (11) to all p and G, with the conclusion
replaced by: L is the sum of the Lie algebra of G, and the center of L.

This is easy if «x is semisimple and known if x is regular (cf. [12,4.3]).

Finally let us mention an old problem which seens to be closely
related to (6).

(13) Problem. Defermine, within a general jramework, the
conjugacy classes of the Weyl group W of G, and assuming that W acts,
as usual, on a real r-dimensional space V, relate them to the W-harmonic
polynomials on V.

Next we consider some results and problems about centralizers
of elements of G. We have already stated, in (5) and (11) above, two
such results. Springer [10] has proved that for any x in G the group
G, contains an Abelian sub%mup of dimension 7. It follows that if x
is regular, then the identity component G! of G, is Abelian.

(14) Problem. If x is regular, prove that G, is Abelian.

(15) Problem. Prove conversely that if G, is Abelian, tien x is
regular.

These results would yield an abstract characterization of the
regular elements, but other such characterizations are known [12, 3.14).
Both problems may easily be reduced to the unipotent case. If x is
a regular unipotent element, then, as already mentioned, G, is the
product of the center of G and a unipotent group U,. Springer [11,4.11]
has proved:

(16) If p is good, then U, is connecied (hence Abelian).

Thus (14) holds in this case. If p is bad, (16) is false, in fact x ¢ U".

(17) Prob lem. Forp bad determine the structiire of U UL and
whether U, is- Abelian.

A solution to (16) would complete the proof of (14), and quite
likely would also have cohomological applications (ef. [11, § 31).
We do not know whether (15) is true even if p = 0. J

(18) Problem. Prove that dim G,.— r is always even. In other
word, the dimension of each conjugacy class is even.

This has been proved in the following cases: if p = 0 [5, Prop. 15/,
it p is good (because of (11) the same type of proof as for p — 0 can be
given), if x is semisimple (this is casy); and presumably can be checked
when G is a classical group.
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All of the above problems are special cases of one big final problem
about centralizers. ’

(19 Problem. For every element x of G determine the structure
of G,.

Next we discuss briefly the individual classes, and their closures.
Each class is, of course, an irreducible subvariety of & (because G is
connected). A class is closed if and only if it is semisimple [12, 6.13].
More generally, the closure of a class consists of a number of classes
of which exactly ohe is semisimple [12, 6.11]. Whether the number
is always finite or not depends on (10). The most important case
occurs when we start with the class U, of regular unipotent ele-
ments; then the closure U is just the variety of all unipotent elements
of G. Although some results about U are known, e.g. U is a complete
intersection specified by the equations y,(x) = %:(1) (1<i<r) (the
y's are still the fundamental characters), and the codimension
of U— Uy in U is at least 2 [12, 6.11], we feel that UJ should be
studied thoroughly.

(20) Probl em. Study U thoroughly.

Of course this problem is related to (8).

Using the properties of U just mentioned and also (16), Springer
has proved.the following result.

(21) If p is good, then the variety U (of unipotent elements of G) is

isomorphic, as a G-space, to the variely N of nilpotent elements
of L. i
; If p is bad, this is false, because (16) is. If p =0, Kostant (5]
has obtained results about the structure and cohomelogy of N, in
particular that N and any Cartan subalgebra of L intersect at 0 with
multiplicity equal to the order of the Weyl group W.

(22) Problem. Find a nafural action of W on affine
(dim G — r)-space so that the guotient variety is isomorphic to N.

So far we have been considering G over an algebraically closed
field K. From now on we shall assume that G is defined over a perfect
field & which has K as an algebraic closure; thus the polynomials
which define G as an algebraic group can be chosen so that their
coefficients are in £, The problem is to study the classes of Gy, the group
of elements of G which are defined over &, i.e. which have their coor-
dinates in £. The main idea is to relate the classes of Gy to those of
G with the help of the Galois theory. We will discuss mainly the pro-
blem of surveying, and finding canonical representatives for, the
classes of Gy. Recalling our solution to this problem for the regular
(and semisimple) classes of G, we naturally try to adapt our cross-
section C of the regular classes to the present situation. Consider a regu-
lar class of G which meets Gy. This class, call it R, is necessarily defined
(as a variety) over k. How can we ensure that the representative ele-
ment CR of R is in G,? The obvious way is to construct € so that
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it also is defined over k. For this to be possible, the unique unipotent

element of € must be in G,, and then the unigue Borel (i.e. maximal

connected solvable) subgroup of G containing this element [12, 3.2 .
and 3.3} must de defined over &; i.e. G must contain a Borel subgroup -
defined over k. This last condition is a natural one which arises in -
other classification problems, and, although a bit restrictive, holds -

for a significant class of groups, e.g. for the so-called Chevalley groups
{2], of which one is the group SL,. Conversely, if this condition helds,

then it turns out that with a few exceptions (certain groups of type |

Am (but not SL..,) are forbidden as simple components of G) C
can be constructed over & [12, §9]. Thus if we form C ) Gy, we obtain
a set of canonical representatives for those regular classes of G which

meet Gy; but not necessarily for the regular classes of G, since *

a single class of G may intersect G, in several classes, In other words,

elements of Gy conjugate in G may not be conjugate in Gs. Looking -

for an idea to remedy this situation, we consider the case G = SL,.
We have the Jordan normal forms for all the classes of SL, (K), not

just the regular ones, and, though this fails in SL, (K), it does hold

in GL, (k). Now the action of GL, (k) by conjugation is that of
PGL, (k), i.e. of Gy, if we let G denote the adjoint group of G, i.e.
the quotient of G over its center, which is PSL, in the present case.
Thus we are led to the following problem.

(23) Prob l em. Asume that G contains a Borel subgroup defined

over k (and perhaps that G has no simple component of iype A,,).
(a) Prove that evety class of G defined over k meets Gy, i.e. contains an ele-
ment defined over k. (b) Prove that two elements of G, which are conjugate
in G are conjugate under G,. 2

As we have seen, (a) holds for regular classes. It holds also for
semisimple classes, without any restriction on the components of
type A, [12, L7].

(24) Assume that G contains a Borel subgroup defined over k. Then P

every semisimple class of G defined over k meets Gy. (And conversely.)

This result has a number of applications to classification problems

[12, p. 51-2], especially if (cohomological) dim k< 1. We recall
I8, p. 11-8] that dim k<1 is equivalent to: every finite dimensional
division algebra over % is commutative. This holds in several cases
of interest in number theory, in particular if & is finite [8, p. [I-10).
As a consequence of (24), we have [12, 1.9]:

(25) If dim k<1 and H is any connected linear group defined over k, f

then the Galois cohomology H' (k, H) is trivial.

This result and an extension due to Springer [8, p. 111-16] leap

to the classification of semisimple groups defined over &, if dim &< |
(we get [12, 10.2] that there is always a Borel subgroup defined over
k), and answer most of the questions raised above. Concerning (23a), we
get [12, 10.2]: ' :
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(26) If k and H are as in (25), then every class of H defined over
k meetfs H,.

Concerning (23b), we get [21, 10.3]:

(27) If dim k<1, then fwo semisimple elements of Gy which are
conjugale in G are conjugate in Gy.

This result is false for arbitrary elements, e.g. for regular ones,
To show a typical kind of argument, we give the proof of (27). Let
y and z be semisimple elements of G, conjugate in G; thus aya? =z
with a in G. Combining this equation with the one obtained by
applﬂing a general element y of the Galois group of K over &, we
see that a”'y (a), call it x,, is in G,. As we check at once, x satisfies
the cocycle condition x,5 — x,y (%), hence represents an element
of HY&, G,), which is trivial, by (25), because G, is connected, by {5).
Thus x, — by () for all y and some b in G,. We conclude that
y and z are conjugate in Gy, by the element aﬁ in fact. The same
argument; with (16) in place of (5), shows that regular unipotent
elements of Gy which are conjugate in G (the adjoint group) are con-
jugate in Gy, if p is good (here dim k<1 is not necessary, but p
good is). -

E!?r combining (26) and (27), we FEt a complete survey of the semi-
simple classes of Gy, il dim k< 1; in particular, these classes corres-
pond to the rational points of affine r-space, suitably defined over &
(cf. [12, 10.3]). Thus, if & is a finite field of q elements, so that Gy
is a simply connected version of one of the simple finite Chevalley
groups or their twisted analogues, the number of such classes is g,
a useful fact in the representation theory of these groups [11]. A related
result, whose proof, unfortunately, does not use the same ideas, states
that the number of unipotent eﬁaments of G, is gdimG-r [13],

Finally we conclude our paper with another problem.

(28) Problem. If G is defined over k (any perfect field), prove
that every unipotent class of G is defined over k.

This would yield a proof of (10). In fact, assuming p == 0, as we
mE:—}Iy, mcosinfk as the field of p elements, ap lying (28) with G suitably
defined, and then using (26), we would get (10) with the number boun-
ded by | Gy |. '
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0 HEKOTOPbLIX NPOBJIEMAX BEPHCAWJOBCKOIO THMA
E.C.TONOXO

[edsio aoKAala ABISETCS DIACAHWE NMPHEME, KOTODH TOSBOATET
CTPOHTH KOHTPNpHMEDH A8 HEeKoTOphX npofiaeM GepHCAloBCKOTD
tuna [1] B cnyuae e¢neorpaHHuennoros nokasarens. Kax muipectio,
B ClyHae corpaliHyeHHoror nokasatena OONBIIHHCTBO M3 3THX mpobnem
HMEET Mo HTeARHoe pemense [2, 3, 4], 3a HokAdelnen cofcTREHHO
npotniemel Bepxcaiija o nepuonnueckux rpynnax [5]. Hanee Gyaer
A0Kaaana CAelyHIas

T eopemna. [Tycrs £ — nponssonsnoe mote. CymecteyeT k-anret-
pa A (fes eaurHup) c d > 2 ofpazywomumi, Kotopasd GeckKoHewHo-
MepHa KaK BEKTOPHOE NPOCTPAHCTBO Haj R, B KOTOpPOH BCAKas nofan-
refpa ¢ YHCJIOM 0Gpa3yrlIlHx < d HHILNOTEHTHA H KOTOpAf, TaKoBa,
ato N A" = (0).

n=|{

YacTHBIMH C1YUaAMH 5TOH TeOpEMH ABNRIOTCS PeSY/bTATH, NoJYyyel-
nLe TeM e MetgioM B [6], a Taxke clenyioliHe yTRepHIEHHH:

Cnepcreue 1. Cymectsyer JHHHTHO-ANMPOKCHMApYeMan Oec-
KoHeuyHas p-rpynna ¢ d > 2 ofpasyioimHvH, B KOTOpoH BCAKAS noj-
rpynua ¢ 4xcaoM obpasyrownx < d Koneuwna '),

1} Kax gokazan C, IT. Crpyukos [7], ecan B rpynne ¢ udcaoM ofpasyromn X
d > 3 BCAKAA COGCTBeHHAR MOITPYNNa KOHCYHA, TO B CAMA TPYIINA TAKKE KOHeYHa .
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Hokxasateawctso. [lyers A — anre6pa Hal noneM Fy, u3 p
snementos ¢ d o6pasyloOWHMH Xy, . . ., X3, KOTOpas YIOBJETBOPAET
teopeme. Pacemotpum B anrefpe A, nonyuennoit u3 A npHcoeIHHEeHHEM
elHEHUG 1, MYALTHIHKATHBHYI0 NOANOXYTPYINY, NOPOMACHHYIO 3Je-
mertamu | == x; (i = 1, .. ., d) ¥ ux ofparasimu (1 - x;)™" (KoTophie
CYLIECTBYIOT, TaK KaK nce saementsl B A HuabnotentHel). OuesHaHo,
yro G — rpynna, npruem p-rpynna. Eeawm 1 +-wu; (=1, ... s
s <"d) — 3nementsl H3 G, TO NOPOXKIEHHAR HMH MNOArpYNNa KOHEYHA,
TAK KAK BCE e¢ 3IEMeHTH HvMeloT Buj | - u, rae u NpHHALIEKHT Noj-
anrefipe, NOpoAAeHION 3NeMenTamMi wy, KOTopasd HHILIOTEHTHA, CAeN0-
BaTeNkHO, KDOHEYHOMEPHA HaA k W MO3TOMY COCTOHT H3 KOHEYHOrO YHCIA
anemenron, I'pynna G Geckoneuna, NocKoabKy OecKoHeYHoMepHas
arredpa A spnsercs romomophHeEM ofpasoM rpynnoofi anreGpm
rpynnsl G wag F,. Hakoueu, rpynna G QuHHTHO-2NNPOKCHMUpYEMA,
TaK Kak ecaH avemedT g = | + 4 € G AeKHT B NepecedeHHH BCex
ueH0B HHAKHEro L[eHTpanbHOro paxa rpynnu G, To u Ennjf‘l“. a noto-
My u=0 g=1

Crnencreue 2. Cymecrsyer GHHHTHO-ANNPOKCHMAPyeMan
HeHHLNOTeNTHas rpynna G ¢ wHcaoM ofpasywomux d >3, Koropas
yIOBJAETBOPAET YCIOBHIO DHrens, T. . JaA MofuX x, i € G cymecTsyer
n — n(x, y), Takoe, 4TO

[ e gkl y}fi‘l-

n pas

HokasateabeTso Yactuufl cryuai crencrsus 1.

CanenctBue 3. Ilyerb k — npoussoasnoe none. Cywecrsyer
k-anrebpa Jlu L ¢ o =2 oGpasyownmi, KoTopas GeCKOHCUHOMEPHA Kak
BEKTOPHOE NPOCTPAHCTRO HAA k, B KOTOPOH BCAKAN nopaarefpa ¢ UHCIOM

o
ofpasyiompx << d HHILNOTERTHA H KOTOpPAs TaKosa, HTO r‘liL“ = (0).
e

JNokasareaberso. [lyers A — acconuatHeHan anreGpa Ham
k ¢ o0pasyiouMMH Xy, . . ., X3, YAOBNETBOPHIOLUIAA YCAOBHAM TEOPEMH, .
[Tyere L—anre6pa JIu, NopomaeHHAR SMEMEHTAMH Xy, . . ., Xy OTHOCH-
TeJAbHO onmepauui Kommytnposauus [x, yl = xy — yx. Hyxno mpo-
BEePHTL TOJLKO, 4TO anreGpa L GeckoneuHoMepHa Hajl k. 310 BhiTekaer
H3 Toro, uTo A KaK BEKTOPHOE NPOCTPAHCTBO HAd K NOPONKAAETCH Npo-

HaBeleHHAMH BUIA yfli gf:, rae ¢y, Y2, ... — HEKOTOPBI

1) Apanoruunoe yTEEpRieHHe CAPABENIHEO # B cAyyae =2, oguaro Torgd
OHO He ABAfeTCA POPMANBHBIM CIEICTBHEM TeOpCMH, 8 AONKNO OOKASHBATHCH
HEMOCPEACTREHHD TEM Ke TMPHEMOM, uTo H TeopeMa.
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k-GasucBL Wiy <is<<... << i,. Ecauéu anrebpa I, 6bia KoneyHo-
MEpHE, TO, NOCKOMIBKY BCE 31eMeRTH B A HHABNOTEHTHH, H3 SAEMEHTOB
Y Ka3aHHOTO BBILIE BHAA MOXKHO Obisio Okl BRIGpaTh Koneunkrli Gaske Lra
A — nporreopeyne.

Cnencrrue 4. Cymecrnyer GeckonetHomepHas anreSpa Jln
C uHcnoM obpasylomux d > 3, YAOBAeTBOPFIOMIAR YCAORMI0 SHreas
(TaK e Kak H B CCICTBHM 2 ¢ NMOKA3aTejeM f1, 3aBUCSIIHM OT x, .

HorkasatTenscTso Yactuuii cayuali crercrsus 3.

HlokasatenbcTso TeopeMbl OCHOBHBAGTCH Ha NpH3HaKe GecKoHeuHo-
MepHocTH anreSpul, noxasanHoM B [8]. Huke stor npuswak opmyu-
PYETCS B BHAE JIEMMbl 1 BOCNPOHSBONHTCA T4 YACTh M3 paccyKAEHHN
B [8l, Kotopas weobXojHMa ANA ee JOKA3ATENLCTBA.

Jemma. Tlyere R — cpoboanan acconpatHeuas anreGpa or d
06pasyIolkX Hajl HEKOTOPBIM naeM £, | — ulean B R, nopomaensmi
ngcJeIoBaTeNbHOCTEIO opM (T. €. ONHopoAHBIX SVIEMENTOR) CTEMEéHH
> 2, B KOTOpOR 418 BCAKOro i YHCAO oM CTENEHH { KOHEUHO H paBHO
ri. Nyets ry<s;. Ecan Bce KO3(QUUEEHTE CTENEHHOrD pAja

(1—dt+ 3 sy
=2
HEOTPHUATEABLHE, TO (Qakropairefpa A = R/J GecKOHeUHOMepHa.

B uacthocts, 310 chpaBenniBo, ecam r, < e (d — 28)!-2 (e = 0).
Nokasarearncreo. Amrebpa A = R/I smaserca rpagympo-

Batkoi. OGosnaunm uepes A, ee i-1o coctapasomyio: A = || A,. [yems
i=0

L1y « ..y Xg — ODpasyIIHe CBOGOLHOT anrefpa R, x_h oy Ed —_
HX KaHoHuUuecKHe ofpasut 8 A. Boofme, ecan ¥ — spement u3 R, 1o
E€ro KaroHH4eckH# o6pas B A o6osHauaem uepes x, [lyers fy, fo, . . . —
(opMEl, mopoxiawuiie Hiean /, a creneus f; pasha k. Ecnu § < 0,
T0 nonaraeMm A; = 0. Ilycrs B; — npsmasi cymma d SK3EeMIIIAPOR

k-BexTOpHOro npocrpaicrsa A;_,: B, nd{ | Aivuc, =;$[_] A;-x;. Ompe-

Ha =1 -
“Aeaum otofpamenus a: B; — A; u p;: ,:'-4- B,. OroGpamenre o onpe-
Aeasercs no dgopmyne

(ag, ..., ad}——}a,:ﬂ-]- e FQaXg,  ayE Apeyy v=1,...,d.
Oro6paenne f ecte cymma orofipamenntt By A,_p ;— By, rae p; onpe-
Aenserca caeayiomum ofpasoM: sanwwem dopuy f; B BHae

. d
fizvzt! r;x‘-'s

1) Cw. cHOCky Ha npemumymef cTpaHHDe.
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rae ff — nexorophie dopmm crenenn k; — 1; Toraa

Br@)=CTh 2 - 2f). 2€ A,

[Tokasem, yTo NoCAeI0BaTeNbHOCTh

C;—ﬂhﬂjﬁ).ﬂ;—:\-ﬂ - {11
TouHast, ecad { = {0. QueBnino, uTo « CIODBEKTHBHO H Y10 @=f = ().
Mposepum, uto ecak @ = (ay, . . ., @4) € Ker a, 1o a € Im p. Ilpen-

CTABHM SJEMEHTLI dy B BHAS dy — MYy, THAE iy —EEKOTG]JHI} AMTCMEHTRI

crenent i — 1 u3 R. Tak xak afa) = 0, 10 yzvf,iy,,x,, € I, a noromy

p ¢ o
B Yaky =D wvktv+ ‘21 2ify, rae us € I ¥ 2; € R — onstopopssie ae-
] =] Jem

MEHTH cTeneHH i — k; cootsercteenHo. Toria ecinm z2=(z, zs, . . .),
10, ouesuiHo, Pz) = a. _

[Tycrs teneps by = dim A;. Tounan mocnenosarensuocys (1) paer
HePaBenCcTRO

by > dbyy— X biy "
Ju=i

YwHOMKas ero Ha £ H CYMMHpPYs 1o Beew { o | 10 oo, OAYUHM Hepa-
BEHCTRO A7 POPMATLHBIX CTEMEHHHX PANOE (KOTOPOE HYKHO NOHHMATH
KaK HepABEHCTBO, BHINOJHAIOUlECCS WIS BCEX COOTBETCTBYIOMIHX KOS(-
(HILHEHTOB B Mparofl H Nepolt wyacTax):

3 bttt = dt Zlb'_lt‘—i — Ei bimt, Ry,
i=1 == i i=

i=i

[Tyete P, (t)=_20h,t". Tak kak by = 1, umeem

Pa(t)—1 2 dtPy(t)— (hg,z rif") P (8)
HIH
(1= n‘f—|—h21 ) Pa(t) = 1.

Ecan wosduupents crenenroro paga (1 — di -+ §2 rxt")™ Heorpu-

UATENbHE, TO

Pa(t)=(1—dt+ Ez ryt®)
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n anrefpa A Geckoneunomepna. HaKouell, ecny s; > r; H HeOTpHUATENb-
-1
HW KoxdHUMeHTH CTeneHHoro pAAa (1 —dt + E s{t‘] , T, Kak
=32

Jerkd BHIETE,

(1—dt+ B eV = (1 —dt -2 )™
{=2 =%

HNorkxazateascTBo Teopewmu. [lycrs cnosa R — cso-
Goianan accounaTHBHAA anreGpa or 4 ofipasylmux x;, ..., xg Haj
nojem kB, Rt — COBOKYNHOCTL €€ JEMEHTOB, He HMEUHX cBoDOgHLIX
yneroB. B cuiy JeMMEl A8 nocTpoenHs GeckoneunomepHol aarefips A
c d obpasyonumu, B Kotopoi Jobwe d — | 371eweHToB NOpOKAAT
HUIBIOTEHTHYIO NoAanreGpy, AOCTATOUHO COCTABHTE B R NOC/IEN0BATE b
HoCTh OPM fy, far . . . cremern > 2, Takyo, uto 1) r; < &? (d —2e)' 7
AnA Besikoro i=2: 2) ecnan [ — Mpead, nopomieHHHE Tociiefona-
teabHocTei0 GopM  fy, fz .. ., To a18 mobux d — 1 3aemenTtoB
Y1y - - -y Hg-y H3 RT cyumiecTByer noKasatedb 4 = (Y, . . . Ya-1},
TaKo#, Y10 BCAKHA OZHOUAEH OT Iy, . . ., Mi-y CTENEHH Z= 7 JIEEHT
g [I. MocaenosatensnocTs GoPM ¢ YKA3aHHEIMH CBOHCTBAMH CTPOHTCH
no wHAyKuuu, Tlpeanosiodum, H¥TO  ye TNOCTPoeHA  KOHedHas
cuerema GopM fi, . . . fa, . YNOBIETBOPSIOWAS YCAOBHIO 1) H TaKas,
uTo yeJoBHe 2) BHNOAHAETCA AAH HAeana /-y, nopoXAeHHoro gopmaMy
Fii - fhk_’, u saementos crenend < k — 1. [loxaxem, uro ary
CHCTEMY MOMGHO pPacUTHpHTR N0 KouewHoil chetemm dopM fy, fa, . . .
e+ oy fuys TO-npexHEMY yioBjeTBopsiomedi yeaosuio 1), & yenoBHIO
2) — ans ugeana Iy = (fy, - . ., fu,) # snemenTos cremenn <_k. Pac-
cvotpum d — | obwmx siiemeHToB crenenn k:

i ! (13 (2) .2 , )y Lk . -
gi=clin .o fea et avR e Xy i=1 e d 1,

W NPOH3BOJTLHOE HX MpOHsBeAeHHe cTenenH N:
' Qi - - » iy
2]
Fro BEpANEHHE eCTh MHOTou/IeH ot Kosdxprnmentos ¢fl), . . ., ¢! k{ & g
KOTODHE paccMaTpHBalOTCs Kak HeuspecTHme. Kosphumnenramu npu

opuouwnerax ot ¢, . . ., gﬁl 4y CTyHKaT popMel OT Xy, . . ., Xg CTEDE-

Hu i, rae N<i<kN. Huenno stH dopmbl Mul H 106aBAAEM K NOCTpO-
EHHBIM PaHee Ai# NOJYUCHHSA CHCTEMB fy, . . ., fa,. Toraa, ouesuano,
yeaoBHE 2) AA IEMEHTOB CTENEHH <k BLINONHACTCH. Brinonnenue
yenosus 1) obecneunpaercs 3a cUeT Boibopa uncaa N AOCTaTOuHO Gl b-
wum. Tpeskne mcero nyets N Gofbllie, ueM cTeneHs JK6oi H3 Qopu
fis -« s [n,_- B 3ToM caryuae ofmlee YHCIO dopm crenenn = N B cHcTe-
Me fi, . .., fn, PABHO HHCHY KOMMYTATHBHhIX OJHOMNEIHOB CTETEHH N
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or ¢ -:.;r(d — 1) {d + ...+ d") mneuspecTHBIX, YMuoXKeHHOMY Ha
(d —1)" — uHCNO HEeKOMMYTATHBHHIX OfHOYWIEHOB g, - .. £, CTeme-
HH N or d — | HenspecTHHX. D10 uHCA0, TakHM OOpasoM, ecTb

N -1
{d—l}”( :ﬂ )ﬁ(d—l}”ww—l)""-

d—2e
Myers @ = =—. Ecan e << 1/2, 1o @ > 1. [lostomy 415 noctatouso
Goaemux 3Hauenuli N GyleM HMeThb

(V49— <t o,
OTEYAA AnaA (= N noayuaem ;
r & (d—1)" (N +g— 1)L <e? (d—2e)" 2
Ilpu i << N ycnoeWe 1) Takse BENOIHAeTCH, HOO OHO BHIIOIHAAOCH

s CHCTeMBl fy, .. ., ,r‘,.JH. Takum ofipasom, cHereMa fy, .. ., f,.k
noctpoena, OfnenHHeHHe BCEX STHX CHCTEM fi, . . ., f,,ﬁ, =10, vy
H ABJAETCH HCKOMOl NocaenopaTeabHOCThIO GopM fi, fa, ... . AnreGpa

A = R/l yposaersopsier ycnoBaM TeOpeMbl.
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NUMBER _FIELDS AND ZETA FUNCTIONS ASSOCIATED
WITH DISCONTINUOUS GROUPS
AND ALGEBRAIC VARIETIES

GORO SHIMURA
1. Introduction

Let T be an arithmetically defined discontinuous group operating
on a bounded symmetric domain H, and ¢ a holomorphic mapping
of H into a projective space which induces a biregular morphism
of H/T onto a Zariski open subset V of a projective variety. Then one
can set the following problems. _

(A) Find a model V defined over an algebraic number field.

(B) With suitably chosen V and ¢, characterize number-theoret-
ically the field generated by the coordinates of g (z;) for an elliplic
fixed point z, of an analytic anlomorphism @ of H such that al'e™
i mmensurable with I'.

N ??3} Find a connection between the zeta function of V and the
Hecke operators defined for the automorphic forms wi th respect fo T'.
A typical example is the case where I' is a principal congruence

subgroup of the modular group SL. (Z) and H is the upper half plane..

Then one finds a curve V so as to be defined over the rational number
field Q. The classical theory of complex multiplication solves Prob-
lem (B). The last problem (C) has been invesiigated by Eichler [1]
and myself [8], [9]. ‘ _

The main purpose of this lecture is to answer the above questions
for all possible arithmetic T (at least up to commensurability) acting
on the upper half plane. This provides a complete analogue to the
results obtained for SLs (Z). It turns out especially thral the maximal
abelian extension of a totally imaginary quadratic extension of
a totally real algebraic number field F can be gencrated, over the
maximal abelian extension of F, by the spec131 values of ;_autnmnr]}hlc
functions of one variable. Although the Tlnl:l]'.}a!. part is thus con-
cerned with the one-dimensional H, T shall first discuss Problems (A)
and (B) in the higher dimensional case, because it will give a clear
sight to the whole theory.
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2. The moduli-variety for a family of abelian varieties

In many cases, we can attach to H and ' a family £ = {Q. |z ¢ H},
parameirized by the points on H, of structures Q,, each of which is
formed by an abelian variely A., a polarization of A,, endomorphisms
of A., and points of finite order on A,;. Two members Q, and Q, of
£ are isomorphic if and only if y (2) = w for some y € I'. We say that
HIT is of type (P), il the members of £ can be characterized only
by the type of polarization, endomorphisms, and points of finite
order. In such a case, one can approach Problems (A) and (B) as .
follows. First the algebro-geometric characterization of the members
enables us to show the existence of an algebraic number field £ with
the property that, for every Q, € £ and an automorphism o of C, o is the
identity mapping on & if and only if (Q.)? is isomorphic fo a member
of Z. Then one can choose V and ¢ so that the following conditions
are satisfied [13].

(2.1) V is defined over k.

(2.2) If Q and @ are structures isomorphic to mémbers Q, and Q,,
of X respectively, and if Q' is a specialization of Q over k, then (g (w), Q')
is a specigiization of (p(2), Q) over k.

For a given I, such V and ¢ are unique up to biregular morphisms
over k. The field & (g (2)), for each point z ¢ H, has an invariant
meaning for the structure Q,, since il can be characterized by the
iollowing property.

(2.3) An automorphism o of C is the identity mapping on k (p(2))
if and only if (Q.)® is isomorphic to Q,.

We call & (q(2)) the field of meduli of Q..

Now if z is an isolated fixed point of an analytic automorphism
of H described in (B), then A, has sufficiently many complex multi-
plications. Therefore the determination of the number field k& (g(2))
can be essentially done by applying the theory of complex multipli-
calion of abelian varieties [16] to A,. However it is not always
a simple fask but actually an interesting problem to determine the
structure of A,. The study of some special ones among these A, is
very effectively employed to characterize the field & number-
theorelically [12].

It should be observed that this recognition of H/T' as moduli-variety
does not necessarily give the ultimate answer to our problems, for
some reasons whicg will be explained in {the following section.
Nevertheless, by this mcans, one can obtain at least the first appro-
ximalion to the solution, which is really the best possible in a number
of cases, as is seen in the classical case of SL.(Z) and elliptic
curves.
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3. Reflections on the idea of Section 2

~ There are some spaces H'/T" which are not of type (P), but can
be embedded holomorphically inte H/T of type (P} through injections

H — H and I" —T. I found a non-trivial example for this in the -
case of quaternion unitary group defined by Siegel [17], and communi- .

cated the possibility of generalization to Kuga, who, together with
Satake, has investigated such an embedding in a general framework
{cf. [4], [6], I71). In such a case, one can still show that H'/T" has
a model defined over an algebraic number field. To show this, first
we take V and ¢ for H/T so as to satisfy (2.1) and (2.2}, and then
choose a point z on H' so that A, has sufficiently many complex

multiplications. The points w on H’ such that A, is isogenous to A,

form a dense subset X of H'. Since & (p(w)) is the field of moduli
of ., we see that the coordinates of the puints in g {(X) are all algeb-
raic numbers. Therefore, if o is an automorphism of C over the algeb-
taic closure of Q, then one has ¢ (X) = ¢ (X)° = ¢ (H')°, so that
9 (H') =g (H). It follows that ¢ (H'), a model for H/T", is defined
over an algebraic number field. The case of unitary groups of quater-
nion hermitian or anti-hermitian forms will be discussed in detail
in [14]. In this way, we know that H"/T" has a model defined over
an algebraic number field, so far as there is a family of abelian
varieties attached lo H/T" in the sense of Kuga and Satake. A careful
analysis of the special members Q. and the fields & (¢ (z)) may yield
a ‘more precise result. .

The field & determined for the family 2 of § 2 is not necessarily
the smallest field of definition for the field of automorphic functions
with respect to T'. In reality, £ is a number field which has an essential
meaning for the family X of abelian varieties, but not always so
for H/I'. For example, to a certain H/I", one can attach infinitely
many distinct fam[?!es of abelian varieties; the field £ may depend
on the choice of a family. These phenomena can happen both in the
cases of type (P) and not of type (P). Therefore if we ask for “abso-
lute” statements concerning A/T" without reference to abelian varieties,
the answer of § 2 to our questions may be considered incomplete in
stich a case. However, by studying these families more closely, it is
possible to obtain an “absoluteresult™ at least for the one-dimensional
H, which is our object in the following sections.

L

4, Construction of class fields by automorphic functions
with respect to an arithmetic fuchsian group

Let B be a quaternion algebra over a totally real algebraic number
field F of degree g. If r is the number of archimedean primes of F
unramified in B, one can identify Bg = B &¢R with the product
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Ms (R)"x K& of r copies of the total matrix ring M2 (R) of degree 2
over the real number field R, and g — 7 copies of the division ring K of
real quaternions. For every « € Bg, let @ =(ay, ..., &z with
ay € M, (R) or K according as v<r or v=>r. Denote by B* the
set of all @ in B such that det(a,) =0 for v<r. If & € BY, the
action of & on the product §" of r copies of the upper half plane
§ ={z€C|Im(z) >0} is defined by

&2y . oon 2= (w4, . ... W),

ay by
WUztﬂvzu—Fbv}f(cuEu‘l‘du]q a, = [cv d-.-] =
Let o be a maximal order in B, and ¢ an integral ideal in F. Let
I' (o, ¢} denote the set of all units y in o, belonging to B*, such that
| —y €co. Then I (p, ¢) can be considered as a discontinuous group
acting on §". It is well-known that §"/T (e, ¢) is compact if B is
a division ring, especially if r < g. Hereafter let us assume that
r = 1, and the archimedean prime of F corresponding to the unique
factor M, (R) of Bgr is obtained from the identity mapping of F.

Lemma. Let M be a totally imaginary quadratic extension of F
which is isomorphic to a guadratic subfield of B over F. Then the
following assertions hold.

(1) If fis an F-linear isomorphism of M into B, then f(M)— {0} =
= B*, and every element in [ (M) — F has exactly one fixed point on
§ which is common to all elements of f (M) — F.

(2) IF tar denotes the ring of integers in M, then there exists an
F-linear isomorphism [ of M into B such that [ (ty) 0.

For an algebraic number field K of finite degree and an integral
ideal a in K, we denote by C (K, a) the abelian extension of K in
which a prime ideal p of K, prime to a, decomposes completely if
and only ii p = (b) with an element b of K which is congruent multi-
p%icatively to 1 modulo a and positive at every archimedean prime
of K.

Theorem 1. The notation and assumption being as above, there
exists a complete non-singular algebraic curve V and a holomorphic
mapping @ of i into V, mtfs‘{_ying the following three condifions.

(I.1) V is defined over C (F, ¢).

(1.2) ¢ gives a biregular isomorphism of § /T (o, ¢} into V.

(1.3) Let M and | be as in (2) of Lemma, and z the fixed point of
the elements of f (M) — F on $. Then C (M, ¢) is the composite of
M (¢ (2)) and C (F, c).

We call such a (V, ¢} a canonical model for §IT (o, c). If (V, ¢)
and (V’, ¢') are two canonical models for §/T (o, ¢), then one can
show the existence of a biregular morphism j of V to V, defined over
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C (F, ¢), such that jogp = @'. In this sense i i 5
e c]{. G = , (V, @) is uniquely deter

The reciprocity-law for the extension C (M, ¢)/M can be described
Expllcﬂ‘] in terms of the special points ¢ (2). For simplicity, let
us consider the case ¢ =(1). Classify all the right o-ideals with respect
to the left multiplication by the elements of B*. Let {p;, ..., m}
be a set of representatives for the classes of right o-ideals in’ this
sense. Let v, be the left order of py. Set g5, = papy'. For every right
o,-ideal p, let N (p) denote the ideal in F genera?ed by the elements
N (E) for all § € ¢, where N (E) denotes the reduced norm of £ to F.
We notice that, for each p, {N(ry), . .., N (tn)} is a set of repre-
serlltatwe.s for the ideal-classes modulo the product u of all archimedean
prmrll‘esl; of F, and F;[.— [C (F, 1): F.

eorem Il. The notation being as above, there exists q syste

Vo, 92 (M =1, ..., h)} satisfying (he following conditions. g

(LL1) For each h, (Vi, @) is a canonical model for $IT (o), 1).

(I1.2) Vs =V if 0= %”f_*")

(I11.3) Lef M and f be as in E;rﬁma under the condition f

: : 1 ndition .

Let z be the fixed point on § of the elements of f (M) — .F'.{E::z{icﬁ I:;z
ideal in M. Suppose that [ is normalized in the sense defined below.
Then there exist an element o of B* and a unigue ) such that ag;, —

= f(b) o,. With such an element o and ©= (M) one has

G (" =@ (@ (2)).

Here we say that f is normalized if (d/dw)|f (a) (@))w-. = a/a for
every @ € M, 0. If we define f by F(a) = f () for a € M, then we
see that either f or f is normalized.

Example. Let d =7, 9 or 11, and let F = F,; = 3
with [ = e#d. Then there exists a quaternion a]gibraué:o_;ef }!
whld:l is unramified at exactly one archimedean prime of F corres-
ponding to the identity mapping of F, and unramified at every finite
prime spot of F. Such a B is unique up to isomorphisms over F. In this
case we have h =1 and C (F, 1) = F. Lel o be a maximal order in B.
For every maximal order o" in B, there exists an element p of B* such
that o' = Pop~. One can show that T'(p, 1), modulo the center, is
a friangle groulp }»ri th three classes of elliptic elements of order 2, 3' d
hegce ST (s, } is of genus (. Let w,, w,, w, be corresponding ellip:tix’:
points on § which are unique modulo I' (s, 1). Then there is an auto-
morphic function @ on § with respect to I' (s, 1) which can be charac-
terized by the property that ¢ (wy) =1, ¢ (wy) =0, ¢ (ws) = oo
and ¢ gives a biregular morphism of /T (o, 1) onto the complex
projective line V. Then it can be shown that this (V, ¢) is a canonical
model for §/T (o, 1). In this case, for every totally imaginary quadra-
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tic extension M of F, there exists an F-linear isomorphism f of M
into B such that f (vy) = o. Let {z;, .. ., z,} be a set of representati-
ves for the I' (s, 1)-equivalence classes of the fixed points of f (M) — F
for all such f. Then ¢ is exactly the class number of M; and from the
statements (1.3) and (I1.3), one obtains the following assertion.

The values ¢ (2,), . . .. ¢ (2g) form a complete set of conjugates
of @ (z;) over M, and M (p(z,)) is the maximal unramified abelian
extension of M for each i. ?

Thus ¢ affords a complete analogue of the classical modular
function j (1), with the field Fg in place of Q.

Remark 1. We can actually prove cerfain existence-theorems
of a canonical model (V, ¢) for §'/T (o, ¢) with any r = 1, which
include the above theorems as particular cases. The cases where
r = 1 and r — g will be treated in [15]. We can also release the con-
dition f (1x) — 9 in (1.3) by replacing C (M, ¢) by a suitably defined
class field over M. I shall discuss the most general theorems including
all these in a paper subsequent to [15].

Remark 2. It may be worth inserting a short history of the fuchsian

up of our type. In the case F — Q, Poincaré found that the integral

ransformations of an indefinite ternary quadratic form generate
a fuchsian group [5]. He realized this when he was walking on a cliff,
as he described it as an example of mathematical discoveries in his
“Science et Méthode”. Then Fricke treated the case of F of higher
degree. A considerable part of two volumes of Fricke-Klein [LE% is
devoted to the investigation of this group and its transformation-
equation. The possibility of transformation theory was already noticed
in [5]. If B = Ma (F), the group T (s, 1) is essenfially the so-called
Hilbert modular group. The case where r = g =2 was studied by
Hecke in his dissertation [3l. In this work, cﬁscussing the analytic
functions meaningful for the construction of abelian extensions,
Hecke, curiousty enough, referred to the results of Fricke mentioned
above as being without specific meaning in number theory {Werke,
p. 23). Actually, as 1 have shown, Fricke's automorphic functions
provide a more transparent result for the construction of class fields
than the functions of Hilbert-Hecke type, though we can regard
both as special cases of a more general theory as noted in Remark 1.
The discontinuous groups defined by Siegel [17] may be considered
as a peneralization of the Poincaré-Fricke group to the higher dimen-
sional case. These are of course special cases of what recent authors
call arithmetically defined discontinuous groups.

5. The zeta functions of B and V

Let V,, g and o beas in Th. IL. Set Ty =T (95, 1). We regard B
as a subring of M (R) through the projection of By to M (R). Then
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N (z) = det (=) for every a € B. For E = [a j £ GL, (R) with
: [

det () >0, aml for z¢ §, set j(E 2) — del (§)a (cz + d)™. Let
Sm (T'3), for 'a positive integer m, denote the vector space of all cusp

forms of weight m with respect to T. Every element of S, () is.

a holomorphic function f (2) on § such that f(y (2)) = [ @) j (v, 2™
for all ye T, If a € B*, one can define a linear map {f‘p;,I‘jm:

Sm (I3) = Sw(Ty) as follows. Let Tyaly = |J aT, be a disjoint
union. Then, for fc S, (T;), =

(CuaTs)mf =i§n, flait (@) f (ai, 2)™

For an integral ideal & in F, let T, (a),, denote the sum of all the
(Fyels), such that ap,, is integral and N (apy) — a. It should
be observed that 4 and a determine p uniquely. Further let R.; (a),, —
= (['WBT'1),» with an element p € B* such that Bps, — ao,. Then we
let T (a), (resp. R (a),) denote the linear transformation on

Sm=5m(T)D ... OSn(Th)

whose restriction to S,, (I';) coincides with T (a),: (resp. Ry (4),,).

Now define a Dirichlet series D, (s) by
D (8)= 3 T (8)m N (a),

where a runs over all integral ideals in F. It can be shown that D, {s)
converges for sufficiently large Re(s) and has an Euler product:

D (s) =H[1—T (9} N (p)°] 2
X I —T (8)m N (p)™ + R (Pl N(P) ],

where the first product is taken over all the prime ideals y ramified
in B, and the second over all p unramified in B. Moreover, D,, (s}
is holomorphically continued to the whole s-plane and satisfies a func-
tional equation:

R ($) =TI (5) Dy (8) = ZY - Ry (2—5)- V1,
L (s) = (20 #° de2T (s) 1 T (s— 1 - m/2),

where Z and Y are certain invertible linear transformations on S,
and d is a certain integer (for details, see [11]). ;

Let (V, @) be as in Th. [. Let $ be a prime ideal in F, and £
a prime ideal in C (F, 1) dividing p. Let us denote by 3 (V) the
reduction of V' modulo %, and assume that 3B (V) is a non-singular
curve, The zeta funection Z${u} of the curve B (V), over the residue
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field mod %P, has the form .

Zg (u) = Zg (@)/[(1 —u) (1 — N () &)1,
where Z&; (u) is a polynomial in u of degree 24, if ¢ denotes the genus
of V. L

Theorem III. The notation being as above, for almost all v
which is unramified in B, one has
Mgy Zi (¥ (B)™) =det (11— T (9)eN ()™ +R (02N (1)1,
It follows that if we define the global zeta function { (5, V) of V,
in the sense of Hasse and Weil, by

C(s, V) =TIgZy (N (B) )7,

the product being taken over all B with good reduction, then £ (s, V)
differs from det [D; (s)] only by a finite number of p-factors. Therefore
{ (s, V) can be continued holomorphically to the whaole s-plane and
satisfies a functional equation. We can actually obtain a more general
result on certain L-functions for the coverings of V defined by the
congruence subgroups of Iy [15].

6. ldeas of proois

One can attach fwo types of families of abelian varieties to the
quotient /T (s, ¢} .Let K be a totally imaginary quadratic extension
of F and let 7, ..., 1; be isomorphisms of K into C such that
{ry, ..., Ty 1P, ..., Tgp} is the set of all isomorphisms of K
into C, where p means the complex conjugation. Let L = B @r K.
:FH’E: n:;cmsldl:r an abelian variety A belonging to one of the following
wo types.

{i}YEim (A) = 2g; there exists an isomorphism 6 of K into
Endg(A) such that the analytic representation (i.e. the representation
in the tangent space of A at the origin) of 0 (a) is equivalent to
zi:'ﬁi [t'h' }T‘?P} T 2 E£=r'—i T

(ii) dim (A) — 4g; and there exists an isomorphism @ of L into
Endg(A) such that the analytic representation of 0 (a) for ac K
is equivalent to 2 Di_y (ty + Tp) -+ 4 D5 1T

With a suitable polarization and points of finite order, one obtains
a family £ —{Q, [2€ ") of the type described in § 1, with
I' =T (o, ¢). For the families of type (i), one has to assume that B
splits over K. Let us assume r = 1, though one can investigate the
general case r = 1 by the same method. Let K' denote the field gene-
rated over Q by DX§_,x™ for all x € K. Define the field £ as in § 1 for
this Z. It can be shown that & — C (K’, ¢). Here and in the following
we assume that ¢ is generated by a rational integer. (The general
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case can be easily reduced to this case.) Take V and ¢ satisl'i;ing (2.1-2)
for the present £. Let M and z be as in (1.3). Then either KM or
B & KM is contained in the endomorphism algebra of the special
member Q, according as Q. is of the above type (i} or (ii). In any case
-Q. has sufficiently many complex multiplications. The general theo-
ry [16] tells us that the field of moduli of Q., which coincides with
E (¢ (2)) by virtue of (2.3), is an abelian ex{ension £ of K'M. The na-
ture of the class field E has been investigated in [10]. Up to this point,
we have chosen one K, and construcled (V, ¢) with respect to this
fixed K. Now there are infinitely many choices of K. The class field
C (M, ¢) can be obtained as the intersection of ihe composite
E.C (K’, ¢) for all K. This fact enables us to apply Weil's criterion
[18] to lower the field of definition to C (F, ¢), and then to find a new
model (V, ¢) satisfying (1.1-3). Theorem II can be proved by investi-
gating more closely the isogenies between Q, and its transforms by
Frobenius automorphisms of E. :

To explain the proof of Th. 111, let us first define some algebraic
correspondences. Let {V, g} be as in Th. 11, and let

Xun (P)={on(2) X gu(@(2)) |2E€H} = VaxVy,

Y (0) = {pv (@) X gu (B (2)) [2€ 8} = Vi XV,
with elements a and B of B* such that ey, is integral and N (zpp)=p,
Btyw = po,. Further let A — X" be a permutation of {1, ..., A}
such that N (g;-) and N (3?) belong to the same ideal class modulo u

in F, and let 6, be an element of B* such that d,py = N (r3) 2a
(cf. {11, p. 2571). Let

Us = {oa(2) X 9,. (6 (2)) |2€ 8} = Vi x Vo,

Then X, (»), Yyue (p) and U, are algebraic cotrespondences defined
over C(F, 13, and U, is birational. The operators Ty, (9); and
R,. ()2 are nothing but the representations of X, (p) and Yy, (p)
by differential forms of the first kind on the curves, Let 8 be a prime
ideal in C (F, 1) dividing p. Denote by tilde the reduction modulo B.
Then one has

(5.1) X (p) =", 4+0U." oM. o I,
(5.2 Pun(p) =05 - O}.

Here I, denotes the locus of x x x™® on V¥, x V3, and ', its
transpose. These congruence relations are obtained from the recipro-
city law (I1.3). By a simple computation, one can easily derive Th. III
from (5.1-2).
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TPAHCUEHIEHTHOCT W AJITEBPAMYECKAS
HE3ABHCHMOCTb 3HAYEHHH E-®YHKUHH

A BUNHAITOBCKHNA
B 1929—1930 rr. K. 3urens [1] onyGnHkopan merofl, KoTOphIi

NO3BOJIAET YCTAHABAHBATH TPAHCUEHIEHTHOCTE H  anrefpaHueckyl
HE3ABHCHMOCTE 3HAYCHHH B airefpaHdeckuX TOYKAX OJHOIO JOCTATOMHO
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ITHPOKOrO  KJacca NUeNHX (yHKuHiA, HaspaHHWX HM E-pynxknHamy,
ABAAICIHXCA pellleHHAMH AHHEHNBIN anddepenuHalLALMX YpanHeHHH
¢ NOJTHHOMHAN b HEMH Kos(hHIHEHTAMH,. 3TOT MeTO)| ABJNSETCH HEnocpel-
cTBeHHBIM 0606HIeHHEM H3PECTHBIX KaaccHueckux pesyapratos 1. Spmu-
Ta 0 TPaHCUEHAEHTHoCTH uHcaa e B M. JIHHdemana o TpaHCUEeHIEHTHC-
CTH H anrefpaHYecKoil HE3ABHCHMOCTH 3HaYeHHi MoKasaTelbHoll (QyHK-
IHH B anrefpaHdeckMx TOYKAX, 4 TAKXKe HCNoabayeT ofobUieHHe HAEH
A. Tys u3 Teopun npuiNHKERHA anrebpaHueckHX YHCEA PalHOHANbHE-
MH ApoGamH.
3urens HasbiBaeT NEAYID (PYHKIKIO

f(2)=") easr

n=0

.E-@J}THKLT,HEI?, ecal: 1) Bece KospduuHeHTH c, dyukuHy f (z) npHHagte-
MaT anreGpanveckoMy nomo K KoHEUHONl CTEMEHH HAl NodeM palHo-
HaNbLHEX YHcen; 2) npH mwoboM e = 0

[ca] = O (n®=),

rie | o|— MakcHMyM Mogyaed anreGpaHdecKoro YHCAE @ H BCeX
ero colpseKeHHbIX oTHOoCHTenbno nots K; 3) cymecreyeT nocie-
AOBATENLHOCTE HATYPanbHeIX uHcen {g,}, Takas, uTo umeAa fucp
(k=0,1, ..., 1) —neawe aiarefpaduyeckwe, a npH mobod e > 0

gn == O (n®").

Herpyano yGeaurbes, 4ro £-pyHKIHNH 06pa3yioT Koablo QyHKIHIA,
3@MKHYTOEe N0 OTHOIIEHHIO K omepanHsM aHpdepeRuupopanHm, uuTe:
rpuposaHuf B npefenax ot 0 no z v aaMeRHl aprymenta z Ha Az, rie
4 — anrebpaHyeckoe YHCAO.

Jliobag anrefpavyeckasl nNocTOAHHAA, BCAKHA MHOrouleH or z
¢ anrefpaHuecKHMH KostdHumenTamu, GyHKIHE €%, sin 2, cos z, dyHK-
uMsi Becceasn J, (2) ABAAIOTCA NpOCTeAIIHMH npHMepamy E-yHKIH,

Ceoit Mero)l” 3uresis NpHMEHHA K yHKIHAM

=]

U (— 1™ z yin ;
K"[z}__-%ﬂﬁl{,’- E_l}”.{l_'_n}{?) 1, :""?:_It _21---1

ABNAOINHMCA pElleHHAMH THHCAHOro 0HOPOIHOrO AnddepeRuHanbHOTO

YPaBHEHHA BTOPOre MOPALKAa H OTIHIAKIMHMCA TOIBKO MHOMEHTCAEM
1 Z

m(f) or (yEKuuit Beccens ¢ COOTBETCTEYIONMIEM HHIEKCOM A,

On foxasan, uto ecau b — parHoHaAbHOE UHC/IO, OTAHYHOE OT OTPHILA-
TENBHBIX HEILIX H NOJOBHHE HedeTHoro YHeA, To Las Moboro anrefpan-
QeCKoro 3naueHnn a 5= 0 yacna K, (o) # K5(2) anreGpauvecky Hesa-
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BHCHMH, a TaloKe oGoGieHHe TOro NpelaokedHs Ha ciyyad coBoKyn-
noctH GyHKRUEE K (2) ¢ pasiHuHHMH 3HAUEHHAMH nNapaMerpa A
¥ pasHYHBIMH 3HadeHHAMH aprymMeHTa .

B 1949 r. K. 3ureas [2] uanomua ceod metoa B opme obilled Teo-
pemsl 00 anreGpaHuecKOl HE3aBHCHMOCTH 3H3YEHHH COBOKYMHOCTH
£-pyHKUHH, COCTABNAKIIHNX PElICHAE CACTEMb] JHHEHHBIX OJHODOIHBIX
nudepeniiHaNbHLIX YpaBHeHUH nepsoro nopaaka. KMa sToit TeopeMel
caenyer Teopema JIHHJeMaHa, a NpH NOMOWH A0NOMHHTENBHEIX Open-
JAOMEHHA — YNOMAHYTHE BLIle Pe3yabTaThl 3HTeNA O 3HAYEHHAX
dvukunit Beccens. Kakux-i1n6o noBHX peayasrartos s1a paGora 3urens
He coflepiKana, Tak Kak ofilas Teopema CBOAHT apHMeTHUECKYI0 npo-
6aeMy oKa3aTennrCTea anrebpaHueckoli He3aBHCHMOCTH 3HAYeHHH coBo-
KyMHOCTH PyHKUHE K NPOBEPKe HEXOTOPOrO AHATHTHUECKOrO YCAOBHA
HOPMAJIbHOCTH PasiIHYHBIX NPOH3BEAeHHH CTenmened STHX (YHKUHH,
a NocAenHAs BechbMa 3aTPVIHHTEAbHA H N0 CHX MOp YAAeTcsd TONMBKO
ans coBokynHoetH E-QyHkuwf, Kammas H3 KOTOPHX ARISETCH pelle-
HHeM JHHeRHoro apdebepeHiuansHOro YpaBHeHHA [NOPAIKa He BhHILE
sroporo. Ilosromy obiias Teopema 3Hrens Hmena Malo NPHIOKEHHHA
¥ KOHKpeTHBM yHKIHAM.

B 1953 r. asrop [3] ycramoemn TeopeMy, aHalorHUHYIO Tenpeme
3urenn, Ho NPH MEHee CTECHHTENBHHX NpelnooKeHHAX H pacnpo-
CTPaHHI €€ Ha CJayyail COBOKYNHOCTH (QYHKUHH, YAOBETBOPSAIOULHX
cHeTeMe THHeHHbIX HeoJHopoaHslx tuppepenupanbusx ypasneduit. Ilpn
fnoMomM SToH  TeopeéMbl YAAMO0Ch YCTAHOBHTE TpaHCUeHJeHTHOCTD
H anreGpaHYecKyI0 HC3aBHCHMOCTL SHaueHHh Hekoropuix E-Qynkomi,
ABJNAOLMXCH PEIIeHHAMH JIHHERHEX ONHOPOAHEX H HEONHODOIHBIX
audrpepenHaNbHEX  YpaBHEHHE HE Toldbko |-r0 H 2-ro MOPANKOE,
HO 3-r0 H 4-ro NopAaKos.

B 1954 r. [4] nytem ofoGuienns wmeroja 3ureas ylanocb HaHTH
HeOOXOANMOE H JOCTATOMHOE VCJAOBHE, TIPH KOTOpOM BepHa mojolGHas
TeopeMa.

[leppas ocnosuasa Teopewa. [lyome cosokynnocms
E-gynxcyuid fu (2), . . ., fm (2), m>1, asagemcs peuienuem cucrnemol
U3 m AuHetiHey 6u¢¢eﬁenquammx ypaeHenud nepeoeo nopadka

y&=Qa.u+§’Qa.iyn k=1, ..., m, (1)

ace Kosgpputuenmsr wkomopex Qy,; — payuonaibiee GyHKgay om z,
a o — 0008 QA2e0PAUECKOe HUCAD, OMAUNHOE Ol RYAS U NOAOCOS BCEX
pyrxyuid Qy,y. Toeda, dan mozo amober m wucea fi (a), . .., fm (@)
Gotalt Qace0pauNecKy Hesaaucumer, Heobxodumo u docmamoyno, wmodil
dynkyuu fu (2}, . . ., [m (2) Ootan arcebpausecku HE3QSUCUMBL HAD NOAEM
payuoHaisHsix  Qynriud.

&
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Sty Teopemy Jerko nepedopMmyarposarte Ana cayuaa E-byHkoRH
f (2), aBnmomelica pewenteM JHiIeHHOro audwpeperuanbHOrO ypasHe-

HHS
Poy™ 4 ...+ P +Poyy=Q, (2)
H pAjla €e TIOCJENOBATENEHEX NPOH3BOAHbIX.

Teopewma 1. flyeme E-dyrryun f (2) seasemen pewenues aunel-
Ho2o dupdeperyuabioze ypasHenua m-2o0 nopadsa (2}, ece xosgghuyuen-
bt KOMOPUEs — MEOSOHAERS. OM 2, @ & — AKNIOE QIEe0ILYECROe HUCA,
omAtdHOE Om Ry i Hyaed mpoeoeaera Py, Toeduw, das mozo wiobed m
uucea [a), Fia), ..., f™(u) Oseau caceSpauuecki  HeaaaUCUMEL,
neobxooumo u docmamouno, wmober gyukyuu f(2), f (), ..., " (2)
Bbial AA2e0PANYECKU HEIABUCUMBL HAD NOAEM DALUOHAAbLHBIX dysKgull,

Ha teopemut 1 mpn m = 1 chnenyer

Teopema 2. Mycme E-ynryus f (2) MPUHCYEHTERMHE U ABAR-
emcA  pewientesn Auxelnozo Oudibeperyuaabroz0 YpasHeRUs nepsozo

nopRJKa
Py -+ Py =Q, (3)

ade Py, Py, Q — MHO20uAeHD OM 2, 0 @ — AHO0E 02260 DOUNECKOE YUCAO,
aPy (a) 5= 0. Tozda f(«) mpaucuendenmuo.

B uactHoCTH, MoKasaTedbHas QYHKIEA € YIOBJAETBOPAET ypaBHe-
Hnio i = y. [losTomy umca0 €% TpancueHnenTHO NpH aobom aaredpanye-
cxoM 3HauenuH « 5= 0, Haitee dyakuns

R ) z“ ‘
"Pk‘*’=20mr A =1 =2, ()
n=

FIBIAETCA MpH paudoHaabHoM A E-pyHHuMEl M YIOBIETBOPAET Vpas-

HEHHIO
v+(2—1)y=1.

3Hauut, uMcao () TpancueHIeRTHO nNpH mobom aaredpaHdgecKoM
aHadeHdd o= 0 ¥ moboM panHoHanbHOM A.

M3 nepsoii ocHoBHO# TeopeMel cpasy ciefyeT Teopema JluHIemana,
KoTopad ofofilaeTcA Ha cayuaidl npoHaBoibHOA TpaHCUEHAeHTHOH
E-dyuitii, yIoBIeTBOPAIOUEH YpaBHEHHIO (3), B 1acTHOCTH QyHKIHH
(4) (cm. [3]). Mokasarenscrso BCeX PesyAbTATOB SHIeNs OTHOCHTENBHD
GyHKuHA A (Z) TpH MOMOINH 3TOH TeopeMBl TaK#e CYMECTBeHHO VIpo-
maerca. Ecan paccMmorpert «Hemosnyor ramma-yHKIHIO

F)=\#'etat
]
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np# JofioM IpofiHoM pauHoHaAbHOM p = 0, To JErKo JOKa3dTs, YTO
yeaa F () 0 e® anreGpaHuyeckH He2aBHCHMBL NPH JofoM anreGpanue-
cKoM @ == (.

[TpumeHenHe NepBofl DCHOBHOM TEOPEME! K KOHKPETHHM QYHKIHSM
HE TNPeACTABIACT TeX TPYAHOCTENl, Kak B ciyuae 3urens. [Ip ee nomo-
WK MOMHO YCTAHAB/AHBATD TPAHCUEHAEHTHOCTh M anrefpanyecKylo
He3aBHCAMOCTE SHaueHWH E-QyHKIHI, ABNAKIHICA DellleHHeM JHHeH-
HEX audepepennpaasHbix  ypaBrenuil mobux nopaakes. Hanpumep,

eciH NONOHRHTh
o

o @)=1+ D —p, k=0, 1,....m,
n=1
i hn
P (2)= EW' k=1,
f=i
TO JIEFKO YCTAHABAHBAIOTCH cheiyiolilHe Vreepiienus: 1) npr mobom
anreSpanyeckon snaverin a == 0 m -+ 1 wacen wyla), k=0, 1, . ..
..., M, anre6paHueckd Hezasdcume; 2) npH moGom k=1 H .n;{_n:;um
anrebpanueckoM sHagenud a = 0 wmena $yla), Pr(a), . . ., Pr (@)

anrefpAHUECKH He3aBHCHMB.

3ameTHM, uTO OVHKUMH wgla) H §,(a) ABIAIOTCA pemeHHAMY
AHHefnbx aHdrbepennHanbHEIX ypasHewni nopsaxkos k |- 1 B k.

B 1955 r. [6, 7] monyuen psi TeopeM o TPaHCUEHAEHTHOCTH
u anrefpandeckoll He3aBHCHMOCTH 3HAUEHHH COBOKYMHOCTH E-yHKIui
MpH HATHYMA MENY HHMH OfHoro anrefpaHyeckoro ypaBHeHHd B noJe
panHoHaibHEX dynkimi, a 8 1956 r. [8, 9] — obuine Teopemsl o Tpamc-
HeHAeHTHOCTH B aﬁreﬁpanqtcuoﬁ HEzABHCHMOCTH 31a4eRHl B anrebpau-
YECKHX TOYKAX V coBoKynHocTH E-hynrnuil, CRA3aHHKIX JI00BM YHCIOM
anrefpaHueckux ypapuenuii B mofe pauHoHankHeX (yHkuwi. llon-
pobHele HOKA3aTEIbLCTBA MOCHEfHHX Pe3yabTaToB  OnyOviHKOBAHKI
B 1962 r. [11L

Bropaa ocHoeuas Teopewma. flyems E-chynryuu
Fo @, ... [m(2) U wucao a ydogiemeopswom 6CeM KCADSBUAM nNepeol
ocHoerod meopemst, @ | — xaxoe-aubo yeaoe wucro, O<I<m. Tozda
dan mogo, umobor cpedu wucea [y (w), . . ., fm (@) HouGoasuwee qucao
aqzedpauuecky Hesqgucumex Obino pasHo I, reolxodumo u AocmamoHno,
wmobot cpedu @unsyud fy (2), .. . [m (2) HauGoabiuee wucao aszebpau-
HECKU MESQBLCUMbX HOO noAeM POYUOHAAbHbX (yrKyud Oweio pusHo [

31y TeopeMy TakkKe JerKo nepedopMynupoBats 118 cilydas E-pynk-
unH [ (2), seasomedica pewenHen TadpepeHuAANBLIOrND YpaBHeHHs (2),
H pAfla ¢e NoCIeloBaTeNbHEX TPOHIBOANLIX.

[Npu noMomy 9Tofl TEOpEMB. AOKA3LIBAIOTCS CNENYIONIHE YTREpHLe-
uua: 1) ecnu E-pynkuus f (2) TpancLeHTeHTHA H YAOBAETBOPSET JHHEH-
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HoMmy JHphepeHIHANLHOMY YPABHEHHIO ¢ NOMHHOMHAALHEIME KO3tdi-
LHeHTAMH, TO OHA NPHHHMAET TPAHCLEHAESHTHoE 3HAaveHHe B JIODOH
anrefpaHdecKol TouKe, 3a HCH/KYEHHEM KOHEYHOTO YHOJId TaKHX
Touek; 2) eca E-pyuruss [ (2), . . ., [ (2) yAOBAETBOPAKT YCIOBHAM
neproil OCHOBHOH TeopeMbl H Qynkmuy fy (2), ..., fi @), 1<I<<m,
anreGpaHyeckn HE3ARHCHMB HaJl MOAEM DANHOHANbLHLIX (QYHKUHHE, TO
npH AGoM anrefpadyecKoM 3HaUEHHM a, 3a HCKTIOWEHHeM KOLeYHOro
yHCAa TakHX sHauenHli, wkcaa fy (@), . .., fi (@) anreGpanteckn mne-
3aBHCHMEI. ' *

 Hcrnwuynrenbhsle aarefpaMueckHe TOYKH, B KOTOPHIX He HMeer
MeCTa TPaHCUBHAEHTIOCTE WIH airefpaHdecKas He3aBHCHMOCTBL 3Ha-
yeHHit DVHKIHA B STHX yTBEPXKILHUAX, 0NpeledloTcs H3 anrefpauye-
CKHX YDABHEHHH, CBASHIBAIOWHX DAcCMATpHBaeMble QYHKUHH B noje
pauHoHAAbHEX QYHKUHA. Eciy JaHa KOHKpeTHaA COBOKYIHOCTb yHK-
LIHFA, TO, OTHICKAB a.llreﬁpaﬂtleclcue VDABHEHWHA, CBA3IBIBAKOUIHE 3TH
yHEILHH, MOMHO HafiTH BCE HCKIIOYHTENBHEE TOUKH, B KOTODHX He
BHNOJHRAIOTCA CHOPMYAHpOBAHHLIE YTBEPIKAEHHS,

YeTaHaBIHBAIOTCH H HEHOTOpHE ofbniue TEOPEMEl ¢ AHATOTAUHEIMH
(bopMYAHPOBKAMH, B KOTOPHIX H&AaralTCA HEKOTOPbie OrpaHHyYeHisd
Ha anrefpaduecKHe VPapHeHHs, CBASLIBAKOIIHE PaccMaTpHBaeMble QYHK-
UHH B NOJE pAUHOHAMBHBIX YHKIHHE, HO 3aT0 YTBEPAICHHA HX HMEIOT
MECTO B TOYHO OTOBOPEHHBIX aAre0paHyecKHX TOUKAX.

[Tpu oMol BeeX YKasaHHHX OOIIHX TeopeM MOXHO yeTaHaBlHBAThL
TPAHCUEHAEHTHOCTD M ajreGpanyeCKylo  He3asHCHMOCTh  3HAUEHHH
B alrefpamieckux TOUKax y koHEperHmx E-byHKIHE, ABIAOWHACH
peinenHAMH AHHefinuX NHppepeHURaNENbX YPpaBHennd Aw06X nopa-
KOB M CBA3aHHHX JI00EM uicloM aireGpaddeckHx ypaBHeHu#i B noje
panMOHANBHEX (DyHKUHHA. HeckonbKo TakUX npHaoKeHHH K KOHKper-
HEM yHkuHaM onyGnukosano B [4, 10, 12, 13, 17]

[TpocTefiludM npEMEpPOM NPHMEHEHHA MOCIEIHHX TeopeM ABJIRIOTCH
QYHKIEE §y = §in 2z, §; = cos 2, cBA3aHHLIE YpaBHeHHeM yf + yi = 1
H YHOBJETROPAIOILHE CHCTEME Y, = Yo, Yy = — Uj.

Eciti ofo3sHavHTh

l—cmrdt

T
. sin f .
513-——-5 —— dt, ciz= 3 ]
i

= B

To npH moboM anrefpanyeckoM anayennH z 5= 0 Kak 4yMcna si z M sin 2,
TAK W 4HCaAa ©i 2 B cos z aare0paHueckH He3aBHCHME.

3HaueKHA KAKAOrO HA ¢HENOJHBIX® HHTErDANOB BEPOATHOCTEH M
Dpeneasn

§ e=t* dt, S sin 12 df, f cos t* dt
]

o v €
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B Jofoil anrebpaddeckoll Touxe z== () anrefpaHvecKH HeaaBHCHME
€O JHAYEHHEM COOTReTCTBVIOULeft H3 dyHKnHil e, sin 2* W cos 28,

B npuaomenuax TeOpHH TPaHCUCHACHTHLX YHCen BoMbllee 3HaUEH e
HMEIOT KONHUECTBEHHBIE XAPAKTEPHCTHKH TPAHCHEHACHTHOCTH HAM
anrefipaHuecKofl He3aBHCHMOCTH UYHCET B BHIE HepapeHCTB, OlEHHBAKD-
KX CHHAY TAK HAALIBAEMYIO MEPY TPAHCLEH[EHTHOCTH HIIH MEpY B3aHM-
HOH TpancuenaeHTHoCTH Yicen. Meroj 3urens H ero o6o6lleHHs No3Bo-

- AM10T NoAyuatb NofAobiue oueHkH. Tak, 3Hrens NoMyYHT oUeHKY

MEDEI B3AHMHOH TpaHCHeHaenTHocTH Anf dynkunn DBeccenn Jy (2)
1 ee npouspogHoii. Henoawsys pabery 3nrena [11 v nepsyio ochnosnyio
TeopeMy, HETPYAHO NMOJNY4HTH OGLLYIG Teopemy o0 OLEHKE MEPHL B3aHM-
HOH TpanCIeHAEHTHOCTH IR J6ol cosoKynHocTH E-pyHKUHRA, axre-
fpaHyeckKH He3aBHCHMEIX HAaJ MoJAeM pauMoHAAbHBIX QyHKNHEA. Takas
onenka Gbuia nonyuena B 1962 r. C. Jlemrom [14]. .

YkasanHole Bbie oOUME TROPEMBl CBOAAT MpoiIEMbl OTCYTCTBHA
HAH HAMHYHA anrefpadyecKHx CBA3ed Memny 3HAYEHHAMH paccMatpH-
BaeMHX QYHKIHHA K OTCYTCTBHIO MM HAMHUHIO anrefpaHuecKux cpased
M COOTBRTCTBYIOILHMH QYHKIHAMH B [0J€ palHOHANBHEXY (pyHK-
uuii. [losToMy Basko# 3anaveil spasiercs paspaboTKa MeTonos, NMO3BO-
JASIOWMX YCTAHABAHBATL alXreOpaHYecKy0 HesaBHCHMOCTh 3aJaHHBIX
GVHKIEA, WIH OTHCKanve Beex anreGpavdeckHx ypasHenwli, cBasH-
BAIOWMX HX B noje pauHoHansHulX (ynkuufi. OGuero Merosa, noaso-
ASIOULErD pemaTh 3TH npotiieMsl 415 A00bix neanx dbynkuni, yoper-
BOPHIONIHX AHHEAHHIM THPPepeHuHanbHbiM YpaBHEHHAM, NoKa He HMe-
erca. B paGorax [3, 10, 12, 13] ofofmarmoTca palee HiBecTHHE YacTHEIE
METO/bI, NPHMEHHMEE K HEKOTOPLIM KiaccaM QyHKLHA, YA0BAETBODHAID-
WHY AHHeHHEM Mq;q:exeauuaﬂbumm YPABHEHHAM JHO0BIX [OPHLKOB.
B nocneanee ppema B. A, Onefintxos [15, 16] paspaboran metoa, koto-
pHfi NMo3BOJIfET peWlaTh YKA3AHHYIO 33144y AAA peweHnii JHHeAHHX
AuddepeHIHATBHBIX YDABHERHA TPETLEro TMOPAAKA, H NPHMEHHN ero
K IOKA3aTelbCTBY adArefpadyeckoli HEe3aBHCHMOCTH 3HayeHHH HeKoTo-
pPHX KoHEperHeX E-hyHruuii.

Henasio oCHOBHYIO /eMMY MeToZa YIAlOCh YCHIHTE H TeM CcaMbiM
NOAYYHTE HOBLIE apH(MeTHUECKHE (AaKThl 0 3HAUEHHAX COBOKYNHOCTH
E-pyHxuus ¢ kospdHUREHTAMH H3 MO K, rae K — noae pauHoHalB-
HElX WHCEA WJIH MHHMOE KBajpaTHYHOE mode, ¥CTaHOBAEHL KpHTepHH
HppalHoHATEHOCTH, HEMpPHHALISHHOCTH K nomo K, oTeyTeTsHa ofno-
pPOOHHIX H HeoAHODOINHHX anrefpaHuecKHX ypapHeHHH cTeneHd, He
npesocxodfuweli 3amaHnoro wHcaa ¢ kosppuumentamu us K. [epsas
OCHOBHaA TeopeMa (nn1f cayuad K) CTaAHOBHTCA MpelefbHbIM CAYYaeEM
nocnegHHy pe3ynbsTaTos, _

YKasaHHue B JoKAafe OOlHE TeopeMbl NO3BWIRIOT YCTAHABAHBATHL
TPAHCUEHJEHTHOCTh H anrefpaHyecKyi He3aBHCHMOCTh  SHaueHHH
E-pynkuni, yIopleTBopAlOWEX AHNeAHEM gHbOepeHUHATbHHM YpaB-
HEHHAM, ¢ Ko3pHuHenTaMH H3 NoJiA palHoHalbisix pyHxuHii, Ecre-

20--1220
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CTEEHHO BeTder sonpoc of obolUeHHH PacCMOTPEHHOrD METOAA B TAKOM
nanpapneHut, 91006 ero MOMXKHO G0 NPHMEHATR K KakoMy-axGo Gotes
mHpoKoMY Kaaccy @yHkuMi, veM F-dyuknud. Ho 3Ta 3agava sapnneTcs,
No-BHIHMOMY, OY€Hb TPYAHOM W TpeOyeT MPHBIEYEHHS KAKHX-TO HOBHX
HieH. 3aMETHM, YTO Jaxe ANA TAKOH Npocrofl YHKUHH, Kak QyHKIHA
(4), vuuero e HagecTHo of apudMETHIECKOR NpHpoje SHAYEHHH B afre-
OpaHyecKHX ToMKax LA ¢iyuafs, Korja A HppalHOHANbHO.

HuTepecHo Obi1o O BBIICHHTE CTPYKTYPY KAacca E-pyHKLHEH,
VIOBIETBOPSIOIHX  JMHHeAHLIM  AHbdepoHUIHANLHLIM  YpABHEHHSAM.
3uresth BLICKa3aN NPEANOIOKeNHe, 4T0 BCAKaa TaKas E-QyHKuHs npen-
CTABAAETCH B BHJIE MHOrOWIEHE OT 2 H KOHEWHOro YHCia TAK HasbBae-
MBIX THIEPreoMeTpHYECKHX E-[]J}"HHI.I,Hﬁ H I'.I]}'HI{IIHﬁ, Mo YYaIHNCA
H3 NocNeHHX 3aMeHolt 2 Ha Az npu aareGpanueckom A, Ho sra npoGae-
Ma Ho CHX Mop He pelneHa.

Mockoeckud yHusepcumem,
Moersa, CCCP
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KaaccHyeckui  ananms
Classical analysis

Analyse classique -
Klassische Analysis

THE CONSTRUCTIVIZATION
OF ABSTRACT MATHEMATICAL ANALYSIS

ERRETT BISHOP

The constructive point of view is that all mathematics should
have numerical meaning. In other words, every mathematical theorem
should admit an ultimate interpretation to the effect that certain
finite computations within the set of positive integers will give certain
results. In contrast, classical (that is, contemporary) mathematics is
idealistic: there is no requirement that theorems and their proofs have
a numerical meaning, or any predictive content whatever. For instance,
the theorem that the real numbers can be well-ordered is evocative
(or idealistic), rather than-descriptive (or constructive). So is the
theorem that a bounded monotone sequence of real numbers con-
verges.

rouwer has shown that the idealizations invelved in classical
mathematics, can, in most instances, be iraced to the use of a certain
logical principle—the principle of the excluded middle. It is perhaps
more natural to trace them to a closely related principle—the prin-
ciple of omniscience—which states that an arbitrary set A either
has an element with a given property P or it does not. In case A4 is
an infinite set this principle is not constructively valid, because the
examination of each element of A to see whether one of them has
property P is not something that can necessarily be done by a finite,
routine process.

The constructivist replaces such transcendeni logical principles
as the principle of omniscience by common sense. The common sense,
or operational, meanings of the standard mathematical quantifiers
and connectives have been established by Brouwer. Brouwer undertook
to develop mathematics along constructive lines. His development,
which was not systematic, was impeded by a revolutionary, semi-
mystical theory of the continuum. This theory, which in retrospect
seems so unnecessary, was repellent to most mathematicians.
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In addition to Brouwer, others have espoused more or less con-
structive points of view, usually less. ‘There are the formalizers of
constructivity, whose formal systems have little relevance to the
constructivization of existing mathematics; the recursive-function
theorists, who base constructivity on an ad hoc assumption which
is more of an impediment than a tool; Hilbert, who believed the price
of a constructive mathematics was too great; and various other groups,
none of which is content to let constructive mathematics follow its
natural course of development. This paper describes an attempt to
redevelop abstract analysis along straightforward consiructive lines,
letting the material speak for itself, rather than forcing it to support
a burden of philosophical preconceptions.

A real number x is defined by a sequence of rational numbers, the
n'h term of which approximates x to within n™. More precisely, a real
number is a sequence {x,} of rational numbers such that | X, —x, |<
<m™ 4+ n~ for all m and n. The theory of the real number sysiem
and the constructive development of calculus proceed along known
lines. The same is true of elementary complex analysis, through at
least the Riemann mapping theorem.

To go further we must face the question “What is a set?” A set is
certainly not a preexistent object. A set exists only when it has been
constructed. In other words, the question is better posed as “What
must we do to define a set?™ The answer is that to define a set
we must (a) specify the process for constructing an element of
the set, and (b) specify the process for proving that two elements
of the set are equal. In the same vein, a function [ from a set A
to aset B is a rule which to each element a of A associales an
element f (a) of B, by a finite, routine process, in such a way that
fiay) = f (as) whenever g, — as. With these preliminaries, the proper
constructive definitions for the various operations with sets and
functions become clear, with the exception of set complementation.
We do not wish to define x € —A to mean that the assumption x € A
leads to a contradicition (in contrast to the approach oP Brouwer).
Complementation defined in terms of negation is too elusive. In addi-
tion, it leads to a loss of meaning. Therefore whenever a notion of set
complementation is needed we introduce it affirmatively. (The same
is true for inequality relations.) One way of doing this is through
the very flexible notion of a complemented set. A complemented set
relative to a family & of real-valued functions on a given set X,
is an ordered pair ?1, B) of subsets of X, such that for each a in A
and b in B there exists f in # with f {(a) == f (#). The union of a family
{{A, B)}ie r of complemented sets is the complemented set (A, B),
where A =) 4, and B = B,. Intersections are defined similarly.
An element a of X belongs to a complemented set (A, B) if x belongs
to A. The complement of (A, B) is (B, A).
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The constructive development of the theory of metric spaces is

based on some fundamental definitions of Brouwer. A subset A4 of -

a metric space X is locafed if the distance from every point of X to A
existe. A metric space is compaet if it is complete and totally bounded.
(Sequential or covering-property definitions of compaciness have
no value: for instance, there is no constructive proof that the closed
unit interval has the Heine-Borel property.) A locally compact metric
space is one in which every bounded set is contained in a compact
set. With these definitions one can prove the standard results, such
as Ascoli’s theorem, the Baire category theorem, the Stone-Weierstrass
theorem, and the Tietze extension theorem. For some of these results
additional hypotheses are necessary. In the Tietze extension theorem,
for instance, the set ¥ from which the function is extended must be
assumed to be locally compact.

It is not true that a closed subset of a compact space is compact.
Good constructive substitutes for this result can however be found.
The following serves for most purposes: if f is a continuous (i.e., uni-
formly continuous) real-valued function on a compact metric space
then the set {x: f (x)<a} is compact for all except countably many
real numbers a.

The core of measure theory is the Riesz represeniation theorem,
which we examine in the following context. Let C (X) be the set of
all continuous real-valued functions on a compact metric space X
(more generally, X could be locally compact). A measure p on X is
a bounded linear functional on € (X), whose value at [ is written

g j du. We wish to show how p can be used to assign a measure p (4)
to cerfain complemented sets A, to investigate the properties of the
resulting measure function A — p (A4), and show that | f du can

be interpreted as an integral with respect to the measure function.
All this can be done, in case p is a positive measure, In contrast to
the classical theory, not every Borel set is measurable. However there
do exist lots of measurable sets—in fact “most”™ compact sets are.
measurable, and every measurable set can be approximated from
within by a compact measurable set of nearly the same measure.
The measurable sets form an algebra, but not a o-algebra in the classi-
cal sense. Every positive measure on [0, 1] arises from a monotone
function defined ai all except countably many points. Every measure
{not necessarily positive) on [0,1] arises from a function of bounded
variation defined almost everywhere with respect to Lebesgue measure.,

The properties of the measure function constructed in connection
with a measure on a locally compact space X can be abstracted, lead-
ing to the notion of a measure space. The theory of integration for
functions on a measure space proceeds along classical lines. In parti-
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cular one gets the Lebesgue monotone and dominated convergence
theorems, Fubini's theorem, and the existence and completeness
of the L, spaces. ) :

The cirele of ideas containing the Radon-Nikodym theorem, the
martingale theorem, the ergodic theorem, and Lebesgue's theorem
on derivation of functions of bounded variation is fascinating from
the constructive point of view. Noneof these theorems is constructively
valid, but constructive substituies can be found for them all; in fact
there are many possibilities. For instance, by keeping track of the
uses of the principle of omniscience that occur in the glassn:ai ;_rmoi
of the Radon-Nikodym theorem, we get a constructive substitute
which states that if a certain bounded monotone sequence of real
numbers (depending on the |];artit:ular measures involved) converges,
then the Radon-Nikodym theorem holds. Such an approach can be
used to constructivize many classical results, but it has a very llmuiqd
appeal. To constructivize the martingale theorem and Lebesgue’s
theorem, two additional approaches are possible. The first approach
is based on “norms” of the form

1= § 2 F e dp (),

where A is a nonnegative convex even function on R. The use of these
“norms,” instead of the usual L, norm, permits a simplified treatment
which can be given constructive meaning. Another approach is by
means of upcrossing inequalities. A sequence {x,} of real numbers
upcrosses from a real number a to a real number b = a at m-:_:-st N times
if N is an upper bound for all integers & such that there exists a finite
subsequence of length 2k whose terms are alternately <a and=b.
Classically the sequence {x,} converges if and only if it is bounded
and uperosses from an arbitrary real number a o an arbitrary redl
number b > a at most finitely many times, whereas constructively
convergence is much the stronger statement. Thus it is not surprisin
that many classical convergence results that fail constructively fin
constructive substitutes in terms of upcrossin 1I1€4:|ua1|t!E.5; in fact
these inequalities usually constitute considerable extensions of the
classical results, from the classical point of view. For instance, one
can give an upcrossing inequality for ergodic theory that not only
implies (within the classical system) the Chacon-Ornstein and Dunford-
Schwartz ergodic theorems and various generalizations thereof, but
has the merit of a relatively simple proof. From the ergodic upcrossing
inequality one can derive an upcrossing inequality that affords a con-
structive substitute for Lebesgue’s theorem, and an upcrossing inequa-
lity that generalizes Doob's upcrossing inequality for martingales.
The theory of separable normed linear spaces can be given a con-
structive basis. In particular such theorems as the Hahn-Banach
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theorem, the separation theorem, the spectral theorem, the Krein-
Milman theorem, and various thearems on the forms of linear functio-
nals all have satisfactory constructive versions. For instance, a bound-
eq linear functn_:rnai on Lp is induced by an element of L {where
p7+ g =1) if and only if it is normable. This Impliﬂsgthat L

is not the complete dual of L, because (except in frivial situations
there always exist non-normable linear functionals. In addition
to constructive versions of well-known classical results, there are
results that, while trivial classically, have considerable constructive
content. An instance is the theorem thal the normable linear func-
tionals are dense in the dual space relative to a certain norm (which
corresponds to the weak* topology).

The theory of locally compact abelian groups (provided the
underlying space is metric) can be constructivized. A constructive
proof of the existence of Haar measure can be extracted from work
of H. Cartan. The theory of the Fourier transform and Pontryagin
duality theory are developed along classical lines, the difference
being that certain least upper bounds, which trivially exist classic-
ally, must be proved to exist. For instance it is not trivial to give
a constructive proof that an L, function acting by conyolution induces
a normable linear operator on L..

The theory of a commutative Banach algebra 9 is a rare instance
of a theory whose constructive version is substantially more compli-
cated than its classial counterpart. The reason is that the classical
techniques for building maximal ideals are not constructively valid.
It is therefore necessary, instead of considering an ideal
s+ ...+ xa,:4, ... a, €%} enerated by elemehis
¥, .« Xuy to  consider a partial i L Axay + ...+ x.0,:
ay, ... @ € A}, where A is some compact subset of 9. This makes
the statements and proofs more awkward, but for the applications
fo analysis the constructive results seem lo have the same force as
their classical prototypes.

It is interesting to speculate whether we can relax the
separability and metrizability assumptions that occur throughout
most of the above development. Surprisingly, the way do
this does not seem to be to introduce larger spaces, but rather
to examine functorial properties of mappings belween the spaces
already introduced. An example will suffice. Let % be a commu-
tative uniformly-closed algebra of normable Hermitian operators
on a Hilbert space H. In case ¥ is separable the spectrum X of 9
is compact, and the spectral theorem asserts that ¥ is isomorphic
to C(2). In case U is non-separable, on the other hand, there seems
tobe no-way of constructing even one element of X, so that the spectral
theorem is apparently not constructively valid unless 91 is separable.
Nevertheless, the folowing theorem shows the situation in ifs true
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light: 1f %, and A, are separable commutative uniformly-closed-
algebras of normable Hermitian operators, with ¥, — ¥, and A is
the inclusion map, then the adjoint map A* from the spectrum Z,
of ¥, to the spectrum E, of ¥, has dense range (classically, the range
therefore equals Z,). Thus the partially ordered family & of all uni-
formly closed separable subalgebras of a given (not necessarily sepa-
rable ¥), together with the inclusion maps A, gives rise to a dual
family #* of compact sets, with corresponding maps A*. Classically
it would be a simple matter to use #* and the maps A* to extend the
spmtra]hthmrem to the algebra ¥, buil constructively we can go -
no further.

University of California,
San Diego, USA

EXTENSION THEOREMS
FOR QUASICONFORMAL MAPPINGS IN n-SPACE

FREDERICK W. GEHRINGY

1. Quasiconformal mappings

Suppose that D and D’ are domains in R™, euclidean n-space,
and that f is a diffeomorphism of D onto D’. For each point P €D,
the differential mapping df{P) carries B®, the unit ball {«: | x | << 1},
onto an ellipsoid E with center at the origin. Let B; denote the largest
ball tr:ﬂntained in E and By the smallest ball containing £. Then the
functions

£ B
Hy(P, )= gy Ho(P, =250

provide a natural way of measuring how far the mapping [ is from
being conformal at the point P, while the functionals

Ky(f)=sup H: (P, ), Ko(f)=sup Ho(P. [)
FED Fg

measure how far f differs from I:-einﬁ a conformal mapping of D.
We call K, (f) and Ko (f) the inner and outer dilatations of f, respecti-

vely®).
We can calculate these dilatations by means of extremal lengths.

Given a family I' of arcs in R®, the one point compactification of R™,
1) This research was supported in part by the National Science Founda-

tion, Contract GP-4153.
¥y Sometlmes K (f) and Kg (f) are defined as the (n — 1)-roots of these
suprema, for example in [9]. This is clearly only a matter of nolation.
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we define the moduhs of T as

M ()= ini S 0" da,
[

Bﬂ

where the infimum is taken over all functions p which are nonnegative |

and Borel measurable in R™ and which satisfy the inequality

(1) : g pds> |

¥
for all ¢ £ I' [16]; the integral in (1) is taken with respect to linear
measure whenever y is not rectifiable. Then if J is the above mentioned
diffeomorphism, it is easy to verify that

e M(f () M)
{2} K.i' {f} Sli]‘P M{P} 1 KL""{!*}_' 51:-[1P M{f [P]j ¥
where the suprema are taken over all families T' of arcs in D with
M (T) 50, co. s
Suppose next that D and D’ are domains in R» and that f is
a homeomorphism of D onto D'. Then we may use (2) to define the
inner and outer dilatations of f). One can show that

KJ' {f}*‘;xd {f}"_l'l KU [f}l“-:-.:KI (f]“"lf

and hence the dilatations K, (f) and Ko (f) are both finite or infinite-
In the former case, f is said to be quasiconformal; f is said to be
\lfg-lqu%s]im[rifg;rmai ii K;(D<Kand Ko (f}<K where l< K < oo,
It is important to identify the 1-quasiconformal mappings. When
n =2, fis l-quasiconformal if and only if f or its complex conjugate
is a univalent meromorphic function. When n = 3, f is 1-quasiconior-
mal if and only il f is a Mobius transformation, [6] and [15].

2, Main results

This talk is concerned with the first of the following two basic
‘problems.

Problem . Characterize the domains D — R™ which can be
mmapped guasiconformally onfo the unit ball B

Problem 2. Given such a domain D, determine the inner and
outer coefficients of D,

K;{D}--—i:}if{.-{f), Ko(D}=i?fKo(f].

') Sometimes Ky (F) and Kq (f) are defined as the (n — 1)-reots of these
suprema, for example in [9]. This is clearly only a matter of notation.
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where the infima are faken over all guasiconformal mappings [ of D
onto B™.

It is easy to give a complete solution for each of these problems
when n = 2. For a domain D — R? is quasiconformally equivalent
to the unit disk B? if and only if its boundary 9D is a nondegenerate
continuum. The Riemann mapping theorem then implies that K; (D) -
= K, (D) =1 for each such D. _

The situation is more complicated when n > 3. For example, in
the first problem, it is nol possible to decide whether or not a given
domain D < R" is quasiconformally equivaleni to B* by looking
only al dD. For consider the following pair of domains in R™,

Dy={x: xa > min(r'2 1)},  Dp={x: x, <min (r'/2, 1}},

where r = (a8 -~ ... -+ xi_y)"2, Then D, and D, are Jordan domains
with a common boundary, a trivial modification of the proof of Theo-
rem 10.3 of (9] yields a quasiconformal mapping of D; onto B, while
the n-dimensional analogue of Theorem 10.1 of [9] implies that Dy
is not quasiconformally equivalent to Bn.

Next because the Functionals K; (f) and K, (f) are lower semi-
continuous with respect to uniform convergence on compact sets,

for each domain D < R* quasiconformally equivalent to B™ there
exist extremal mappings [; and fg of D onto B" with

K, (D)=K, (1), Ko(D)=Ko(fo).

Hence in the second problem, the coefficients are greater than | except
when D is a ball or half space.

In [9], J. Viisild and 1 considered Problem 2, with n — 3, and
calculated the inner coeflicient for a convex dihedral wedge and the
outer coefficients for an infinite cireular cylinder and for an infinite
circular convex cone. In the present paper, 1 want to report on the
following pair of extension theorems, each of which reduces the global
mapping problem for a domain D of Problem 1 to a local mapping
problem for the part of D near dD [8].

Theorem 1. Suppose that D is a domainin R", that U isa
neighborhood of dD, ahd that [ is a quasiconformal mapping of DU
into B™ such that | f(x) |— 1 as x— dD in D\U. Then there exists
a neighborhood U* of 0D and a quasiconformal mapping f* of D onto
B" such that [* —f in D[ U*. :

Theorem 2. Suppose that D is a Jordan domain in R® and
tha! for each point P € 0D there exists a neighborhood Up of P and
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a homeomorphism fp of D (| Up into B® such that fp is quasiconformal in
DNUp and fp (6D N Up) < 0B®. Then for each point Q € 8D there

exists a neighborhood U* of Q and a homeomorphism [* of D onto
Bt such that f* is quasiconformal in D and f* — fq in D (| U*

Thus roughly speaking, Theorem 1 implies that a domain D < R™ )

can be mapped quasiconformally onto B" if and only if dD has a neigh-

borhood U such that D[)U can be mapped quasiconformally into .
B" with dD corresponding to dB", while Theorem 2 implies that -

a Jordan domain D — R* can be mapped quasiconformally onio B*

if and only if each point P € 3D has a neighborhood U such that
DNU can be mapped quasiconformally into B* with 8D U cor- .

responding to a subset of dB*.
Theorems | and 2 establish conjectures made independently by
B. V. Shabat and by K. I. Virtanen.

3. Remarks

Theorems 1 and 2 are closely related to the following well known
problem of topology.

Schoenflies problem. Suppose that D is a domain
in R™ and that | is a homeomorphism of dD onto dB™. Under what circum-
stances can [ be extended as a homeomorphism * of D onto B™

It is well known that when n=2, each such [ has an extension
f*. On the other hand, when n =3, there exist homeomorphisis f
which have no such extensions f*. The Alexander, horned sphere

yields an example in R®. Alternatively, by modifying a construction
of R. Fox and E. Artin [5], one can obtain the following example.

Theorem 3. There exists a domain D — R®, not homeomorphic

::; rB“", and a homeomorphism f of the complement C (D) onto B® such
@

3) | *—g1<IF W —F )| <K|x—y]|

for all x, y € C (D), where K is a constant, | < K < oo.

In 1959, B. Mazur [12] proved that the homeomorphism f, in the
Schoenflies problem, has an extension f* provided that for some
neighborhood U of @D, f can be extended as a homeomorphism g*
of DN U into B" so that g* is linear in a neighborhood of a point
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of DN U. In 1960, M. Morse [14) showed how fo eliminate the linea-
rity hypothesis on g*, while M. Brown [2] gave an independent proof
of the resulting theorem.

The proof ?ur Theorem | is based upon explicit versions of the
arguments of Mazur and Morse. Theorem 2 is established by means
of a general sewing theorem which allows one to fit together certain
pairs of quasiconformal maﬂpings in R® and hence eventually reduce
the problem to one which Theorem 1 can handle. This sewing theorem
is proved, in turn, by mmbinin% an argument due to M. Brown [3]
wilh some extension theorems for plane quasiconformal mappin
due to L. V. Ahlfors [1] and to O. Lehto and K. 1. Virtanen [11].

4. Geometric conditions

Suppose that D'is a domain in R" and that j is a dilieomorphisim of
dD onto @B™. Then [ can be extended as a homeomorphism f* of D
onto B"® which is diffeomorphic in D — {P), where P is a prescribed
point of D [10]. It is also well known that f may not have-an exten-
sion f* which is diffeomorphic in D when n>7 [13l. On the other
hand, from Theorem | it follows that j will always have an extension -
which is quasiconformal in D. Thus a domain D <= R" with 0D diffeo-
morphic to dB" is quasiconformally equivalent to B".

This sufficient condition is far from being necessary, since for
example, it is easy to construct a domain D < R? which is quasicon-
formally equivalent to B® and for which the set of points of aD, not
accessible from D, has positive 3-dimensional measure [9]. Thus it is
natural to seek a condition on 9D, weaker than that of being diffeo-
morphic to @B, which will guarantee that D is quasiconformally
equivalent to B™. In parficular, M. A. Lavrentieff has asked if the
image of dB* under a Lipschitz homeomorphism bounds a pair of
domains in R? which can be mapped quasiconformally onto B®. Theo-
rem 3 shows that this is not the case.

By means of exiremal lengths, one can find a simple geometric
condition on C (D) which is satisfied whenever a domain D — R" is
quasiconformally equivalent to B”, n=3. A closed set E = R" is
said to bes!rmg}y locally connected if there exists a constant ¢, 1 < ¢ <
< oo, with the following property. For each point P - oo and each
number r, 0 < r< oo, each pair df points in EQ{x: [x— P |<r)
can be joined by a continuum in E() {x: | x— P | << ecr} and each
pair of points in EQ{x: |x— P |>>r} can be joined by a con-

tinuum in E -[x: lx— P | > %} . The n-dimensional form of
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Lemma 1 of [7] implies that if n>3 and if D — R" is quasiconfor-
mally equivalent to B", then C (D) is strongly locally connected.
Unfortunately, Theorem 3 also shows that when n — 3, this necessary
condition is not sufficient, since the image of B* under a homeomor-
phifm f satisfying (3) is easily seen to be strongly locally con-
nected.

University of Michigan,
Ann Arbor, Michigan, USA
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0. LEHTO

QUASICONFORMAL MAPPINGS IN THE PLANE

OLLI LEHTO

During the past decade decisive progress has been made in the
general theory of quasiconformal mappings in the plane. For many
{ears the study of the relations between the various possible defini-
ions for quasiconformality was one of the principal objects of research.
Today, this parl of the theory seems to be a fairly closed chapter.
Therefore, the beginning of this aunre%r, which deals with the definl-
tions, is more of an historical nature. In the second part, attention is
called to the important work of Ahlfors on quasiconformal reflection
and to some new problems which have arisen in this connection.
The concluding section contains some remarks on the parametric
representation of quasiconformal mappings.

1. Definitions

The first quasiconformal mappings introduced by Grétzsch and Lav-
rentieff can be regarded as immediate generalizations of conformal
mappings. In 1938 Morrey, on studying partial differential equations.
of elliptic ty[fm, defined a more general class of manin . These were
characterized as weak homeomorphic solutions of a Beltrami diffe-
rential equation

(1) @y = ks,

where k is measurable and sup| 2 {z) | << 1.

Grotzsch mappings are confinuously dilferentiable solutions of (1)
with non-zero Jacobian, and so for Grétzsch mappings & in (1) is
continuous. However, not every continuous % yields a Gritzsch map-
ping. It is a classical result that uniform Holder-continuity of & is a
sufficient condition, and it is also well known that Holder-continuity
can he replaced by weaker integral conditions (171). But it seems to be-
difficult to characterize Grotzsch mappings in terms of k.

In contrast to this, Bojarski proved that Lavrentiefl mappings are-
weak homeomorphic solutions of exactly those equations (1) in which &
is continuous. 1t is a beautiful result that, apart from constants, Mor-
rey mappings constitute the closure of Gritzsch and Lavrentieff map-
pings under uniform convergence on compact sets.

In the early fifties, Ahlfors and Pfluger defined quasiconformali-
ty with the help of the conformal modulus M(Q) of a quadrilateral Q=
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A sense. preserving homeomorphism f: D — D’ is guasiconformal ,
in D, if M(f(Q)/M (Q) is bounded for all quadrilaterals Q — D. If °
the bound does not exceed K, f is called K-quasiconformal. It was one -

of the fundamental discoveries in the theory, about ten years ago,

that this class of quasiconformal mappings coincides with the class :

of Morrey mappin%s ([71).

Today many other definitions for guasiconformality are known.
One way {o obtain definitions is as follows: Take a conformal inva-
riant, consider its change under a K-quasiconformal mapping, and

study whether a homcomorphism with this property is K-quasicon-

formal. Thus quasiconformality can also be characterized in terms of
the modulus of a ring domain, of the extremal length of a curve family,
of the harmonic measure, of the hyperbolic measure, and of the angle.
The case of an angle is not quite easy to handle, for the fo]lowing

reason: If a mapping is known to be quasiconformal, then for the value .

of K sets of two-dimensional measure zero are deletable. However, such
null-sets are too large to be disregarded, if we want to decide whether

a homeomorphism is quasiconformal or not: Therefore, the image of an -

angle must be studied at points at which the mapping is not neces-
sarily differentiable. This difficulty has been recenily overcome by
Agard and Gehring, and by Taari.

For detailed results concerning various definitions, we refer to the
survey [3] by Gehring, who lists 12 non-trivially different characte-
rizations for gquasiconformality and pives an extensive list of refe-
rences.

2. Quasiconformal continuation
Let f be a quasiconformal mapping of a domain D, and let F <= D

be a compact set. Then there always exists a quasiconformal mapping
g of the plane such that g | F = f([7]). The extension g can be so

 constructed that in every component of the complement of the closure * .

of D, g is a linear transformation ([6]).
In contrast to the above, it is not always possible to find a quasi-

~ conformal mapping g of the plane such that g |D = . Ii D and [ (D)

are bounded by a ﬁnile number of Jordan curves, such an extension Is
possible, if every boundary component of D and f (D) is a quasicon-
formal curve, i.e. the image of a circle under a quasiconformal map-
ping of the plane (I71). Ahlfors [1] has given a very simple characteri-
zation of quasiconformal curves in geometric terms: If € 300 and
2y, 23, 23 are any three successive finite points of C, then € is quasicon-
formal if and only if there exists a finite number M such that
(1) =R <m

&y — Z3 i

Let now C be a Jordan arc. We call C quasiconformal if it is the .

image of an interval under a quasiconformal mapping of the plane.
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The problem of characterizing quasiconformal arcs has recently been
solved by Rickman [8]. Suppose in the following that C is bounded.
1f C is a closed are, the validity of the Ahlfors condition (1) is neces-
sary and sufficient for C to be quasiconformal. If C is open and con-
dition (1) is fulfilled, then C has two endpoints and the closure C
satisfies the same condition (1) as C. Hence, again C is quasiconformal.
In this case the converse is not true: there exist bounded open quasi-
conformal arcs which do not satisfy any global condition (1). For open
arcs a geometric characterization is obtained in local terms: an open
arc C is quasiconformal if and only ii the condition (1) is locally
valid with a uniformly bounded M. )
There are siill open problems concerning quasiconformal conti-
nuation, e. g., how the maximal dilatation of an extended mapping
depends on the properties of the boundary of the original domain.

3. Continuous deformation

Let D be the unit disc and Sg the I?ami]g of all K-quasiconiormal
homeomorphisms f: D — D, such that f(0) =0, f(l) = 1. Every
f € S can be extended as a K-quasiconformal mapping to the whole
plane by reflection. S is a metric space if the distance p (f, g) of the
mappings f, g€ Sx is defined by p(f, g} =max|f(z) —g(2) |, z€D.

Let us consider a mapping f € S and denote its complex dilata-
tion by k. Let k; be a measurable function in D such that | &, (2) |<
< (K — /K1) and such that k, (2) is continuous with respect
to the real parameter on theinterval / = {f | 0<<{< T}, for every
z € D. Furthermore, we require that k; (z) =0, kg (z) =k (z). Let
/; be the (uniquely determined) mapping in Sx whose complex dila-
tation equals &; (z) for almost all z € D. If ¢, ¢’ € I, we have for the
complex dilatation k of the mapping fi %,

| B@—ke)
(2) |2 (2)]= Rk

a.e. This implies, by Teichmiiller's distortion- theorem, that
p (fr, fir)—0 as ¢ —1.'In other words, {f | 0<t<T} is acurve
Sy from the identity mapping to the given mapping f. (For more
details, see Ahliors and Bers FE].} :

There are, of course, many possibilities to construct the family
{f: |0t T). For instance, we can choose k, such that the point
k; (z) moves with constant velocity along the radius ifrom the point 0
to the point &k (z), as { moves from 0 to T with constant velocity. In
the &-plane length can be measured either with respect to the euclidean
metric or the non-euclidean metric of the unit disc. In the latter case,

it follows from (2) that k(2) dcpend&.on the difference " — ¢ but not

El=—1220
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on the value of £. In particular, if we takef = T/2, the absolute values

of the complex dilatations of the maprings fr;e and f o f7}s are the same.
This implies the (well-known) resu

(3) f=Fs=fi, where fi, f:c Sy

Bojarski has proved that for every f € Sg and for every measurable -
set A D, m(f(A) =0 (m(A)*), where m denotes the two-dimen- :
sional Lebesgue-measure and 6 = 0 ([71). Application of the above .

deformation technique yields information about 8. In [5), the simple

formula (3) alone was applied, while recently, Gehring and Reich [4]

have made a more profound use of the parametric representation in
this connection.

Universily of Helsinki,
Helsinki, Finland
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0 BO3MO)KHOCTH MPEICTABJEHHS ¢ YHKUHA
CYMEPNO3ULIHAMH ¢ YHKLIHA
OT MEHBUIEF0 YHCIA NEPEMEHHBIX

A TLBHTYIIKHH

C nomormpio npeofipasosannd UnpHraysena ofimee anreGpanyeckoe
VDABHEHHE 7-H CTENeHH MPHBOJHTCA K BHIY

@ ™ . Oy f+ 1 =0
B uacrHocTH, ypaBHenue 7-f CTENEHH npuuﬁp_emer BHI,
'+ %+ +2-F+1=0. oy

t, that f admits a representation -
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HManeuefimne nonbITKH anreGpancToR MPHBECTH 5To ypaBHeHHe K Gonee
NpOCTOMY BHAY NO HAaCTOALIEE RPEMA OCTAOTCH GesycnelHuMH. B ceonx
«MaremarHueckuX npo6aemaxs [. [uasGepr [1] mo-Hosomy mogomes
K 3TOH sajaue, chopMyaHpopas ee moa Ne 13 B CNENYIOUIEM BHAET
«HeBoaMOXKHOCTD pelllents O6IIEro YPaBHEHHA T-ff CTENeHH NMPH TOoMO-
UM QyHKHHE TONbKO ABYX nepemenunxs». [las sroro JI. HABOEPT
CHUHTAN HYKHHIM AOKaswiBaTh ciefyioillee: Qyekuua f = f(x, y, 2),
ABNAKWAACS pelleHHeM ypaBHenna (1), He npencraBuMa cynepmoas-
wHel HenpepuiBEMX (QYHKUMH ABYX NEpeMEHHBbIX.

Iloguepknem, uro 3agaya cocToHT B TOM, YTOGH WAN C NOMOHLBIO
anreGpaHUeCKHX NMOJCTAHOBOK CBECTH PelielHe ypasHenus {1) K pewe-
HHIO anre0paHdyecKHX YpasHeH®l ¢ AByMs napaMeTpaMH, T, e. AOKa-
3aTh, 4T QYHKUMA f(r, y, 2) ABAsETCA cynepnosuuMelr anrebpanye-
CKHX QyHKuMHl JABYX NepeMeHHLX, WIH 3Ke NOK43aTh, uTo peileHne
I (x, g, 2) ypanrenns (1) He sBasercs cynepnosuumeli anreGpauuecKux
OYHKOMA ABYX nepeMeHHBIX.

I. Tunubepr oxuzan, 4To ypaBHeHHe T-H CTeneHH He paspemuMg
Aae B HelPEepLIBHBIX ?%,I'Hﬂmiﬁx ApyX nepeMentniX. Patotu A. H. Koa-
Moroposa [6, 8] u B. U. Aptonsaa [7] onposepraior chopmyaupopan-
nyio runotesy Jl. TuanGepra. Opnako paccmatpusaemass npotuiema
N0 CYULECTBY OCTAETCA OTKPHITOM, TAK KaK OCTaeTCH BOIMOMHOCTL AoKa-
3HIBATb HEPASPEIIHMOCTE YPaBHeHHs T-fi CTENeHH B KaKoM-H60 Apyrom
KAacce QyHKLHI BYX NCPEMEHHBIX, COACPKALLEM BCe aareGpanyeckse
-:pyﬁélgm ABYX NepeMeHHBX. '

MYJTHD YeM TeNeps OCHOBHHE
¢ 13-i [rilp}r;t':.ugn?;nﬂ a. IEH-'Ihﬁe]JTa. HERVANTHER: ROSNEHEGS B cRlion

I. Cynepnosuuun ananutuveckmx dyHxumii

MokzsarebeTBO CYWECTROBAHMA AHAINTHIECKAX DYHKUWA 1 mepe-
MEHHHX (n2>2), He NpefcTasHMBIX B BHe CYNCPNO3HUMK aHAJIHTH-
YecKHX QYHKUHA MeHbLIEro YHCAA NepeMeHHEIX, MoMeT OhTh Hou YEH
pasauyHbIME cnocobavi. Qopyynnpys 13- npoGaemy [11, 1. Tuae-
GepT npHOaBNfieT, WTO OH epacnoJaraer CTPOTHM J0OKa3aTesbCTBOM
TOrO, YT0 CYIECTBYET aHAaNHTHYecKAn (YHKUHA Tpex mnepeMeHHHX,
KoTopasi He MoMXeT OTk MONYYeHa KoHeuHoll cynepnosuiHed DyHKuHiE
TONLKO ABYX aprymentosr. He ykaswpas touno, o kakmx dyikumax
ABYX aprymenrcs uieT peus, [I. ['uanGepr, no-eniumMoMy, uven B BHIY
aHaTHTHYECKHE QYHKIHH JABYX NMepeMeHHBbIX.

Bonee cinbHble pesyabTaTsl B STOM Hanpasaenu nonyyun B 1920 r.
A. Octposckuii [2], KOTOpHI#t 0KAa3san, B YaCTHOCTH, 4TO AHAIHTHYE-

ckad QYHKUHA OByX aprymento [ (x, y) = 3 x™/n¥ e ecTs KomHew-
e fis={

Haf CymeprosHuks GeckoHedHo AH(pepenuHpyeMbx (yHKOHA OxHOro
nepeMenHoro H anreGpanyeckuXx QYHKIHA J060ro yHela nepeMeHHbIX .

21
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Il. HpoGaema pe3sonbBEHT

AnreGpandecKne ypaBHeHHA A0 4eTBepTOH CTENEHH BKAKMHTENLHO
paspewnmel B paaMKanax, T. €. KOPHH 3THX ypaBHeHHH KakK QyHKUHH
Kos(ppHIHEHTOB NPEACTABNAIOTCA B BHIE CYNEPNO3HUHE apHMerHye-

CKHX onepallii H QYHKIHA ofHOro NepeMeHHOro BHIA Vi@m=2 3.
Ofilee ypapHeHHe NAToH crenesH B pajHkanax Hepaspewnmo. Ho
MocKoVIkKY ofimee ypasHenne 5-f crenedd aareDpaHuyecKMMH nogcra-
_HOBKaMH NpHBOAMTCS K BHAY % - f-x + 1 = 0, comepmaiiemy ORHH
napaMeTp f, TO MH MOKEM CKasaTb, UTO KOPeHb obulero ypaBHeIlHA 5-H
crenedd Kak pynxkuus xoshdHiHeHTOB TaKwe NpeACTaBaAdeTCs B BHAE
cynepnosunHy apupMeTHYIeCKHX onepalui i anrefpanyecKux (yHKIHHA
OfHoro MNepeMeHHoro.

[Tpo6nema pesonbBeHT B TEPMHHAX Cynepnosuimd MOKET OkITh
copMyaHpoBaia CAEAYIOUHM oOpasoM: YkasaTh AAA Ji06oTo n Takoe
HaHMeHBIIee YHCA0 &, 4TO KOpeHb ofllero ypaBHeHHA n-A CTENeHH Kak
PpyHEIHA KOIQPHIHEHTOB NPELCTABNARTCA B BHAE CYNEpHOGHUHH aire-
Opanueckux cyukuult k nepemesHmx. B pabote Iﬁr I. Tuaebepr
BEICKA3a/ NpeANoJOKeHHe, 4T0 144 1, paBHHX 6, 7, 8, 4ncio k coor-
seTeTBenHo pasno 2, 3, 4. Teum Gonee HeoKHIaRHEIM OKa3a1CA PEIVABTAT
1. Tuanbepra 1926 r. [3], nonyduennsifi A% ypasHenHa 9-fi cTenesu:
KopeHs ofiero ypasHenus 9-if crenedH MpelcTaBasercd B BHAE cynep-
noauuHk anreGpanveckux yHKnEA wetbipex nepeveHEnx. A. Buman
[12], oboGuas pesyabrar [l. Tunwbepra, AoKasaj, 4T0 NPH BCHKOM
n>9 Hmeer Mecto HepaseHeTEo k< n — 5. Kak samerun I'. H. Ye-
Gorapes [13], TeM Me MeTONOM MOMHO JOKA3aTh, 4TO WA M2l
k<n—©6, a gaa n<121 k<n — 7. IlpoGreme peaoabeeHT OblI
nocesimes taxke wuka pabor H. I, Ueborapepa [14]. Onnaxo poxaza-
TE/LCTBO OCHOBHOTO pPesyJbTaTa Okasanock omubGounmy (cMm. [15]).

I1l. CynepnosBuMA TAaiKKX dyHKIHH

B patiore astopa 1954 r. [4] 610 joxasaHo, uT0 B Kaacce BeeX
p pas HenpephiBHO AuddepenunpyemMbiX GYHKUEH 1 NepeMeHHbIX cylle-
CTBYIOT TakHe, KOTODHIE HE MOTYT GhiTh [PEJCTABIEHE B BHIE KOHEYHOH
cynepnosHuuK QyRKuui, 1A KOTOPhIX OTHOIIEHHE WHCIA apryMenToB
K yucay HMCOUHXCA Y HEX JAHpepeHuHasoB CTPOTO MeHblue,
yem n/p. -

Sra TeopeMa 1o CyIecTBY NOKasLBAeT, 9T0 XapaKTep HCTHKOH C/10X-
HOCTH p pas NHpdepeHHpYeMEX DYHKIHA n NepeMeHHBIX MOMKET Cay-
wuTh oTHOMmeHHe n/p. TleppoxayankHoe JoKasaTeabCTBO ITOH TED,}EMH
HCIIOJB3OBAN0 TEOPHIO MHOTOMEPHHIX BapHaluHi MHOMECTB (CM. 161).
A. H. Konmoropos [5] moKasam, yTo TOT e pe3ynabTAT MOMer OLiTh
MONYYeH, ecid OCHOBHBATBCA JIHIL HA OLUEHKAX YHCAA SJeMEeHTOB
g-ceTeil (YHKIHOHANBHBX KOMIAKTOB.
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O6osnauum uepes Fj MHOMeCTBO BCEX TAKHX (YHKUMH, 3afaHHEIX
Ha n-MepHoM KyGe, Bee YacTHhe TMPOHSBOAHLE KOTOPHX J0 NOpAAKA p
BKJIOUMTENILHO HENpPEepPHBHEL H OrPaHHYeHbl HEKOTOPOR KOMCTAHTOH.
Myets N (F3) €CTh MHHHMANLHOE YHC/IO WIAPOB PAAHYCA & B NPOCTPAH-
CTBE BCEX HENpPepLIBHEIX (yHKUMI, KOTOPHMH MOXHO NOKPHTH MHO-

mecrso Fp.

OxasmiBaercs, wro lim log log N, (Fp)lo '?2%. Orciona cae-
el

aver, yro ecaH (n/p) = (n'/p’), TO MHomectso ¢yskumit Fp 5 onpe-

LeTeHHOM CMBICJe «MaccHBHee» MHOMecTBa Fy-.
311 patoTLl HMEIOT HHTepeCHbe TPOAC/IKEHHH B paboTaX pasnHYHEX
aBTOPOB MO OUEHKEM CAOMHOCTH alTOPHTMOB.

IV. Cynepno3HiAN HeNpepuiBHHX PYHKUHA

Kpaitne seomnzanHoii 6eina pabora A. H. Konmoroposa 1956 r.
[6], B KoTopoii mOKa3LiBasoCh, YTC BCAKAA HenpepbBHAR GyHKUHA n1
NepEMEHHEX MpPEICcTaBEMa B BHE CYNEpIO3HIHE HelpephiBHHX (yHK-
unii Tpex nepemenssix. 3arem B. M. Apmospgom B 1957 r. [7] B 3TO#
TeOpeMe YHCIO NepeMeHHbX Obl10 CHHMEHO ¢ 3 A0 2 H nouTH OAHOBpe-
menHo nossHiack Teopema A. H. Koamorposa [8] o npencrasnensn
HellpepLBHBIX QVHRLIHI 1 NepeMeHHEIX B BHle

In4-1 n

Pl oo a) = 3 @0 2 o, 050), (@)
rie Bee GYHKUHH NETPEPHBHLE], a BHYTpeHHHe QYHKUHHA ay,; (x;) sapa-
Hee (PHKCHPOBaHEI, T. e. HE 34BHCAT OT padnaraemoil dyukmua f.

ITo Teopeme B. M. ApHonpaa pemenue ypapHCHHs 7-fl cTenemny
npecTaBasercd CyNeprnosHUHeH HenpepuBHHX (YHKuHE ABYX mepe-
MEII[IH:{. 3ro onposepraer chopmynuposanuyio renoresy Il Tunb-
fepra *).

Caeiver OTMETHTb, ONHAKO, YTO Y4YacTBYIOUlHe B 3TOM IpeicTaB-
JeHdE (YHKIHH 33B€I0MO He AR/SIOTCA alrebpaddeckuME, MOCKOABKY
oHH fgame xe guddepeHLHDYEMH,

Teopemy A. H. Konmoropoea [8] momuo yCHAHTH ClefyloLiEM
pesyastarom H. K. Bapn [17], noayvennnim eme B 1930 r. B cBasu ¢
npoGaematHkol psaoe (Mypbe: BcAKad HenpepHBHas (YHKIHA OHOrO

1) I'opopAa Of STOM KDYNHOM IQUCTHMEHHH, K4K npabuio, 3jaduWBaloT, 9TO
pelalomull  peIyARTAT B ONPOBEPMKeHHH THIOTEIH . TIuawBepra nonyuer
se B. M. Apsoasgon, a A. H. Koamoroporus. H nanomusato ofi 370M nNOTOMY,
9T M0 KYAVAPHEM Pa3ronopaM BEIHO, 4T PACNPOCTPEHeHD HEeNpaBHALHOE nped-
CTABJEHHE OO ABTOpCTDE B IaHHOM OHKae pador.
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NEPeMEnHora f (f) MomeT GbiTh NpefcTaBNena B BHAE

FAE == Fu (@ () +Fa (2 (£)) 4 Fa (w3 (1)),

rae Bee QYHKUNH {f;} ® {@;} aGcomoTHO HenpephBHL.

3 Teopemul A. H. Koamoroposa u Tecpemsr H. K. Bapu BurTekaer, ¢

UTO KaX[Iyio HeNpepLBHYIO DYHKUHIO 7 NEPEMEeHHBIX MOXIO NpencTa-

BHTb B BHJe CYNeprosHuui abeoNi0THO HenpepuBHLIX GYHKNHA ofHoro |

MEPEMEHHOFD H ONEpPaNHH CAOMeHHA.
Hmeerca pan peayssrartos, mononpsomux Teopemy A. H. Koamo-

roposa (B. M. Apuanny [18], JI. A. Baccanwiro [19], M. JI. Tepsep, -

P. Jloce [20], I'. T". Jloperu [21], T1. A. Ocrpang [22), B. M. Tuxomn-
pos, I'. M. Xenxun, [, Llnpexep (23, 24] ¥ 1p.).

- [pr  pacemorpennn CymeprnoaHuMi raagkueX ¢yskumii xapaxrep |

PEIYIALTATOR CYINECTBEHHO Mensercd. OfHH H3 TakHX PE3yJLTATOB GhLA

yKaszan B pasgene I1I. Eme oguu peaylibratr cefisan ¢ paccMoTpeHuem
TAK HASHBAEGMEIX JHHEAHHX CYNEpNO3HLHA.

V. Jluneiinsie cynepnosnummu

Onxoli M3 nauGonee HHTEPECHBIX 34184 B TEMATHKE CYIepno3Huui
B HAacTOAILeE Bpems ABNAETCA CJAELYIOIIAA: CYUIECTBYET JH 2HANHTHYe-
<Hafa PYHKUKA ABYX NepeMEHHHX, He NPeJCTABHMAN B BHie KOHEUHOH
CYUEPIO3HIHH HENpepuBHO AH(xpepennupyeMblX (rAankux) ¢yeKumi
OHOTO MepeMenHora H onepamHi CACHKEHHS,

JInneiineie cynepnosHiti NORBASIOTCA B pPe3yALTATE CASAYIOUIHX
paccympnenui. Ilyers dynkuma asyx nepemenmnix f(x, y) sBnsercs
CYNEPNOSHIHEH HEKOTOPHIX TAANKHX (YHKIHI OHOTO NEPEMENHOro

{fi (£}} n onepauun cnoxenHn. [IpopapeupyeM 3TY Cynepnosuuuio,

T. €. PaCCMOTPUM CYNEepnosHuMio f(x, y) Toro e BHAa, HO COCTABIEHHYIO
n3  dyukunit {f; ()+q; ()}, rme {g; ()} — maiele BoaMymenus,
ROTOPEIE TOMe ABIMOTCA IIagKuMi (hyHKUHAMH OHOrO NEepeMeHHoro.
Torza pashocTh 3THX cynmepnosMumMii MOMHO 3anHCaTh B BHjE

o N
fle )—f(x 8 :22 Pi(x, 9) 9 (g: (%, 1) +U(mflx S?P!tﬁ @1y 3

rae dynskunn {p; (x, y)} pacnuchBalOTCA yepes McXofuble (QYHKLHH
{f1 ()} B uX npoHMsBoiHble, & NUIOMY NPO HHX MOKHO CKA3aTh JHUIL
TO, YTO OHHM WenpepuiRHB; {§; (X, ¥)} PacnHCHIBAIOTCA TONBKOC dcpes
dyuknns {f; ()}, a noromy omm menpepusHo aEddeperiHpyeMb;
OCTaroUHHI uJleH ecTh GECKOHEUHO Malad BEJMUHHA N0 CPaBHEHHIO
¢ max st:p {9: ()}, ecan ronpko dynxiunn {dg,/ dt} umeior Hexotopeth

HHCHPOBAHNLIH MONYJb HENpPEPHBHOCTH.

PaseHctBO (3) BaeT HEKOTOPYIO HaleXkay Ha cBexcHHe obmedt sagaun
O CYymepnoaHuMAX MagkHX $yHKIHA K OTHICKAHHID AHAJHTHYSCKHX
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QVHELHE, He MpencTaBHMbIX CynepnosHUHAMH BHOIA

N
,-E Pi(x, ¥) ¢ (g: (%, 1)), (4)

rae {p; (x, y)} — Hamepen (MKCHPOBAHHHE HeNpepuBHEE DYHKIHH,
{g: (x, y)} — Hanepen (UKCHpOBaHHLIE HENpepuBHO AHppepeHuHpye-
mble GyHEUEH, a {g; ({)} — NpOH3BOJLILE HENPEDHBHEE QYHKIHH
OIHOrO MepeMeHHoro.

Takue cynepmoamuuu GygeM Ha3uBaTh JHHeHAHLIMH, TOAYEPKHBAN
sTuM, uto Gyuxuan {p; (x, )} ¥ {g; (x, y)}} d¥KcHpoBaHH, a oT mepe-
meHHLX dyukuEl {¢; (f)} cynepnosHuust 3aBHCHT JHHefiHeIM 0OpasoM.
OrMerHM sfeck e, yto cyneprnoanmiad A, H. Koamoroposa [2] Takxke

i
NHHefH:EE, OpHYeM Bee p; = 1, a g; = Ei“i-f e (E=1; 2, 54
Fr

2n+1) sapaAwrcs (HKCHPOBAHHHEMH HENPEPHIBHBIMH (DYHKIIHAMH.

Korna nossunoch ollyllenHe, 9TO 3alayy O CYNepno3HUHAX raan-
KHX QYHEIHI HMEEeT CMEICT HAYHHATL ¢ paccMOTPEHHS JHHeHHEIX Cynep-
noauunit (4) ¢ rnagkumu pyurupame {g; (x, y)}, To Osna caenaHa
NONLITKA BOCNOIL3OBATLCH ANNapaToM AMHEHHHX oTobpaenud Oana-
XOBHIX MPOCTPAHCTB, HCOOIB3YH IpH 3TOM CllellHalbHble CBOHCTBA
NpOCTPAHCTE HenpepbleHo AudbepeHuHpyeMux Gymkumui. Ofuako
B TAKOM BHAE MeTojul JHHelinoro yNKLHONATEHOrD anaii3a OKalainch
aneck wenpurogatva, I'. M. Xenxnn [25] noctporn HaoMopdHoe B pas-
HOMEpHOI MeTpHKE W JAWHeiliHoe otolpaxeHHe (BIOMeHHe) NpocTpaH-
ctBa (4p-- 1) pas wHenpephsHo aHbPEpeHUHpYeMBIX (QYHKUHH ABYX
nepeMeHHLX B NPOCTPEHCTBO P a3 HenpepslBHO JH(hepeHiH]p yeMbiX
GyHEIMA OIHOTO NEepeMeHHoro, :

Henoneaosanke B gansneiimeM Gojiee CleHanbBulX cpoficTs JuHed-
HEIX cynepnoaupi [9,10] noseonHao asropy J0Ka3aTh, YTO A5 AH06LIX
HerpepelbHslX dyuknuit {p; (x, y)} ¥ HenpepuBEO AHDEPEHIHDVEMBIX
dyakuii {g; (x, ¥)} cyluecTByer anaJHTHYECKas (PYHKUHA ABYX lepe-
MEHHBIX, He NPEICTABHMAA CYNepmodunued BHAa (4).

Mpumenenne TeOPHH AwHefiHbX oTOOPaXKEHHH npuBeno K Gonee
chasHomy pesyawraty: I'. M. Xenxun [11] noxasan, uro mHoMecTBO
cynepnoskEnuii BHga (4) ABNAeTcs 3aMKHYTHM H HHrAe He MAOTHEIM
B NPOCTPAHCTBE BCeX HenpepbiBHbIX dyHKUHA ABYX mepemeHHlX. Orcio-
Ja, B YaCTHOCTH, CJABLYET, UTO CYLIECTBYET Jaxe MHOMOWIeH, He npej-
CcTaBHMBIA Cymeprno3nunel Buma (4).

D’TMETHM‘ YT WMERIIHEeCH JOKaszaTeNeCTEd MPOXOAAT TaKEE H oasi
cynepnoaHuuii BHIa

n
2}1 Pilxy, Xay o ooy %) @y (@ (X0 X2y - -0y Xn))-
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Ho, kak okasanocs, sTH JoKasaTe/beTsa He NPOXOLAT NS CynepnoaHHit
BHJA

N
Elp! (I,, Xay - oy -xn}':FI {th(xh Xay vu vy xn}r % Ry G"ﬁ,d-’fn Xzn ey Xn}}.

(3)
rae {p:} — (QHUKCHpOBAHHKE HenpephiBKbie QYHKLIMH N HEPEMEHHBIX:
{@u1}, - - . {gn,1} — dMKCHpOBAHHBE rnagKHe dyHKUMM £ nepemen-

HLIX (1 << k << n). He pewen, nanpavep, sonpoc, CyuiecTeyer aH aHa-
JIHTHq{e‘f:}KaE GyHKUHA n NepeMennbX, HC NPEICTABHMAS CylepnosnnHefi
BHM e

Uro Kacaerci BOSMOMHOCTH CRENEHHS 3ajaull O CYMeproaHIHAX
FAajkHX QYHKOHA K 3aflave o JHHEAHBIX CYNepnoaunHax, To yiaercs
NPOBECTH TAKOE cBelleHHE B cayyae «yeToluHBRIX» cynepnosnnui. Ha
3ToM  NyTH yJAEETCA [OKa3aTb, 4TO, HANpHMEp, BCE aHaNHTHYECKHe
(GYHKUHA n NepeMEHHLIX Heab3fl MPENCTABHTL CYNEPIO3HIHAME Helpe-
pusio audepenunpyemsix hyskupil or k£ nepemennsix (k << n) Tax,
uto0hl MajlbiM HIMEHEHHSM (B paBHOMEpHON MeTpHKe) padiaraeMmix
(QYHKOHHA COOTBETCTBOBA/H CTOMb JKe Majakie HaMeHeHHs (yHKumi, coc-
TABASIOUIHX CYIIep TOIHITHIO,

Mamemamuueckuld uncmumym um. B. A. Cmexaoea,
Mockea, CCCP
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CKOPOCTb NMPHBJIH)XEHHSA PALIUOHAJIBHBIMH JIPOBSIMH
H CBOHCTBA ¢ YHKLIUHA

A.AL.TOHHYAP

[locradoska safaud O HaHAyulleM NpHOIIDKeHHH GYHKIHEA Belllect-
BEHHOTO NEPEMEHHOTO NOCPEACTBOM DalHOHAJLHEX YHKIHA 3ajaiHo-
ro nopsiaka npuxapiexut [1. JI. Yeluumesy. B knaccHueckux paGorax
IT. JI. Yebenwesa [1] v E. H. 3onorapesa [2] noxydeH pag npuHLHIHAT .-
HEIX pES}"JIhTﬂTGB B 3TOM HHHPBME]IHH! YBTaHﬂBJlEHG Xﬂpﬂ[{T‘epHETH‘IEE-
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KO& CBOACTBO BelUeCTBEHHOH DAauUHOHAILHOR (YHKUHH Haunywnero

npubamxenns (TeopeMa Yebumesa off annrepuance); nafileHn Tounble- .

BHIDAMEHHA AIA HAHAYYIIHX NPHOIHAEHHH HeKOTOPHIX KOHKPETHRIX
QYHKUHE, B YaCTHOCTH pellleHa BaMuas 3a/laya o HAHAyYlieMm npHaH-
meHuH QyHKunM sgn x, x € [— 1,—k| | [&, 1], 0 << k < 1, nocpeacr-
BOM pauHOHaIbHEIX QYHKUMI (yeTBepTam sajava 3onorapesa) ).
Onnako cHeTeMaTHYECKOR H3YUeHMe cBR3el MeXAy OBLMMH CTPYK-
TYPHEIMH cBOHCTBAMH (YHKUHA H CKOPOCTHIO CTPEMJIEHHA K HYJIO HX
HAHAYYIIHX NpHOIHIKEHHH panHoHaNEHBIME YHKUMAMA GEN0 Havato
UL Heflasuo. Hurepec K sroii mpofinemaruke; no kpaiinefi mepe
B Coserckom Cowse, so3uHK Tog BiaHAHEeM A. H. OMOropoBa
# C. H. Meprensna, KOTOPLIM NPHHALTEKNT, B YaCTHOCTH, DHI BaMKHBIX
NOCTaHOBOK 3aflal. Hiae NpHBOIHTCA 0030p HEKOTOPHIX Pe3y/LTaToB,
MOAYHCHHHIX B 3TOM HaNpABAeHHH 2a mocaennme 10—I12 ner®).
[lonuepxnem, uTo peun Hier 0 NPAGNIDKEHHAX PAUHOHANLHHIMH
DYHKUHAMH cO ceofodiomu NONKOCAMH ); HMERHO B 3TOM Cayuae B naJl-
HOM Mepe NpPOABAFKTCA cHelH(HYeCKHe OCOGEHHOCTH HaMJYYITHK
MPHOAKIKEHUH PANHOHANLHLIMYE GYHKIHAMA N0 CPABHEHHIO C HAWIYY-
IHMH  MPHSAHKEHHAMH MHorounesamu. Mmea B BHAY nDpocaenwnTh
38 3THMH 0cOGEHHOCTAMH, Mbl OTPaHHYHMCA (OPMYJIHPOBKOH OCHOBHEIX
pe3ynbTaToB LA GYHKUME, onpefeneHHHX Ha OTpe3ke BelllectBeHHON
npaMoi. 3aMeTHM, OJHAKO, UTO MHOIHE H3 MPHBEIEHHLIX HHMKE Teopem
VCTAHABJMBAIOTCA CNENHpHUECKH ¢KOMMIEKCHEIMM® METORaMH H Jomy-
CKAalOT ecTecTBeHHble obofulenns wa ciydall (QyHKUHMA KoMmieKcHoro
mepeMenioro, ONPENeNCHHbBIX Ha MHOMECTBAX Topasio Gouee ofme

NPHPOAL; B HEKOTOPLIX CYUadX Mbl GODMYJHPYEM NHIL BechbMa clig-

UHANBHEE CTEICTRHA TAKHX 06X Teopem. KpaTkue ykasanns 06 arom
JIeIA0TCH B TEKCTe CTAThH.

l. Mu Gynem paccmarpHeatsh, BoOGHLe roBOps, KOMILIEKCHO3HAY-
HHe (ywkuMu f, OnpeleneHHble Ha NOAMHOMECTBAX BEIECTHEHHON
npaMoit R = {x} unu xomnnexcnoli mirockocth C = {z = x-}-iy).

Mopankom panuonantHoi dyHruHE r(2)=p(2)/g(2) Gymem Hasw-
BaTh OOABWIYI0 H3 creneHel MHoroutenoB pf{z) u ¢(z) (B mpen-
NoNoMeHHH, 4TO OHH He HMelT obmux nyneft). Boony B maannedi-

1) ¥nomanyTue Buie pesynntate T1. JI. UeSwmera u E. H. 3onorapesa
oTpadens B mapecTnod mouorpapmn H. H. Axweaepa [3] (cm. ra. Il w n. 35
B paanene «[lonofiwennAa u sagaumr). B srofl monorpadMm npUBOARTCH TAKHe
TOUHEIE PEIIEHHA PAAA APYTHE 3a7a%, COAMANHEX ¢ HaHIYUUWHMNE NPHEIHKeRNA-
MH PANHOHAALHBIME QYAEUMAMH; TaM #e oM. GoJee nogpobuymn GHOIHOrpaduw.

%) Hekoropue W3 NpHBSIEHHEKX HHME PeIyALTATOR ABTOPA MOAYYenbl NOCTE
BHET;’MEHHH C AOKNBA0M HA KOMIPECCE.

) SrHM ofLAcHRETER TOT KT, WTO Aech He YNOMAHYTH MEOFHE WnTepec-
HWE peayapTaTel J%. Woama (cum. wmoworpadwmio [4]), M. M. JxpSamsna,
C. H. Mepreaana, I'. 1i, TyMapkusa ® ap., oTHOCATMHECH K NPHOAKHKeHHIM
paudonafhumMH PYHEUHAME © @UECHPOSTHENME TOMOCaMH.

A. A TOHYAP aal

uieM uepes r, (z) oflosnauaercs pauHoHanbHas (QYHKuHS Nopsika He
BRILE f.

Haunyumee npunumende Qyukuus f, onpefenensoll H Henpephis-
HOH mHa orpaHHYelHOM 3AMKHYToM MHowecTse £ — C, nocpelcrsoM
alHOHANBHBIX QYHKIHE nNOpAfiKa He BHINE n o0003HAYHEM depe3
];Z,, (f, E). Tlo onpenenenuio, R, (f, E) ects HWKH#SA rpaHs 4HCed

max | (2) —ra (2)|
ek

B KJacce BCEX PalHOHANLHEIX QyHKIHIE r, (Z) nopAaka < n, Ge3 KaKHx-
JAHGO orpaHHuyeHHii Ha pacnofoxeHHe nomocos. Haunyuinee npuGiu-
menre ¢yHkuny [ (z), z € E, nocpeacrasoM MHOFOWIEHOB CTeneHH = n
Oymem obo3Hauath 4depes Py (f, E).

Kax 6Guio cKasaHo Bbillle, B OCHOBHOM Mul GYIeM paccCMaTpHBATh
cayuait, korga £ = A ectb oTpesok pemectBenHoi npamoit. Has onpe-
JenenHocTH, noaokuM A =[— 1, 1]; B aTom cayuae HawayuuiHe npe-
6nwxerHua Gynem obosnavats npocto uepea R, (f) u P, (.

[lockosibKy nepexoj oT MHOTOYISHOE K pauHOHAJALHBIM (bYHKIIHAM
CBAI3AH ¢ PacUIHpeHHeM KJacca AnNNpoKCHMHPYVIOMMX (QyHKUHA, HveeM

Ra(H<Px(f)y, n==0,1,2 ....

BosHHKaOT eIeaylomHe BONPOCH: KakoBa B3aUMOCBA3L MERAY
CTPYKTYPHHIMH cBofcTBaMu GyHKIHA [ H CKOPOCTHIO CTPEMICHHS K HYJIIO
nocaenoBaTeNbHoCTH Ry, (f); B 4acTHOCTH, HacKoubKO GhICTPO — IO
cpasHenHto ¢ P, (f) — cTpemuTca K wysio nocienoateabhocTs R, (f)

aas Gysxuuft f, npHHALAeXAUIHX TeM WIH HHBIM GYVHKIHOHANBHEIM
KJiaccam.

2. TMpamuie TeOpeMbl O HAHJAYUIIHX NPHETIKEHHAX MHOIOWIEHAMH
CpaBel1HBN, OYeBHAHO, M A5 HAHTYYIIHX NpAMNIHMERHH paluioHalb-
HHIMM (YHKIUHAMH, 9T0 KacaeTcd o6DaTHHIX TEOpeM, TO 3T0 YIKe He Tak.
[osTomy HayueHHe HHTEpeCYIOMIHX HAC BONPOCOB ECTECTBEHHO HAYATE
¢ BHCHEHHS TOro, KakHe ceoficTBa GywkUMH [ Biaeder 3a cobol Ta HIH
HHan Gulctpora ybmBanns R, (f). Ilonyuenubie Ha 31OM NYTH pe3yiib-
TaThl [03BOJAAT, B YACTHOCTH, NOHATH, B KAKOM HaNpas/eHHH BOIMOMHO
YCHIEHHE NpAMLIX TEOPEM NPH [epexofle 0T MHOIOWIEHOB K PALHOHA b-
HBIM (GYHKIHAM, :

Ilpexxae Beero sAcHo, 4T0 HHKAaKas CKOPOCThH CTPEMJCHHS K HYJMO
R, (f) uwe Momer ofecneudTh aHANHTHYHOCTE (DyHkUMH f HH B onHoil
H3 ToUek oTpeska A. 310 HeTpyAHO NMOKA3aTh C MOMOIIBIO PAAOE BHAA

€3

A
Z 2—nmn :

rne TOMKH &, pacloJoXeHH B JONONHEHHH K A Tak, YTo MICKECTBO
MPelebibiX TOUeK MOCAEL0BATEABHOCTH {G,} CONEPHHT STOT OTPE3OK
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{B 4ACTHOCTH, MOCASIOBATENBHOCTE {0, } MOxKeT GLITE BHGpaHa BCIOLY
naotHoR B C), a xospduunentw A, gocratouHo OLICTPO cTpeMATCH
K Hyaw. B Heapnoli dopMe 370 yTeepieHHe colepmHTCH B paGore
C. H. Meprensana [5].

Bonee toro, Kak Obl MELJEHHO HE CTPEMHAACE K HYMKO (QYHKUHA
@ (8) = 0 (npu 6 — 0) ¥ kax 6l GeCTpo HM yOhIBasa K HVJIO NOCTEN0-
BaTebHOCTE €, =>(0 (NpH n — oo}, CyllecTBYeT HenmpepuiBHad (YHK-
uus f(x), x € A, aAns KoTopo#

Rn([) < ¢q, n=0,1, 2,...,

B TO BpeMH HaK MOIY/b HENPephIBHOCTH @y () sToll dyEKUMY Ha oTpes-
Ke A YA0BNETBOPAET COOTHOLIEHHI
—— iy (8)
o 5@
(em. [6]l; momuo noBuTECA TOrO, YTOGH NOCAEIHEMY COOTHOLIEHHIO
YIOBAETBOPAN H MOAYJb HENPEPHBHOCTH GYHKUHH [ HA NPOH3BOALHOM
oTpesIKe, NPHHAMISHAWEM A).

Tarum ofpasoM, Helb3A rapanTHPOBATL HE TONBKO AHANHTHUHOCTH
tyHKnH f, Ho H Booblle HeNbL3RA NOJNYHUHTL HHKAKOA OUEHKH AJIA ee
MOLY/NA HENpPepbBHOCTH HA A (MM KakoM-THOGO OTpe3dKe, NPHHALIE-
walleM A), eclH HCXOOHTE H3 CKOPOCTE YOBBAHHA MOCAENOBATENbHOCTH
R ().

COrerona caelyer, B YaCcTHOCTH, YTO CYIUIECTBYIOT QYHKLHH, HauIyu-
WHe npuGaKKEHHA KOTOPHIX MHOTOM/AEHAMH CTPEMATCA K HYIKO Npo-
H3BOJILHO MeJIEHHO, B TO BpeMsl KaK HaWayuulxe npUOITHMeHHa pauHo-
HAJbHBIMH QYHKUHAMH YOLIBEKT C NMPOH3BOJBHO BHCOKOH CHOPOCTLIO,
Tounee, KaroBsl 6k HH GBLTH nocnefoBatentHocTd £, = 0 u g, = 0,
CTPEMAMMECH K HYJIO NPH n —+ oo, CYLIECTBYET PYHKIHSA f, Takas, 4To

P (fy== O(E.),
Ri(fYeces, n=D0,1,2....

3. Opnaxo pap ceolicts dysrunit [ (B uacTHocTH, cBOACTB, (opmy-
AHpveMblx B IH(depeHlHANbHBIX TePMHHAX) MOMKHO TAPAHTHPOBATH
H HCXOAS M3 CKOPOCTH MX MPHONMMCHHS PAIHOHANBHEIME QYHKUHAMH.
[puseaem GopMyaAHPOBKH TeopeM, NonyueHHwX B paGore [6].

Ecau

=1

. @ :
Rn{f}{- H1+ﬂ" 6}01

mo gynxyus [ dupdepenyupyema noumu ecwdy na ompesxe A.

Ecau

-

N
Rn{f}{wm 8 =0,
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2de k= 0 — yeaoe, mo Ppynxyun [ nowmu scrody Ha ompeske A umeem
Be10 acuMnmOmuHecKyio npowLsso0Hy0.

[Moaxe E. 1. Jomxenko [7] 3amernn, 4to B noceqHed Teopeme
MOMHO FapaHTHPOBAThH CYNIECTBOBAHHE TIOWTH BCIOLy Ha A He To/bKO
k- acHMNTOTHUECKOH NMpPOH3BOAHOH, HO H k-H MPOM3BONHON B CMbICHE
Meano (1oxaneHoro AHDMepenusana k-ro mnopAnka) QyHKnHHE [

Ve u3 NpHBeNENHHX TEODEM CJELYeT, uTO OCHOBHOE 3aKNIOYeHHe
Xopoilio W3secTHOR oOpaTHo# Teopembl Depuwrefina o Haunyumsx
npuGAHASHHAX MHOTOUEHAMH COXPaHfeT CHAY H AAs NpHOAHKexHA
paLMOHANBHEIMH (GYHKIHAMH — C TOH CymecTBeHHOH pasHHUEl, 4TO
Tenephk yiKe HeoSXOZHMO JONVCHATH HCKMOUMTENLHLIE MACKECTBA Npo-
H3BONIBHO MaJiofi mepw. MckmounrensHoe MHOMKeCTBO Touek Hepudde-
pernppyeMoctH GyukunH f Moxer OHTh BCOAY MAOTHHIM Ha A; STHM
offLSCHAETCA HanHyHe NPHMEPOB, YNOMAHYTHIX B NPeibIYIIEM MyHKTE.

Ananorus ¢ teopemoil Bepumirefina eine Gosee BENYKAO BHCTYIAET
8 caepyioweli teopeme [8]. Ilyere P — mponaponbioe COBepIUEHHOE
noAMHOMKecTBO BelMectseHHOR mpamoit Ry A =k4a, k>0 —
uenoe, 0 < w<1. Byaem rosopurs, uro ¢vexuma f(x), x€ P,
npHHAjeKHT Knaccy Lip A wim, xopoue, f€L{A), ecin dyuk-
uust f B Kawapoi Touke x € P mmeer k-0 npoussoinylo (no P),
VIOBNeTBOPSIOM Y0 HA MHOMectse P ycnosmio Jlunmmna mopaaka a.
B oGosHauenHH knaacca [ (A) cHMBOA MHOMECTBA MLl OMyCKaeM;
aanuce f € L (4) oanauaer, uro dpyukums [ npunagnexut Knaccy L (A)
Ha TOM MHOMKECTBE, Ha KOTODOM OHa ONpeeieHa.

Ecau

C
Rn{ﬂ{n.aq-u ,  8=0,

mo, kaxogo Obi Hu Owao & =, cyuecmeyen COBEPUIEHHOE MHONCECE0
Py = A, mes (A Pe) << e, maxoe, umo ynxdus [|p, (cyxcenue
dpynxyuu [ ra muomecmso Pg) npunadaexcum xaaccy L (A).
OfpaTHHe TeopeMbl 0 HAHAYUINEX NpHOAHKEHHAX PalUHOHATIBLHBIMA
GOYHKOHAME, OUEBHJHO, OCTAKTCH CIPAREINHBHIMH M MOCAE 3aMEHBI
R, (f) na P, (f). B ceaau ¢ 3THM HHTEpPECHO OTMETHTL, UTO BCE TEOPEME,
NPHBEACHHEE B 3TOM NYHKTE, MepeHoCATCA ¢ OTPe3Ka HA NpPOH3BOMb-
HEle, TI0 CYULECTBY, NOAMAOMKECTEA BELLECTBEHHOH npsAMOA (M Ha wHpo-
Kile KAAcChi [OJIMHOMKECTB KOMIJIEKCHOH NAOCKOCTH). IDTH TeopeMsl
NOKA3LIBAIOT, YTO CJOKHOE BJAHSHHE CBOHCTE MHOXectsa E ma saBucH-
Mocts AH{pdepeHnHanbHEIX cBOHCTB hyHKIHH f (x}), x € E, or CKopocTH
CTpeMJEHHS K HY/NIO € HAWIYYmmHX NpHOAHMEHHA MHOrowIieHaMH
P, (f, E) (cm. [5]) cBAsano ¢ MenadHeM rapaHTHPOBAThL OTpeleneHHEE
andrpepenunanbhre csoficrsa pyaxuun f ua eem Muomecrse £. [lpe-
HeOperasi MHOMECTBAMH MaJIOi MEPH, MOXKHO H3GABHTHCA OT STOTO BJHI-
HHA H MOAVYHTE OOPaTHHE TEOPEMB, SABJAIOUIHECS HENOCPeNCTBEeHNLIMH
aHanoraMu Teopembl DepHIUTefiHa, HanpuMep, NI NPOHIBONBHLIX
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3aMENYTHX miaokecTe E < R. B uactwoctw, ecau P, (f, E) <<
L= Cn =0 § =0, mo daa woboeo &= 0 cyujecmsijenm coeepILENHOE
muomcecmso P <= E, mes (E N\ Pg) < e, maxoe, umo [ |p, € L (A).

‘Bosppamasick K TeOpeMam O HaHJAYUYUIHX TNpHOIHMEEHHAX pauuHo-
HANBHEIMH DYHKIHAME, dopMyNIHpYEMEIM B IADpepeHUHANLHEIX Tep-
MHHAX, HATOMHHM, 4TO CKOpOCTb cTpemaeHHs K mymo R, (f) nopazka

::— , 80, ofiecnesnBaer auppepenuHpyeMocTh GYRKUHH [ noduTH

pciofy Ha A; 60nbmmas CKOpocTh cTpemaeHHa K nymo Ry (f) obecnéun-
BaeT AONOIHHTEAbHY IalKocTk DYHKIEY f mouTH Bctony Ha A (B 0606-
EHHOM CMBICAe, WIH «BHYTpH» A -~ na MHOXecTBaX P, — b ofiiunom
cMeicsie). BosHHKAaeT BONpOC, HACKOABKO OKOHYaTeAbHOH NpH 3ToM
OCTAETCS XAPaKTEPHCTHKA HCKNIOUHTENBHOrO MHOKECTBa Touek Hemud-
depenuHpyeMocTs GyHKUHH [ Kak MHOMecTBa neerosofl MEPH HYJb.
CrhenyioiiHe TeopeMbl (HeKoTopwe H3 HEX cpopmyauposann B [8])
noKasLiBaioT, UTo JOMOAHHTENbHAad cKopocTh yOuBanua R, (f) nakna-
JLBAET AONNIHHTENbHEE ONPaHHYeHHA H Ha MHOMeCTBO TOYEK HelH(-
depeHuupyemMocTH f, H YCTaHaBAHBAIOT 3aBHCHMOCTH METPHYECKHX
CBONCTB 3TOrO MHOMECTBA OT CKOpPOCTH cTpeM/aenHsa K vyaw R, (f).
Ecau

EHU){%&'* A=1,

mo, Kaxoso Gt Hu Goao a::»%. gyrnryun | Ougpepernyupyema noumu
eciody wHa A omuocumeaso h-mepw Xaycdopeha, coomsemcmayrowed
gyrxyuu h (r) = re.
JpyramMi chogaMH, xaycloposa DasMEPHOCTE MHOMECTBA TOYEK
Heauddepennnpyesoctd yHkuHR [ He Goabme -‘:‘—
Ecau
Ra(f)<<Cexp(—n®), B=0,

mo, Kakoso Ot HU Obtio b }"éT . Qynkyua [ dupgpepenyupyema nowmu
aciody Ka A omnocumeasro h-meps Xagcdopgha, coomeemcmaeyrouiert
e 1y®
pyrcyue b (r) = [IngT) y _ _
B ycnoBusix nocneaneil TeopeMsl MOXHO YTBEPMAATH, YTO QYHKUHA
[ He TonbkO MMeeT MepBYI NPOH3BOAHYIO, HO W Oeckonedno dudgepen-

yupyema (8 o6o0mMEHHOM cMBICTe, HATPHMED B CMHCJE CYLleCTBOBAHHA
nokaiabHoro aMdipeperunana moGoro nopaAka) MouTH BoOAY Ha A

OTHOCHTeALHO fi-mepHt,. ki (r) — (log é}"", b= '{F

CrnpapeijiuBbl TAKKE TEOPEMHl, OJHOBPEMEHHO YUHTHBAIOIHE CBOH-
crBa raagkocTH Gonee obulero Biaa (yonosHe Jlnmnkna, NpoH3sBoaHbE
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BHICIUMX MOPAAKOB) H METPHUECKHE CBOMCTBA HCKAKMHTENbHBIX MHO-
HIHEI:TB, BHE KOTOPHX TapaHTHPYEICsi COOTBETCTBYIOWIAA TIMaAKOCTh.
anpHmep: '

Ol
an{—:}. A=0,

mo, Kaxoaw: Get Hu Ootae Ay >0 u Ay >0, A,-A; << A, Haddemcs
cosepluennoe muoxcecmeo P, C A, maxoe, wimo

1) muoxcecmeo A N Py modcno noxpems cucmemoti unmepeasoe &,
ydoaaemaop ioupux ycaosuro (| 8; | — dauna 8))

Z 1'51 |”""’-=:_': &
i

2) fle, € L (4y).
B ycnopnsax Toll se TeopemMbl MOMHO YTBEpIKIATL, 4TO MHOMKECTBO

Touek x € A, B KoTophix $pyuKupa f Andpepenunpyema ( B oSobuensoM
CMbiC/IE) MEHe€, UeM k pa3, Hueer XaycaopoBy PasMepHOCTD, ‘lie Tpesbi-

k .
WaIyio — . B dactiocTH, ecau

limnA-R, (f)=0

npu_ awoosm A >0, mo dynkyus [ Geckonewno Ougpepenyupyema
(6 oGoGuERHOM CHbICAE) BCTO0Y HA Ompeske A, 50 LCKAIOYEHUEM MMONCECHT-
6a, xaycOopposa PASMEPHROCHIL KOMUPUED PAEHO KiAF0. Teopemut, nmpu-
BEIEHHEE B HAYAdE 3TOro [NYHKTa, NO3B0J ST YTBEDHIATE TOVMbKO TO,
yTO Neeropa Mepa STOr0 MHOMECTBA PaBHa HVIIO.

Epum&u (GopMyAHpoBKY eme onHoit ofpaTtHofi TeopeMHl.
cau

2 R(h<o,

mo Gyrkyus f abeoaworino Henpepuena Ha ompeske A

Ora teopema npunamnesur E. 1. lonxenko [9]; o ke noxasan,
YTO, Kakosa Obl HH Oblla NocaenoBaTelbHOCT 4, = (0, Za, — oo,
CYUEeCTBYET pyHKuHA f, He TOABKO He ABAAKLIASCA aGCOMIOTHO Henpe-
PLIBIOH, HO W He HMEIOLLAS MOYTH BCIOAY HA A ACHMITOTHYECKOH npoms-
BOIHOA, AnA kotopolt R, () << a,.

Orpanuuenns #a R, (f), gurypupywomue u B APYTHX Teapemax

'HACTOALULETO MYHKTA, CKOALKO-HMGYAb CYIIECTBEHHO OCTalHTh Helnia.

B 1O e Bpems sTH Teopembl He NOMyCKAlOT OGDAIIEHHSA; rapaHTHpYe-
MBIE HMH CROHCTBA HENpPEephIBHLIX QYHKUMH [ AaleKo He AOCTATOYHEH

ANA TOTO, YTOOB MOMHO ObUIO YTBEpHIATH CHEHBEMIHBGETB KaKHX-
nubo onexdok mia R, (f). B wactHocti, venasso HKO NpHBeJ npo-
CTOH NPHMED MOHOTOHNOH H aGCOMIOTHO HEUpepuBHOR (QYHKIMH [,
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¥
ans kotopohi Ry, (f) cTpemsTes K WYy NPOHSBOALHO MeNIEHHO (CM.
TAKXE N, D HiDKe).

Tem ne Menee NpHaegeHHbI? BEIUE OOPATHLIE TEOPeMEl NOABOJAIOT
clleaTh Pl BLBOAOB, NOME3HHX H C TOUKH 3DPEHHA MPAMEIX TEOPEM;

BO BCAKOM CAyUae, OHH YKa3pBallT HEKOTODEIE H3 TeX CBOHCTE, KOTOpHE -

Heobxoumo TpeboBaTe OT QyRKnuH f, TroGbl MOMKHO GO rapaHTHpO-
BaTh Ty MJIH HHYIO CKOPOCTE HX NPHOMHAEHHA PANHOHANbHEMH (yHK-
LHAMH.

4. Kak yke oTMeuanoch Bbille, TIPSAMLIE TEOPEMBbI, YCTAHOBIEHHBIE
iA HAUNYYLIHX NPHOAHMKeHHA MHOTOUWICHAMH, CMPABENIMBH M A7
HAHAYYIIHX TPHOAHMKERHA PallHOHaABHEIMH (YHKUHAME. B uacTHOCTH,
ecaH QyHKIHA f onpefeseHa Ha orpedke A U NpHHALIEKHT Kiaaccy
L {A), To no TeopeMe [IXKeKcoHa

: C
Pnff}in—,ﬂ C=Cy;
Tem cambiM aa8 fF€ L (A) n
Ra(D<-r. C=C.

IMpueeaennasn B n. 3 ofparHas Teopema (hopMmynHpyemas B TEPMH-
Hax MHOMecTB P;) nokasweaeT, 9To Bo BeeM kmacce L {4) nocnendee
HepaBeHCTBO CHOALKO-HHOYIL CYLIECTBEHHO YAVYIOHTL Henbad. [leil-
cTEWTEIbHO, cymecTsyioT yaknun f € L (A), takne, yTo, Kakopo Ol
HH Guio A" > A, f|p€ L {A") ana nexoroporo MHoxectsa P (T A
nooMHTENBHOA Mepel. Jlan Takux pyHEUHE [ HueeM

Ru (D 0 (—7) »
rae § = 0 — mioboe. Ilycre
2 (f) = lim E‘:'EPnU]

T lcg —

P(f} IUE Rnl'[”

rp— lif.g -r?

ancaa @ (f) w p (f) xapakrepusylor nopsjok (NoKasaTeds CTeMeHH
ApH - ) CTDEMIERNS X HYMO Py, (7) Ry (f) cootnercTaerso. Mpu aoGom

A = 0 Hveem

inff n(f)= inf p(f=A.
FEL(A) FELLAY
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Taxnm ofpasoM, paciuspenke Kjacca anmpoKCHMHPYIOWMX dyHK-
UHA OT MHOTOWIEHOB [I0 PAUHOHANLHMX (iyHKIIHA He No3BOAAET Yayy-
IIHTE NOPANOK CTPeMAeHHA K HYAK HaHAVYLIIHX npHOAMMeHHH s
pcero Knacca L (A) Ha orpeake A. Hepexcm; OT MHOTOWIEHOB K paLmHo-
HaMbHLIM (QYHKUHAM CKaiblBaeTcd B JIpYroM — paclIipaeTcs KJjace
DYHKUHA, AONYCKAOUHX TPHGIWKEHHe TOro e MopAjKa.

Tlpusefeniinie Bhllle obpaTHLIE TEOPEMBl MOKASHIBAIOT, YTO TaKoe
pacilHpenHe MOXET MpoH30ATH 3a cuer QyHKuME, <ocoGeHHOCTH
KOTOPHIX COCTABNAIT IOCTATOMHO «pelioe» MHOMWecTBo. H meficreuTenD-
HO, HMEHHO HAa 3TOM MYTH HeNapHO (HIH BHEJEHL INHPOKHE KIACCH
tyHEUHE, ANNPOKCHMHDYEMEIX palHOHANBHHEMH GYHKUHAMH CVIIECT-
BEHHO Jyulle, 4eM MHOTMOYIEHAMH.

OcHoeHO# ALTAT B STOM HANpaeAeHHH OWA nonyyeH B paborte
. Heiomena ]Y I. Huiomen Hawen Mopsigok npuGiHmeHus yHx-
UHH | x | Ha orpeske A mocpeacTBOM pauHOHanbuhIX dyHKuUHA, Coor-
BETCTBYIOULYIO TEODEMY KODOTKD MOMHO CHOpMYJAHpUBATE Tak:

e VT <Ry (|x]) < 3e= V7,
HANMOMHHM, 49TO

Pr(|x])~+, n—»o,

HuTepeco OTMeTHTb, uTo Hepapeucted mia R, (| x [), aHamormu
HEle NMPHBEIEHHLIM BhIUE, HETPYAHO BhiBecTH Ha Teopemul E. M. 3ano-
rapeBa (noxaszanuofi ewe s 1877 roay!) o HamayulleM npHETHXEHHH
33yﬂuuuﬁ sgn x Ha ofbemHnenuu orpeskos [— 1, —k] u [k, 1],

= k = |, nocpeacTeom pauuoHanbHex (QyHkuuil ). Bonee toro, us
TeopeMhl 30JOTAPERA BHITEKAKOT CHeIyioliMe, ACHMNTOTHUECKH Gomee
TOYHLIE, HEPABEHCTBA!
( EeE
e-nVeH)Va o R (|x|)<<e \ VE i
rae e =0 — nw6oe, n>=>n (e) (nogpobuoctu cm. s [11]).

BaHOCTh pellleHHA 3aJaud. 0 CKOPOCTH NpHONMIKEHHS (YHKUHH
| 2 |, x € A, xopowo Hapecrna. Bonee unn MeHee npocTeIME CIENCTBHA-
Mi Teopemsl HbloMeHa (M H3BeCTHEIX pe3ylNbTATOB KOHCTDYKTHBHOH
TEOPHH QYHKIHI) SBAAIOTCA CASIYIOLIHe TeoPeMBl 0 CKOPOCTH MpHGIH-
MEHHA KYCOYHO ¢XOpOLWIHX» (YHKIHI,

Bynem TOBOPHTH, YTO HEMPEpHIBHAS (yHKUHA f (x), x € A, npunag-
aexut Kaaccy L (A), ecnu cymecrsyer pasbienre oTpeska A Ha KoHey-
HOE YHCAO OTpe3koB Ay, . . ., Ay, Takoe, yto npu awbomi =1, ..., N
fi= Fla, € L (A).

1y B patore [l. Hewowmena [10] npusosuTea ouels MHTEPeCHDe NPAMOE LOKa-
BETENbCTBO OLEHOK ANE Ry (|x|); Teopema 3onorapesa HeloMmeny He Guina
HIBECTHA.

I3=—1220
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Ecau f € L (A), mo
Ra()< =7, C=Cy.

CrexoBaTebHO, NpH MioboM A = 0
‘ inf p(f)=4;
feL(A)

3aMeTHM, WTO, CKOJL BEXHKO Ol HH Geio A= 1,

inf a(fi=1
felidy

(e () = 1. yme nas dyukman Jx|, x € A). _ :
- Henpepusryio dynrkutio f 6yaeM Hasuparbk KYcouHo GECKOHEWHO
nuddepenunpyenof Ha A, echin cymecTeyer pasOHeHHE oTpe3rd- A
Ha KOHeYHoe uHCJo OTpe3KoB Ay, .. ., Ay, Taxoe, 9To Kawaad- H3
dyrkunit fi= f |s, GeckoHeuHo nudpepeHiHpyeMa Ha COOTBETCTBYIO-
menm orpeske A;. Eénu npn stom aas awboro i, 1 < i < N, H HEKOTO-
poro A =0 Rl S
max |7 ()| <Q"p" =12
ey

rae Q = Q; > 0 — nocrosmuas, 3aBHCAMAs TONBKO oT f, TO Gyaem
TOBODHTb, 9T0 QyHKIMs [ Npuuaptexur Kaaccy | (A).

.. Ecau f€ I (), mo =
-y  Ra(fy<exp(—e:n¥),
eec=c=>0u !

411
pmin (4, ).
B qar:rﬂn-:'}u, eCiH [ — KYCcOYHO aHalnMTHYeCKas uinHKan Ha A

(f, ananiraune wa A;, i=1, ..., N), 1o Fe [l (1). Tlonyuaem: -
Ecau [— Kycouno ananumuieckas ¢ynxkyus Ha A, mo

Ri(fce¥Vs, c=c;>0.

1o ofiofuende Teopemsl HuloMeHa (TouHee, OlleHKH CBEpXY AAd
R, (| x|)) npunagnexurt [1. Typany u I1. Hlwowmy {cm. [12])..
- OueHkd crusv ana R, (| x |) Tarxke gonyckaer obobuwense [111;
HAJHYHC. B HEKOTOPOM CMEIC/AE NPaBHIILHOTO ¢H3jloMa» ¥ rpagHka QyHK-
HH WAH Kakofi-nubo ee npou3solnol B mobOM ciyuae ABARETCH fpe-
NATCTBHEM LA NPHOAMAEHHA pauHOHATLHEMH QYHKUHAMH, Jyuliero
uem V", EciiH, HanpHMep, B HeKOTOpoH Touke Xg € (— 1,1) mpw
KakoM-71H60 BaTypansiioM k cmpaBefanBbl pasnomenna (b > 0; 8 =0
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W He 3aBHCHT oT A): oo R L
[ (xo—h)—[(xe) =ah+... +ah* G_Wlaﬂ}.
flxoth)—f (o) =bih+... +-bsh*+ O (AT

H Xota 6u mpH omHoM i, | < i < &, @;= by, TO CYWECTBYET NOCTOAH-
Has ¢ == 0, Takas, uro ' =

Ra()=e-V3,  n=1,2 ....

Otciona BeHTEKaeT clelyioliee YTBePKaeHHe. Tl e

Ecau [ — kycouno Beckonesno dudpdepenyupyeman (8 uacrmumocrma,
KYcouno adasumuseckar) gynkyua Ha A u 011 Hexomopot nocsedosa-
MEAbROCMU 1 = n; | 00 npu [ | 00 WMEOM MECMO HEPIBEHCMAR -

Ra (f)<e—4n-Vn, -

20e Ap-—+ o0 npu n-»oo, mo f— Geckoneuno Ou .ﬁ'iu yesa
(coomeemcmeenno anaiumuyna) Ha A. g'xj»epe .-.; p
B cBA3u ¢ pesynbTaTtaMH 0 IPUGNINKEHHH KYCOUHO TIAfKHX (yHK-
L¥il BOSHHKAET BOTpOC, HeNbas Ju JaTh OUEHKY Mia R, (f), iie
f—menpepuipuan  dyukuua wa A, uepes R, (fi, A, fi=F lap
{=1,... N (cnpaserunyio xorst Gut B iekoTopoM HHTEpBase cHor
pocreii). OTBeT Ha STOT BONPOC OTPHUATENBHHIA: KAKOBB Obi HH. GbEH
NOCTEAOBATEILHOCTH €, => 0 u E, > 0, crpemsuisecs K nyxio npa
n —- 0o, CYWECTBYeT HenpepHBHas (M MOHOTOHH2AY Ha A ‘GymKkyus f,
TaKas, 9ro o _
_ Ralfs, A)<<en, Ay=[—1,0], A3=[0,1], " i=1, 2,
HO

Ru(f)>En, n=n,. " i
Tpu sToM QynKugEio | MoKHO nocTpoHTh Tak, wro 7(0) = 0'u mre

PyHKIHH
f {x} X E 1"—"ll1

_.f (x}i X E ﬁﬂ'l
TaKAE HMEKT MeCcTO HepapeHCTBa

Ra(9)<eén )

(byuxuna f B Touke 0 ovenb GbiCTPO pacTer — H npHOGAHKaeTCA I0X0,
B TO BPEMS K4K QVHEUHA @ HMEET B STOH TOUKe OYeHL OCTpLill MHK —
W NpUGTHXAETCA XOPOIID; B OCTATBHHX TOYKAaX oTpeska A ofe thym-
UHH AHAJHTHYHHL). e g s ; o :
B TIpHBejeHHBIX Bhllle TNPAMEX Teopemax orHocuTensno R, (f)
YTBEPKIAETCA ropasio Gonslie, 4em MOXHO yTBep:KIaTh — TIPH Tex
Me  YCIOBHAX Ha f — oTHOCHTENbHO P, (f). - Tyvpan - lloms,

bl

(0=
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Dpefin B Ep. NONYUHAH HeNABHO psA APYTHX TEOPEM TAKOrO THNA
(He CBOAMIMXCA K CKAGHBAHHIO «XOPOIIHX» PYNKILAH); 10Ka3aTeALCTBA

STHX TEOPEM TaKike HCMOIB3YIOT — B TOA WIH HHOH (opMe — pPesydnb-

tat Huiomesa o ckopocte npubnmxenus gyuxunn | x |, x € A. Onnako
yCAOBHA Ha OyHKuHO [, DHIYpHpYlOiHe BO BCEX 3THX TEOPEMAX,
faneKo ne HeoGXOMHMbl Ans Toro, Yrobu HMenH MecTo COOTBETCTBYIO-
[mHe oueHkH maa R, (f) (xora npH pgaHHBIX YCAOBHAX 3TH OLEHKH
K HeJh3s CYLIECTBEHHO YAYUUIHTE). Mesry npAMbIMH H OOpaTHBIMH TCO-
peMamu cyulecTByer GuIBLIOA pa3pLip, MpHYEM MOKA He ACHHL TEPMHHLI,
KOTOPHE MO3BOKAH OBl ero MHKBHAHpPOBaTh. B wacTHOCTH, OCTAeTCH
OTKPLITHIM BONPOC O TOM, KAKHMH BHYTPEHHHMH CROFCTBAMH XapaKTe-
pusyercsi kaace qynkuuii f, ans kotopux o (f) > A (unm Rame
0 <p (f) << o).

5. O6parueie TeopeMul, NPHBENEHHbE B M. 3, NOKASLBAIOT, YTO Npe-
NATCTBHEM 1A XOpOWero npHGMHMKEHHS PauHOHAAbLHLIMH (pyHKITHAMH
ARNMIOTCH MJoXHe ANbdepeHnHanbHEE CBOHCTBA ANMPOKCHMHpYeEMbLIX
¢yHKupi HAa A0CTATOYHO MACCHBHEIX MHOMeCTBaX (manpHMmep, Ha MHO-
HECTBAX, HMEIOUIHX NoMoMHTenbHYI0 Mepy JleGera wau h-mepy Xayc-
nopda, COOTBETCTBYIONLYIO TOf HAH HHOH QYHKUHH k), B HHX COLEPIKHT-
C H KOJHUYECTBEHHOe BhipadenHe 3Toro gaxra. C nomolnbio STHX T€0-

PEM HETPYIHO CTPOHTb NpHMEpPH QYHKILMI, HaHAYHLUIHE npuby HKEHHA,

KOTOPHX pAIHOHAAEHLIME GYHKUHAMH CTPEMATCA K HYA0 NPHMEPHO

_KHK;T uan " (npu mobuix A > 01 B > 0).

Tlokaxem Teneps, UTO noBefienHe GYHKUHH B OJHOH BHYTpeHHed
TouKe OTpesKa (TOuHee, B OKPECTHOCTH aToll TOUKH) TAKHe MOMET Cly-
HHTh NPenaATCTBHEM AJs XOpoulero npHOIHMEHHS palkoHANbHLIMHE
dyaxuuamy. B HaBecTHofl Mepe 3TO ClellyeT YiKe H3 Pe3ynbLTAaTOB Mpe-
ALIAYLLEr0 MYHKTA, B HOTOPBIX (pHrYpHpYyeT CKOPOCTE NOpRAAKA e—cVn,
# B IePBYIO Ouepelb U3 OLEHKH cHu3y Ais Ry, (| x |). Oanaxo sti pesy-
JIBTATH MPeNCTABAAIOTCA HECKOMBKO CYYaitHEIMH, MOCKOMBKY COOTBET-
CTBYIOUIME TPENATCTBHA CKA3BIBAIOTCA JHWbL NpH KeJaHHH npHOAH-

3HTh (PYHKWHIO CO CKOPOCTEIO, JYHiIeR deM e—<V" § ToNLKO B 3TOM
cayuae '). BosHuKaer BOIIpOC O TOM, HENB3A JIH NOCTPOHTE HENPEPLIB-
HYIO WKaAy NPENATCTBHil, CBSA3AHHBIX ¢ JOKAALHLIM MOBEIeHHeM hYHK-
WHH, B KOTOPYH BKIainsanack Obl ouchka cuusy ana R, (| x .

1) 3aMeTHM, 4TU 5TH peay/LTaTh HEAb3A OOLACHHTE TEM, 4TO JLIA COOTRCT
eTRYOIEX HyHRUNA MoMeT GHTL HAPYIeHo CBORCTBO eHHCTBEHHOCTH (B HACT-
HocTH, 3T0 CBoficTBO Mapymeno jaas pyuxmoaun | x|, x € A}, Ofmne Teopemu
eIRACTECHHOCTH, NPHEEJEHHEE B CALAYMAUEM OYHETE, COpABEJAHBEL TOABKY
TPA cKopocTH mpubamkenns nopsaxa e—*", ¢ 2> 0; maxoso 6w #H Beito B < L

1 B
B YACTHOCTH TZ-{ B <"1, ckopocTe npHOAHACHHA NMOPAAKA =™ COBMECTHMA
¢ HeeQHHCTHEHHOCTLID.
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Takyio mKany MOXKHO TNOCTPOHTH, €CIH HCXOAHTB, HalpHMeEp, H3
CKOPOCTH pocTa QYHKUHI B GHKCHPOBAHHON BHYTpeHHeH TOUKe OTpes-
ka [11]. Mu npuBeneM ouenkH CHH3y AN HAHMYUINHX NpHONMKEHH
KaHOHMuecKHX (vHKIHM1); MoMHO GbINO Gbl OTB/IEYBCA OT KOHKPETHOR
dopMEl paccMaTpHBaeMbIX (YHKUMEA H chOpMYynHpPOBaTH COOTBETCTBY-
OllHE Pe3yJabTaThl B Gosee obIeM BHIE.

[Iyets .

le @)=\ ¢ ), xeh=10, 11,

rie¢ ¢ — HempephBHAR Boapacraiomwasi QyHKIHA na orpeske [0, 1],
p (0) = 0. INpHsenenutie HHAKe OUEHKH CNDAaBEJIHBE NDH BCEX N =1
anaveHHs (TOMOMHTENLHBIX) NOCTOAHHBIX ¢ Mbl HE BEINHCLIBAEM, YKa-
3mBaf TONLKO HA Te MapaMeTpe, OT KOTODBIX OHH MOrYT 3aBHCETh.
[lepedopmyanpyem peayasTar HeioMmeHa.
1°. Ecau o (x} = x, mo ;

Rx (fo) .:7" eVn,

[Mepexon or Qynkumy x K Gynkuuu x*, a > 0, elle He No3BoIseT
HSMEHHTh MOKA3IATENbL CTENeHH f B NMoCAeIHEH OUSHEEe.
2°. Ecau @ (x)=x*, a=>0, mo

R, {.rq.} -~ 2" fi-a_

Henpeprmnan wKala NoAydaeTcd npH nepexofe K QyHKUHAM, pacTy-
mpum  cymectpenno Ghctpee (B<<1) nam mepnennee (f=>1)
"3 g uKnuf x*, a=>0. ; ;
. Ecau '
146 !
p(x)=exp | —a(logz)"], «>0 p>0,

ma

- B
Rn (f;}}ﬂ]’l[—cmg-ﬂ}'“_t'}-

[lpn ee=p =1 nonyuaem ouenky Hoiomena. [TocTOAHRYIO Cq, g MOMHO
puifpaTh saBHCANleli Tonbko of o. [IpHBEgeM ele fiBe OLEHEH — IR
dyHKuMi @, OKalMAAWILHX PACCMOTPEHHHIE BLIIIE.

4°, Ecau :p{x}=(lﬂg%)_?, ¥y =0, Dgxg—;- (u 6 ocmaabHOM
Apolssoabia), mo
Ru(fg) =cy-nY.
1) CoorpercTBylllHe CUCHHH CBEpPXY MOJyHeHk B CraThe abtopa [13].
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T —T—w .,

B "EH:TH{!'ETH. €CAH B OKpPeCcTHOCTH HauaJsda I{DGP,II.I;IHET

b

] g (x)=
. Dg%
1"}. »
. Rﬂll:fw}'.}%.
5°. Ecau 2 |
?{x}ZEXP(._._.?{_] : ﬁ‘::l-ﬂ'.
_F @ sy Rn(f@]}ﬂj{p( f;gr;)

Fraepxmermn 1°—5° eurexaior W3 c.n.emfmllleﬁ DH.EHHH, cnpapen-
AxBOA s moGoft dyHKWMK BEAA fot

nin .

Ra(fe)> sup [9(e)-(eT 1 + 1)),
G <esd

Ora oueHKa ' MOIBOMAET B  Ka¥XKIOM CiTyuae BHIHCATE 3aBHCH+
MOCTb MOCTOSIHHOM OT COOTBETCTRYIHOUX napameTpos. Hanpuwmep, & 2°

¢a=C-Va, B 3° nocroaunas Cq,p MOXET GHITH Buﬁpaua Kak ¢+ a
(HepaBeHCTBA € 3THMH MOCTOAHHEIME HMeloT MecTo aaa 2R, (f,),
n> 1) F—&ﬁm.rlmuhze MOCTOAHHBE, SHAYEHHA KOTOPHIX TaKke
MOTYT ObiThb.VKA3aHH. ~

" Buiupas dymkumo @ patryued focTaTouno GHCTPO, MOKHO noipy-
4HTh QyEKuMKO f; co cKoab yrogno Meliaenno yOuBawmed nocnencsa-
TeABHOCTEIO R, (fy); HaoGopor, BuiGHpasa ee pacTyuiel HocTaTOuHO
MefeHHo (ApYTHMH ClIOBaMH, Mmeiollefi BHICOKHE NOPAJOK KacaHHs
€ BelEeCTBEHHOA npaMoll B Touke x = (), MGXHO NPOH3BONBHO NPHGH-
ANTHCA K CKOPOCTH FeOMeTPHUECKOR nporpeccHH ",

6, Xopomo H3IBECTHO, YTO Kjacce Beex QYHKLHE f, aHaIHTHUECKHX
Ha oTpeske A, XapaKTepH3yeTcs YCAOBHEM

b PR nm;fP{f}{:l ' o

{Teﬂpma Eepmmﬁﬂa) B n 2 yxe meuanoch 1o Jiohan CKEI;]DETI:
CTpEMIeHHS K HYMKW nocaenoratentHoCTH R, (f) coBMecTHMa ¢ WeaHa-
JHTHYHOCTBD YHELHH f B Kamaol Touke orpeska A, C. H. Mepreas-
HoM OBLIO BHICKA3aHO MpefNoNOMEHHe, WTO. TEM He MeHee KaacC (hyHK-
uHf f, AnA KoTopwIX nocjdefoBatesmbHocthk R, (f) cTpemurca K Hymo
CO CKOPOCTHI) reOMET[HUECKOH NporpeccHH,  gonxeH oliaftars OCHOB-

A. A. TOHUYAP. LR R e ‘243

HEIM CBOAICTBOM Kaacca ananuTHyeckux byskuull Ha oTpeske — csoii-
cTeoM efuHcTBeHHocTH. B pafore [6] Oblan “AOKa3aHE HECKONLKO
Gonee cnafibie TEOPEME EIHHCTBEHHOCTH; B NMOJAHOH OGIIHOCTH COOTBET-
CTBYIOLIHE TEOPEMH YAANOCh AOKA3aTh JIHUL HENABHO.

O6o3sHauum yepes R {ﬁ] Kaacc Beex hyHKuHA f. zum KOTOPHIX BHIIOI-

HEHO . yCJIOBHE
E y’Rn( «.-: 1.-

{"npaae;mnaa e.ne,mymmaﬂ TeopeMa: ;
 Ecau guywcyuu [ u g npuradsexam kaacey R (A)  f (x) = g (x)
Ha mrodcecmee ¢ (— A noaoscumeasnol aefeeosoll Meps (uAud MHOADMK -
meavHotl eapmonuvecroll emxocmu), mo f(x) = g (x) , x € A. :

Teopema eAHACTBEHHOCTH CMpaBefiHBa H B cne,nymmeﬁ opmy-
"II{pﬂBKE

Ecau

YRR

u f(x) =0 na muomecmee e C A nosoxwlimershRoll. Mepe’ [e.iimnu},
mo f(x) =10, x¢€A.
[NosTomy Kam,nuﬂ H3 KJ4CCOB Ruur .(A), onpenensieMuX yCcaOBHEM

o L Tt Ty A {im ‘,I"“En*{,f:l{i ; Sy it .'.::;;_;
Je—+oo P RE]
rie {n,} — BospacTaiomlas NOCAENOBATENBHOCTE HaT}pa-’[bHHx umced,
TaK#e ofnafiaer CBOACTEOM EIWHCTBEHHOCTH ‘M. ABJAETCH TEM CAMBIM
KBa3HAHAJANTHYECKHM KiaceoM yHKIHI.

Kaace R(A) asnserca ecTeCTBEHHbIM PacilHpeHHEM Kiacca Pynk-

IJ,HH AHAMHTHUYSCKHYX HAa OT]JESKE ﬂ. B KDTQPQ“ CDII}EHHE’I‘CH CBUHCTBCI'
BHHCTBEHHOCTH. Jror knacc ABASETCA JHHEHHHM nmeder:"rBuH

H KOALL0M: emnfligEE{ﬁ} Tou f- g€ R (4).

»—l'[epexm[ ot R (A} ¥ Riay ( A) copepiHeHHO AHAJIOTHYEH nepexﬂ,ﬂ}'
OT ‘KNacca BCeX AHaNMTHYECKHX ymmuﬂ K KBagHAHAMHTHUECKHM
knaccam C. H. Bepumrefita Bia,) (4). Kaxneh us k1accos Ryn,, (A)
ABARETCH  paciiHpenHeM COOTBETCTBYIOLLEro Knacca Bl"h}(ﬂ}.

Auanorsunme TeopeMbl CHpaBelIMBB Ha NPOHIBOILHEIX KOMMIUHY-
yMax B KOMIVIEKCHON muiockocTH. HeckoabKo BHAOHSMEHSA [I0CTAHOBKY
3a]aul, Ha 3TOM NYTH MOXHO MOMYYHTE OXHO H3 BOSMOMHEIX PelleHHH
aafaun . Bopens o ¥pasHamaNHTHYECKOM MPOAOJIKEHHH aHA/IMTHYE-
CKHX (yHKuEA uepes mopAaHoBY AYry (cm. [14]). 3amerim, Hakomew,
4TO NPH HECKOAbKO Gojee CHALHLIX TPeGOBAaHHAX Ha CKOPOCTb yObi-
Banid R, (f, E) TeopeMil eQHHCTBEHHOCTH CNPaBeJJIHBL H LA HECBA3-
HHIX saMEHYTHIX MHOXects E CC C. Hanpumep, ecnn E — NpOH3BOb-
HOE 3aMKHYTOe MHOMECTHO, [pHBEAERHOE OTHOLHTEABHO eMKOCTH (KaX-
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lasi nopnHs E MMeeT MONOKUTENLHYIO MKOCTh), TO B Kiacce DYHKmuf
f(2), z € E, pra xoropuix

lim Vﬂu\‘r’: Ej=ﬂ1

HMEET MecTo E%DI’[CTBO ENHHCTEEHHOCTH MO 3HAYeHHAM HA MHOMECTBAX
NOMOMHTETBHOH eMKOCTH,

7. TIpH W3y4eHHu pasnMUEWX BONPOCOB, CBR3AHHHX C npuénuxe-
HHAMH PanHoHaJLHLIMHA QYHKITHAMH, Y106HO OCHOBWBATHLCS Ha OLEHKAX
paBHOMEPHOrO pOCTa palNHOHANLHHX (PYHKUHA (oueHKax THna max-
min). 3ajlaua cTaBHTCA TaK.

[Myers Ey v Eo— HeMepeceKaliHecs KOHTHHYYMbl B PaCIIHpPeHHO#H

. KoMnnekcHoll nnockocTH C, r, (2) — npoHseosisnan panMomansnas
(QyHKUMA nopsAilka He Bbitle n, YVAOBJETBOPAKIUIEA YCAOBHIO

max | ry (2) | <M << co.
rEEy

TpeGyercs maTh ouenky pas

min | r, (2
zen,[ n(2) s N
npaBas 4acTh KoTopoll 3asucesia Obl TOABKO oT M, n H B3auMHoro pac-
nosnoxenna £, u E,.

TMoaozcum

) __ min{|ra(2)], 2€ Eg}
a(rn; Eyy E3)= max {|Fa(2) ], Z€ B}

IMyere Dy— xomnorenta fononnenwsa x £, cogepmaman F£,; Do—
KOMIOHeHTa ACNOIHERHA K Ea, cogepxamas E; D = Dy [ D, (ecan
Ey w E; ue pasbupaor niockoers, 1o D = C N\ (Ey | EJ)).
3rece D — nBycBasHas obnactb; oGoamauuM uepes p = p (D) = |
KOHQOpMHBIA MoAy/ib oflacté D (oTHoUleHHe pagHyCOB KpYyrosoro
Kobua, KondopmHo 3KBHBaneHTHoro oGuactd D). Pellende nocTas-
NEeHROR BHIUE 3aJlaud faeTcd cielyiolleld reopeMoii:

Han mobod payuonarenod gyncyuu r, (2) nopadxa we evuue n
(n =1 — wofoe)

a(rn; Eq, E5)<p™ p=p(D).

M3 onuoit Teopemn: Yomma (cm. [4], § 8.7, teopema 9) Bmirekaer,
UTO UHCAO p B NOCHedHeH odeHKe HEMb3A 3aMeHHTh HHKAKHM MeHbIIHM
qucaoM. Tounee, Kakoso GW Hu Guao 0 << 1, pas mo6oro n = n (0)
CYIIeCTBYeT r, (z), Takas, uro

a(rn; Ey, E5) >p%, a>n(0).

A. 